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Abstract

One-dimensional semi-infinite heat transfer solution is a common solution for transient heat transfer experiments. This solution is valid
for a short certain amount of time before the semi-infinite solid became invalid. Crank Nicolson solution has been chosen to address this
issue. This paper reports the time limitation for semi-infinite solid solution and justify the usability of Crank Nicolson solution given the
same boundary conditions. The flat plate heat transfer experiment has been conducted. With the same boundary conditions, at Fourier
number 0.1, the resultant heat transfer coefficient and adiabatic wall temperature have shown a good agreement between the semi-infinite
solid solution and the Crank Nicolson solution. Beyond this Fourier number, both solutions have given inaccurate results. The inaccurate
results are due to unsuitable boundary conditions. Future work will involve modification of the back face boundary conditions to address
the time limitation of the one-dimensional semi-infinite solid heat transfer solution.
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1. Introduction

In gas turbine cooling research, transient heat transfer experiments
are very important. The resultant heat transfer parameters give the
researchers a clear view of heat transfer processes involved. With
these information, engineers could design engine components and
cooling systems that are appropriate with the working temperature
of the combustion chamber and turbine section. One of the most
commonly used approaches to analyze the transient surface heat
transfer experimental data is by solving Fourier one dimensional
heat equation coupled with semi-infinite solid condition [1-6]. The
resultant data would be heat transfer coefficient and adiabatic wall
temperature.

Solving the Fourier one dimensional heat equation means that the
heat is assumed to travel only in one direction. Furthermore, the
semi-infinite solid condition supposes the subject to be infinitely
long such that the heat does not thoroughly penetrate the subject.
The semi-infinite solid condition will remain valid throughout the
duration of the experiment as long as the back surface temperature
does not change more than 1% of the wetted surface temperature
[7]- The calculated heat transfer coefficient and also adiabatic wall
temperature will be inaccurate if this semi-infinite solid condition
is being violated. Most transient heat transfer cases require much
longer experimental time to accurately calculate the heat transfer
coefficient and adiabatic wall temperature [8]. The problem arises
when the need for a longer experimental time violates the semi-
infinite solid condition.

This paper aims to show the limitation of the semi-infinite solid
solution by analyzing the experimental data beyond the allowable
time limit. Crank Nicolson heat conduction solution is proposed to
address this issue. However, before proceeding with this solution,
its usability needs to be first verified. The content of this paper
will include the justification on the Crank Nicolson solution with

similar boundary conditions for the semi-infinite solid solution.
The appropriate boundary conditions will be proposed at the end
of this paper once the resultant heat transfer parameter from Crank
Nicolson solution agrees well with the semi-infinite solid solution
and the theoretical heat transfer coefficient. With similar boundary
conditions, even though with different set of equations, the results
should agree well with each other. Thus, hypothetically, the Crank
Nicolson solution with the appropriate boundary conditions should
allow the extension of the experimental time and also the accurate
calculation the required heat transfer parameters.

2. Fourier one-dimensional heat transfer with
semi-infinite solid condition

The surface temperature history data acquired from temperature
sensors will usually be the main input for solving the Fourier one
dimensional semi-infinite heat transfer condition. Unfortunately,
in order to keep the semi-infinite solid condition to be valid, only
partial of those surface temperature history data could be used to
calculate heat transfer coefficient and adiabatic wall temperature.
The Fourier equation for one dimensional heat conduction can be
defined as in Eqgn. 1.
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Assuming a solid with semi-infinite length exposed to step change
in air temperature, the initial conditions can be set as follows:

T=T,forall xwhent=0

T=T,foralltasx — o

Convection-conduction boundary condition at the wetted surface
can be defined as;

q =~k = h(Tsq — Ty)atx =0 for t>0,
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in which T;, T, and T, are the initial, adiabatic wall and surface
temperature respectively. The solution for Eqn. 1 can be written as;

T-T; _ x ) hx h2at x hat
= erfe (o) — e+ B lerfe (o + )

(2
T, can also be defined as T,y Experimental time limit, t, before

the back surface temperature of insulation type material changes
by 1% of the wetted surface temperature can be found in [7];

LZ

=57 (3)

where L is the subject thickness and « is the thermal diffusivity of
the subject’s material. Figure 1 illustrates the condition for heat
conduction in a semi-infinite solid.
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Fig. 1: lllustration of heat conduction in semi-infinite solid

If one were to choose polycarbonate with 15mm thickness as the
test subject, according to Eqn. 3, the experimental time limit
would be 188s before the back surface temperature changes more
than 1% compared to the wetted surface temperature. The
experimental time can also be represented by Fourier number, Fo;

at

Fo = L_2 (4)
where t is the experimental time. For a time limit of 188s, the
corresponding Fo is 0.1. Solving Eqn. 2 for h = 60 W/m?K, T; =
15 °C and T,4 = 40 °C, and a polycarbonate thickness of 15 mm,
the generated surface temperature history for about an hour of the
experimental time, Fo = 2.0 can be represented by Figure 2.
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Fig. 2: Surface temperature history for 15 mm polycarbonate

