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Abstract

The multiple model adaptive control (MMAC) method has the possibility to keep up control performance over an extensive variety of
parameter variations. A key part in the design of a MMAC system is the choice of candidate models. A computer package tool has been
developed to optimize and determine these candidate models. The method exploits the relationship between Grobner bases and polyno-
mial spectral factorization through the notion of sum of roots. The symbolic solution to the Algebraic Riccati Equation, and hence the H2
optimal control problem, is obtained using computer algebra technique. The MMAC system was implemented on a quarter car active
suspension with changing sprung mass. The symbolic solution giving the relationship between the H2 cost function and varying sprung
mass values was obtained. The user inputs the number of candidate models to be used, and the package selects suitable intervals between
candidate cost values. From the analytical solution obtained, sprung mass values corresponding to each selected candidate cost value
could be found. The software functions as a tool to optimally choose sprung mass values for each candidate model in the MMAC active

suspension system.
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1. Introduction

The ride and handling capabilities of a ground vehicle very much
depends on its suspension characteristics. During operation, vehi-
cle suspensions would be subjected to different and discontinuous
dynamics. This might be because of variations in the sprung mass,
which relies upon the number of passengers and the load being
carried and may likewise be because of the loss of vehicle body
parts due to an accident or wear and tear. Another type of varia-
tion may originate from the road surface and climate conditions,
which could change suddenly. Suspension systems need to give
satisfactory ride and handling performance under such varying and
uncertain situations, such that safety and passenger comfort are
constantly guaranteed. In designing vehicle suspension systems,
the uncertainty in the sprung mass, such as its loading conditions,
must be taken into account to meet the vehicle performance crite-
ria. Active suspensions aim to improve vehicle ride comfort and
handling characteristics using feedback control.

Conventional control methods are not designed to deal with wide-
ly varying uncertainties and in this manner, do not sufficiently
guarantee robustness [1]. Adaptive control methods based on
switching of fixed controller parameters have, as of late, received
the attention of the control community. Early work on such con-
trol systems was directed for the F-8C aircraft [2]. The concept
has since generated interest in control problems where a single
linear model is insufficient, for example, in fault tolerant control
problems where sudden changes happen in the system dynamics
caused by sensor and actuator faults and in stabilizing linear sys-
tems with unknown parameters [3]. The utilization of parameter-

dependent controllers has been proposed for quarter-vehicle sus-
pensions with sprung mass variations [4, 5]. In [4,5,6], polytopic
parameter uncertainties were utilized to demonstrate the differing
sprung and unsprung masses of vehicles.

Multiple model adaptive control (MMAC) is a concept that ex-
tends the use of established linear control design methods so as to
be applicable to systems having wider regions of uncertainty.
When the real parameter of uncertainty is much larger, the range
of parameter values can be divided into sets of smaller ranges,
where each set is associated with a specific plant model. There-
fore, in each set, the uncertainty of the parameters is decreased
and therefore satisfactory performance can always be achieved
within the uncertainty bounds in each set.

In the MMAC framework, a good choice of candidate models will
determine its successful implementation. To date, this choice is
made heuristically. In [7,8], a method for optimizing the candidate
model has been proposed. The method makes use of computer
algebra techniques to formulate the analytical solution to the op-
timal control problem. The solution is in the form of an algebraic
expression with the parameters of interest denoted by symbolic
variables. Following on from there, in the current work, a software
package has been developed in which candidate models can be
automatically selected such that the effects of parameter variations
can be reduced in the most effective way.

2. MMAC system design

Figure 1 showed the principal idea behind MMAC, which is to
have a set of candidate models encompassing the whole operating
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region of the plant. For every candidate model, a controller that
creates the required plant performance is determined a priori. By
using some form of cost criterion during system operation, the
candidate model that best matches the plant is decided, and the
corresponding controller is activated into the control loop. In the
event that a huge change in plant dynamics happens, an alternate
candidate model may match the new plant parameters better and
therefore, the activated controller would switch accordingly. A
steady acceptance of such systems might be accomplished either
by guaranteeing that a typical Lyapunov function exists for the
Youla parameters or by resetting the conditions of the time-
varying system at switching instances [9,10].
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Fig. 1: Multiple model adaptive control.