It can be seen that even after an hour worth of experimental time,
the theoretical surface temperature history would not reach the
adiabatic wall temperature. In fact, in actual testing condition,
only 3 minutes of experimental time are allowed in order to ensure
that the semi-infinite solid condition is valid. Figure 3 shows the
result if one were to use only 188s worth of surface temperature
data to calculate the heat transfer coefficient and the adiabatic wall
temperature.
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Fig. 3: Relationship between heat flux and surface temperature

The gradient of the graph in Figure 3 indicates the heat transfer
coefficient, h. At x axis, when g = 0, the surface temperature
correspond to the adiabatic wall temperature, T; = To4. As shown
in the figure by the dashed line, the result needs to be extrapolated
to estimate the point at which the gradient of the graph intersect
with x axis. This is to estimate the adiabatic wall temperature, Tqg.
The lack of heat flux data at the lower portion of Figure 3 is due to
the time limit for semi-infinite solid condition. Better result could
be achieved if the experimental time can be extended. This will
enable more surface temperature history data to be analyzed [8].

An alternative solution is proposed to address the limitation of the
semi-infinite solid condition, which is based on finite difference
method and Crank Nicolson one dimensional heat conduction. The
convection-conduction wetted surface and the adiabatic back face
boundary condition will be applied to the general Crank Nicolson
solution to represent the semi-infinite solid solution condition. To
verify this solution, the resultant heat transfer coefficient and the
adiabatic wall temperature must be in agreement with the semi-
infinite solid solution for Fo = 0.1, and most importantly, the
theoretical heat transfer coefficient. The transient heat transfer
experiment on a flat plate is chosen to provide the required surface
temperature data. The experimental data will be analysed using
semi-infinite solid solution and the Crank Nicolson solution with
the same boundary conditions.

3. Heat transfer experiment

Earlier heat transfer experiments have utilized few methods such
as bulky heaters [9] and preheated models [10, 11] to induce the
step change in air temperature. A heating element, fast response
stainless steel mesh heater, was invented to simplify the process of
inducing hot air to the working environment [12]. This invention
was chosen by majority of the researcher in their heat transfer
experiments [13-15]. The current research work also utilizes the
heating element for the heat transfer experiment.

A flat plate transient heat transfer experiment has been conducted
to verify the Crank Nicolson solution with the semi-infinite solid
solution. The experimental data will also be used to observe the
effect of extended experimental time to the resultant heat transfer
coefficient and the adiabatic wall temperature. The heat transfer
experiment was conducted in a small wind tunnel utilizing the fast
response mesh heater to induce the heat transfer process. The
experiment was conducted for approximately half an hour, Fo =
0.95 at freestream air velocity of 27 m/s. Black coated, 15 mm
polycarbonate flat plate was used as the test plate. Fast response
thermocouple and infrared sensor were applied to measure the air
temperature and surface temperature, respectively. The obtained
experimental data were analysed separately for Fo = 0.1 and Fo =
0.95. Figure 4 shows the measured air temperature and surface
temperature history data.
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Fig. 4: Air temperature and surface temperature history
As mentioned earlier, the experimental data will be analysed using
two methods, first is the two temperature solution method from [8]
that uses the semi-infinite solid solution, and secondly by using

Crank Nicolson finite difference method with adiabatic back face
boundary condition.

4. Two temperature solution method

Eqn. 2 can be written in non-dimensional form as;

N 1
0 =erfc (%) — exp(xBi + Bi%*Fo)[erfc (ZL\/F_O + BiFo /2)]

®)
where;
_T-T;
0= ©)
T
Bi = . @)
At the wetted surface, where x = 0, Eq. (5) can be reduced to;
—1_ i2 irol/
6, =1 —exp(Bi*Fo)erfc (BlFO 2) (8)
Substituting;
X = BiFo'/? ©
Eq. (8) becomes;
8, =1 —exp(X?erfc(X) (10)

For the two temperature method solution, two temperature data
will be taken from the surface temperature history data, denoted

by;

6; =1 —exp(X;Herfe(X,) (11)
8, = 1—exp(X,*) erfc(Xy) (12)
Dividing Eq. (11) to Eq. (12) yield;

8; _ 1-exp(X,®)erfe(X;)

6,  1-exp(X,2)erfc(X,) (13)
Eq. (9) can also be defined as;
_ npipal/2 _ t .2
X = BiFol/? = h[pcpk]z (14)
Expression for X; and X, becomes;
t, 1
X, = h[—-1]z (15)

pepk

ty
pcpk

X, = h[-2 5 (16)

Dividing Eqn. 15 to Egn. 16 yields;

Xy _ tagt

o= (7)
Therefore, X; can be expressed in terms of X;;

= X[ (18)

+ exp(XHerfc(X) (19)
so that Eqgn. 13 i:

_ 61 1-exp(Xi (X))
fX) = 0, 1—exp(X22)e (20)
Substituting X; into Egn. 20 yis{¥g;

tiy 2 t12
0, 1—exp(gX2 )erfc([g]zX2

f(XZ) = 9_2 - 1-exp(X,%)erfc(Xs) (1)
Introducing f; and f, to simplify the Eqgn. 21;
fi = 1-exp (X% erfe([]Xs) (22)
fo = 1—exp(X,?) erfe(X,) 23)
Hence Eqn. 21 becomes;

_6_h
f) =gt =1 (24)

Yan and Owen [4] suggested to use the value of 6, as large as
possible with 6; half the value of #,. Taking that into consideration
and picking out two temperature data from the surface temperature
history, heat transfer coefficient and adiabatic wall temperature
are determined. Newton Raphson iteration can be used to find X,
value, and subsequently X; in Eqn. 18, 8, in Egn. 11, 6, in Egn. 12,
hin Eqgn. 14 and T,q in Egn. 6.

f(X2m)
Xome1 = Xon — f,(Xzz D (25)

with;
f'Xom) =

1

i- /(%)i _ (i_:) X, (exp (i—:) Xzz)\l
| )

[1—exp(X,?)erfe(X,)] 2| E 1
[ \ <erfc (i—:)zXz)
[1-em (e 5 ) )

[1 —exp(X,?) erfc(Xz)]2

(26)

Table 1 summarizes the result from the two temperature solution
method. The air temperature is measured by the fast response
thermocouple and a theoretical flat plate heat transfer coefficient
is used as the reference. The theoretical flat plate heat transfer
coefficient can be taken from [16] by using freestream velocity of
27 m/s,

1 2
h = 0.0296Re sPr spc,U 27)
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Table 1: Comparison between Fo = 0.1 and 0.9 for two temperature
solution method

Exp. Theoretical h | Air temp. 2 Tad

FO | time(s) |  (WimK) ccy | NWIMK) | oy

0.1 188 892 36.9 95.5 36.2
0.95 1600 ) 38.5 745 38.5

In Table 1, for Fo = 0.1, the resultant heat transfer coefficient is
overestimated by 7% while the adiabatic wall temperature is
underestimated by 2%. For Fo = 0.95, a considerably longer
experimental time results in an underestimated heat transfer
coefficient by 16%. The adiabatic wall temperature agrees well
with the measured air temperature. The increased error in heat
transfer coefficient for longer experimental time is to be expected.
This reason for this increase will be made clear when the
experimental data is analysed using the Crank Nicolson solution.

5. Crank Nicolson heat conduction solution

The general Crank Nicolson solution for heat conduction can be
written as;

(—Fo)T/™ + (2 4+ 2F0)TA** + (—Fo) T/t = (Fo)T!, +
(2 = 2F0)T!* + (Fo)T],

at _ alt

(28)
With Fourier number, Fo = = = R for the wetted surface with

convection-conduction boundary condition;

q = h(Tar = T)) = 1= (T; = Tiy) (29)
The Eqn. 28 can be rearranged to;

(2BiFo + 2 + 2F0)T"! + (=2F0)TI! + (—=2BiF0)T,;, =
(=2BiFo + 2 — 2F0)T + (2F0)T", + (2BiF0)T,;, (30)
For adiabatic back face boundary condition,

q = 1= (Ti = Tip1) = h(T; = Tamp) (31)

With h = 0 at the back face indicating adiabatic condition, and i =
L, Egn. 28 can be rearranged to;

(=Fo)T/" 1 + (1 + Fo)T* = FoT* ; + (1 — Fo)Ti}! (32)
The experimental data can be analysed numerically by using Eqgn.
30 for the wetted surface, Eqn. 28 for internal nodes and Egn. 32

for the back face condition. Figure 5 and Figure 6 represent the
heat flux data for Fo = 0.1 and 0.95, respectively.
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Fig. 5: Heat flux data‘\\for Fo=0.1
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Fig. 6: Heat flux data for Fo = 0.95

The gradient of the red dotted line in both figures indicates the
heat transfer coefficient value. The point where the red dotted line
intersect with x-axis indicates the adiabatic wall temperature. It
can be seen that a longer experimental time allows more surface
temperature data to be analysed for determination of heat transfer
coefficient and adiabatic wall temperature. However, solely by
just be having more data to be analysed does not guarantee an
increased accuracy or reliability. Additional surface temperature
history data must be analysed using another set of the boundary
condition to fit the experimental conditions. The adiabatic back
face boundary condition must be replaced with a more appropriate
boundary condition. Table 2 summarizes the resultant heat transfer
coefficient and the adiabatic wall temperature for Crank Nicolson
solution.