Relatively an unexplored area, few studies regarding application
of MMAC on active suspension systems can be found in the litera-
ture. In [11], the utilization of MMAC with linear quadratic regu-
lator (LQR) controllers to improve ride and handling properties
was studied. Stability was guaranteed by the presence of a com-
mon quadratic Lyapunov function (CQLF). Zhong et al. [12] pro-
posed a Linear quadratic Gaussian (LQG) tuned MMAC system to
improve vehicle ride and handling, subject to dynamic reliability
constraints. In our work, the candidate controllers
{K,.K,,...K,} are all H, Optimal Controllers. The developed
software package would automatically determine the candidate
controller parameters based on design parameters which are input
by the user.

3. Hz optimal control

Consider the state feedback control problem as illustrated in Fig-
ure 2. Here, P represents the plant to be controlled and K is the
feedback gain.
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Fig. 2: State feedback design.

Here, x,u, ¥ and d are respectively, the plant states, the control
input, the plant output and disturbance input. The H - control prob-
lem is to reduce the impact of the disturbance, &, on the output, ¥
subject to constraints due to physical limitations on the control
input . This may be achieved by minimizing the Hs-norm of the
transfer function matrix from & to [v u] T with an optimal state
feedback gain, K. The optimal K can be found from the quadratic
cost function given by

E(P.K) = [ Ay ®I + lu@l2)dt &)
o

where |I“l15 is the (Euclidean) 2-norm. Then, the greatest attaina-
ble efficiency is given by

E'(P)= inf E(P.K)
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This is commonly found by obtaining the solution to the Algebraic
Riccati Equation (ARE).

A plant P of degree 7 with 1 inputs and  outputs in the state-
space model representation is given as

() = Ax(£) + Bult)
P= Lr{t] = Cx(z) + Du(®) ®)

where A € R™" B e R™™ [ e RF*" and D € RF*™. Un-
der state feedback control, the control input would be given by

u=1_(A+BK)x (4)

Suppose (A, B} and (C, A) are stabilizable and detectable. Then,
the H. optimal controller may be obtained as follows. Let
X = X7 =0 be the solution of the ARE given by

ATY 4+ XA —XBETX+C'C =0 (5)
Then, the H - optimal state feedback gain is given by
Kope = —BTX (6)

The best obtainable control performance may be obtained from the
cost function

E*(P) = tr{BTXE} ]

X will vary according to the value of the plant parameters given
by A, B and C. If the analytical solution to the ARE could be
found in terms of symbolic variables, the relationship between X
(and hence K') and the varying (uncertain) parameters can be es-
tablished. Thus, the candidate models can be chosen based on this
relationship to give the optimal result.

4. Analytical solution of the are

There are several numerical methods to solve the ARE through
spectral factorization, but these methods are incapable of
performing computation with symbolic parameters. More recently,
it has been discovered that there exists an interesting connection
between the sum of roots (SoR) and polynomial spectral
factorization through the concept of Grobner Bases [13].

The ARE may be written in the Hamiltonian matrix form, which is

of degree 2n * 2n and composed in the form of

n=fy & )
where, §. B € BR™" are symmetric weighting matrices

Then, the spectral factor of H is found [14]. Assume that the ei-
genvalues in the open left half plane are 4;.i = L.2,....,1. By
seeking a basis for v wherein v is the invariant subspace of H
according to the i's, one obtains X , X- such that

X
v = Range L,*].XL.X: e C", )
Then, the solution takes the form of

X=Xk xX 'er™m (10)



236

International Journal of Engineering & Technology

Having obtained the analytical solution to the ARE, from (7), we
now have the relationship between the cost function E*(F} and
the sprung mass 1. We can now choose the candidate models

based on sprung mass values such that E *(P)is equally spaced
between candidate models. This would ensure that the bounds on
uncertainty for each candidate controller are equal, and hence, no
candidate controller would have to handle a larger range of
uncertainty compared to the others.

5. Implementation on an active suspension
system with varying sprung mass

Figure 3 shows the quarter car suspension model used in this study.

This is the basic model where 1, and m- are the sprung mass
and unsprung mass respectively and k. is the tyre stiffness. The
shock absorber damping and spring forces, and controller actuator
force are lumped together and represented by u.
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Fig.3: Quarter car model.