Table 2: Comparison between Fo = 0.1 and 0.9 for Crank Nicolson
numerical solution

Fo Exp. Theoretical Air temp. h Tad

time (s) h (W/m*K) (°C) (W/m*K) (°C)
0.1 188 89.2 36.9 95.6 36.1
0.95 1600 ) 385 61.9 38.4

In Table 2, for Fo = 0.1, the resultant heat transfer coefficient is
overestimated by 7% while the adiabatic wall temperature is
underestimated by 2%. This difference agrees well with the two
temperature solution method that uses the semi-infinite solid
solution. These results justify the usability of the Crank Nicolson
solution for Fo = 0.1, with convection-conduction wetted surface
and adiabatic back face boundary condition. For Fo = 0.95, the
heat transfer coefficient is underestimated by 30%. This is much
worst compared to the 16% for the two temperature solution
method. This incorrect value is to be expected due to the boundary
conditions applied to the Crank Nicolson solution. The adiabatic
wall temperature however agrees well with the measured air
temperature with only 0.2% difference.

The results using this boundary conditions can only be used for Fo
=0.1. For Fo> 0.1, it does not matter if one uses the semi-infinite
solid solution or the Crank Nicolson (convection-conduction
wetted surface, adiabatic back face) solution, the results will
always be incorrect. Therefore, if the back face boundary
condition of the Crank Nicolson solution can be changed to
conduction-convection condition, hypothetically, this will enable
for a longer experimental time. This paper involves only a set of
transient heat transfer experimental data at 27 m/s of freestream
air velocity. Series of transient heat transfer experiments at a range
of freestream air velocity can be found in [17]. The paper also
includes the plotted resultant heat transfer coefficient from Crank
Nicolson solution with adiabatic back face to the theoretical flat
plate heat transfer correlation.
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6. Conclusion

The limitation for the existing one-dimensional heat transfer with
semi-infinite solid condition solution was pointed out. Due to the
time restriction of semi-infinite solid condition, the resultant heat
transfer coefficient and adiabatic wall temperature can only stay
valid for a short period of experimental time, Fo < 0.1. The Crank
Nicolson finite difference solution was chosen as an alternative
solution. Heat transfer coefficient and adiabatic wall temperature
for the semi-infinite solution and the Crank Nicolson solution are
compared. For Fo= 0.1, both results agree well with the theoretical
values. This indicates that with the same boundary conditions as
the semi-infinite solution, the Crank Nicolson solution proves to
be reliable. However, the results for longer experimental time, Fo
= 0.95 do not agree with the theoretical value. This proves a good
point because the boundary conditions used for both solutions are
not meant for Fo> 0.1. For Fo> 0.1, the semi-infinite solution
could not be used and the Crank Nicolson solution with adiabatic

back face needs to be changed to conduction-convection condition.

It is expected that, in future work, modification to the back face
boundary condition will result in a more reliable data. This will
help researchers to set a longer experimental time for heat transfer
experiments.

7. Future work

The next step is to modify boundary conditions of the Crank
Nicolson solution. The boundary condition on the wetted surface
will be the same, while the back face will have a conduction-
convection boundary condition. With another set of back surface
boundary condition, hypothetically, it will allow the experimental
time to be extended to a longer time. Longer experimental time
will allow more surface temperature data to be used for analysis.
Ultimately, these additional surface temperature data will result in
a more reliable and accurate heat transfer coefficient and adiabatic
wall temperature.
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Nomenclature

o

Biot number [hL/Ksiig]

Co Specific heat

F Function in semi-infinite solution
f Parameter in semi-infinite solution
Fo Fourier number [a#/L?]

h Heat transfer coefficient

k Thermal conductivity

L Characteristic length, total thickness
q Heat flux

Re Reynolds number [p Ux/u]

Pr Prandtl number

t time

T Temperature

Ta Adiabatic wall temperature

Ti Initial temperature

Ts Surface temperature

U Velocity

X Distance

X Parameter in semi-infinite solution

Greek symbols

Thermal diffusivity [k/pcp)

Dynamic viscosity

Density

Freestream, Infinity

Non-dimensional temperature [(T — Ti)/(Tad — T)]
Non-dimensional surface temperature [(Ts — Ti)/(Taq —
1)

Non-dimensional temperature for crystal 1 [(Ts; —
T)(Tag = Ti)]

Non-dimensional temperature for crystal 2 [(Ts, —
T)(Taa — Ti)]
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