The dynamic equations representing this model is then

m, #(8) = ult)

ma () = —k [—d(t) + y(£)] — ule) (11)

This can be represented in the matrix-vector state space form (3)
as

¥ 0 0 1 0y a0
o 0 0o 1f|x + o0 [u]
¥ T |=kefm. 0 0 of|¥| T |-1/m: kfmo|ld
£ 0 0 0 0l 1/m, 0O
¥ (12)
. x u
output =[0 1 0 al|;|+0 ol[4]
A
This can be written in the augmented state space form as
0 0 1 0 0 0
0 0 01 0 0
P=|0 0 0 o 1fm, 0 (13)
0 —kfmy; 0 0 —1fmy —k;fm,
1 1 0 0 0

Suppose k; = 133900, m, = 20 kg and m1, is the design pa-
rameter. When the software tool is run, the user is required to
enter the value of & in the dialogue box as shown in Figure 4.

Enter value of kt

155988

Fig. 4: Input of k.

Cancel

The program then computes the analytical solution for the cost
function in terms of 1, which in this case, is given as

|943[]48'lﬂ 001

2 311802 1 321 311801 M

E(p) = VZ |-3118 + | + V1359 |— + 4V1339 (—] —+ — 241559 |— (14)
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Suppose also that the sprung mass, #z; may vary in the range of 5 Fig. 5:. Input of minimum 12, value.
to 500 kg. The user inputs this in the respective dialogue boxes as Enter max m1 value
shown in Figures 5 and 6. Equation (13) is then solved for the
range of #1z; from 5 to 500 kg. seel
Enter min m1 value

5|

Cancel

Fig. 6: Input of maximum #7t; value.
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Then, in the next dialogue box (Figure 7), the user is required to  Subsequently the 8 candidate state space models are formed as
enter the number of candidate models to be used. Suppose we
wish to create an MMAC system with 8 candidate models. i =Apx + Bu
Input number of candidate models? ¥ = ﬁ'l-x + D,‘H{t] (15)
i=1{12..8

8

Fig. 7: Input of candidate models.

Cancel

Upon entering 8 through the dialogue box, the tool returns the
result as
m, ={204.8,69.2, 34.4,20.5,13.6,9.7. 7.2, 5.6}

These are the values of 1, that correspond to the range of E )
being divided equally into 8 regions. Graphically, this result can
be visualised as shown in Figure 8.

*
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Fig. 8:
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The corresponding H - optimal controllers, K; can then be found
from (4). The resulting candidate controllers are shown in Table 1.
The effectiveness of this approach to MMAC design for quarter
car active suspensions has been demonstrated through simulation
tests, which have been presented in [8]. This software package
now enables the design process to be automated for any user de-
termined value of unsprung mass, tyre stiffness, number of candi-
date models and range of allowed sprung mass.

6. Conclusions

Through the use of computer algebra, the analytical solution to the
ARE in a H optimal control problem for a quarter car active sus-
pension system can be obtained. This gives the connection be-
tween the cost function and the sprung mass, providing an insight
on how the sprung mass affects the performance of the control
system. Consequently, the selection of the MMAC candidate
models can be made optimally, based on this observed relation-
ship.

In the present work, through the use of computer algebra methods,
a software package has been developed to automatically identify
the optimal candidate models and the corresponding candidate
controllers. In future, the software could be further developed for
uncertainties on other parameters such as the shock absorber
damping coefficient and spring constant.

Table 1: Corresponding candidate controller K; for given sprung mass.

Candidate Model i Sprung Mass (kg) Candidate Controller K;

1 204.8 .

&) =[-0.0057 —0.0001 0.0003 —0.1557]
2 69.2 .

K, = [-0.,0057 —0.0002 0.0003 —0.45608]
3 34.4 .

Ky = [-0.0057 —0.0005 0.0003 —0.9269]
4 205 .

K, = [-0.0057 —0.0008 0.0003 —1.5554]
5 136 .

K = [-0.0057 —0.0012 0.0003 —2.3445]
6 97 .

Ky = [-0.0057 —0.0017 0.0003 —3.2571]
7 72 .

E; = [-0.0057 —0.0023 0.0003 —4.4285]
8 5.6 .

kg = [-0.0057 —0.0030 0.0003 —5.6938]
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