International Journal of Engineering & Technology, 7 (4.10) (2018) 706-709

International Journal of Engineering & Technology

Website: www.sciencepubco.com/index.php/IJET

SPC

Research paper

Discrete Heat Equation model of Rod by Partial Fibonacci
Difference Operator with shift values

Sandra Pinelas’, G. Britto Antony Xavier %, S.John Borg?, S.Jaraldpushparaj *

'Academia Militar,
Departamento de CiAncias Exactas e Engenharia, Portugal.
234Department of Mathematics,
Sacred Heart College, Tirupattur, Tamil Nadu, S.India.
*Corresponding author E-mail: brittoshc@gmail.com

Abstract

Partial Fibonacci difference equation is introduced and subjected to investigation in discrete heat equation by having recourse to
Fibonacci difference operator with shift values in this paper. By having Fourier law of cooling as its basis, the heat transfer in the long
rod is investigated and the solutions obtained are validated by MATLAB.
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1. Introduction

The difference operator A defined on U(K) found its inception
a

in 1984 by Jerzy Popenda [1, 4]. The above operator was further
extended by M.M.S.Manuel, et.al,[6, 2] in 2011. The study gained
its momentum by the contribution of G.B.A.Xavier, et.al,[3] when

the k-difference operator A with variable coefficients was
k(1)

introduced in 2016. The need for a comprehensive operator arose

as the investigation was carried out on heat equation and thus an

extension of the operator A termed as A [5] was introduced
a x(0)

with inputs gained from the other operators mentioned in the
above literature. Here X = (X, X, X,) and £ = (1,4 5,...,0,).

2. Fibonacci
Variable

Difference Operator on Two

For X = (Xl,Xz) , the Fibonacci difference operator on two
variable real valued function with shift values ¢ = (¢,,/,),

k= (kl, kz) is defined as

(A)v(k) =v(k) —xv(k —£) = x,v(k —27). (1)

The operator in (1) becomes partial Fibonacci difference

operator if either £, or £, is zero but not both. The equations

involving a first order linear partial fibonacci difference equation
[7] is

AU =0) o (05 X=(5%). @

The equation (2) has a numerical solution of the form
v(ky, ky) = Favk, k, —(n+1)7,)

—sznv(kl,kz—(n+2)£2)=ZF5u(k1,k2—s€2), ®3)
s=0

where Fy =1, F, =X and F, =X F , +XF, are the
second order Fibonacci numbers. If the function V(kl, kz) is
assumed as temperature of a long rod at the position kl at time
kz, it will be influenced by certain quantity of heat values at the

neighboring points K, —20,, k, —¢,, K, +¢,, K +2/, etc.
Hence we obtain the following heat equation model for a long rod.

3. Discrete Heat Equation Model of a Long
Rod

Let V(kl, kz) denote the temperature of long rod [3]. By (1) and

Fourier’s cooling law we have

A VK k) =7 A vk, k) x=(x,%,), 4

x(0.45) X(££4,0)

where A = A + A which is a Fibonacci heat
X(££4,0)  x(¢4,0)  x(=£4,0)

equation of rod. Our main aim is to analyze and discuss the
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solution of the heat equation (4) . Here, we obtain the value of

V(i ky).

Theorem 3.1 If A V(K K, )— u (kl,k ) are known,

x(£0q) 1)
then the heat equation (4) has a solution

V(k11k )_ n+1V(k11k _(n+1)€2)

SXFV(kuk,-(1+2))+7 Y F, U (ok=st) @

$=0 x(ir

Proof. By representing A vk, k)= u (k,k,), (
x(

) )
becomes
v(k;, k;) = F,v(k, k, —(n+1)7,)
]
+X Rk, K, —=(n+2)0,)+7 A u (k,k,) (6)
X0.05) X(£0y)

The proof of (5) follows from the relation,

A u (koky)=

x(0,/ ) x(+/

(6).

Theorem 3.2 Consider (4) and denote

vk, £2,,%) =v(k + ¢, *)+Vv(k, —¢,,*) and

v(k, £20,,%) = v(k, +20,,%)+Vv(k, —20,,%). Then, we
derive the following relations:

v(k,, k ):X;p
@ 7 (1—2y)p

2(1 2,)° V(k, £0,,k, —(s—1)¢5)

ZF u (k,—s(0),k,—sf,) in
x(,

vk, k; —ply)

p szls—l
+ —2 1 Tv(k,,k, —(s+1)¢
Z(l_zy)s[(l , —(s+1)0,) o

s=1

_W(kl i2€l,k2 _(3_1)62)]

vk ko) = S22 vk, + pey)
Xl
(). Looer
27( 7 (K, £ £,y +S0,)

%d=27)"" 27)31 Ky, K, +(s—2)¢
RS Mk -2

_W(kl i261' k2 +S€2)]
—Plik, —

(c). V(klik )_ ( pﬁz)
7

—Z

sl1

+Vv(k,—(s+2)(,,k, —(s-1)7,)]

vk = (=201, k, = (s-1)(,)

+Z —v(k, —sly,k, —(s+1)¢,)

s=1 1

p
_ZQV(kl_(S‘i'l)gl’kz_(5_1)62)

s=1

P (1_
o Iy st k- (s-11y), o
=1 X))

1

. Vv(k,k;)= Fv(kl-’_ ply, K, —ply)
—Z 2_[v(k, +(s+2)0,,k, —(s-1)(,)

s=1 1
+v(k, —I—(S—2)€1,k2—(s—1)€2)]

+Z —v(k, +50,,k, —(s+1)¢,)

s=1 1

P

—sz(kl+(s+1)£1,k2—(s—l)Ez)

s=1

P (1_
SO stk --10), o

=1 X

Proof. (a). From (4), directly generates the relation
X,

v(kl,kz)——(l 5 )v(kl,k l,)+
X,

—=2—v(k,k, —2¢

1-2,) (& 2)
.74 K,) - vk, £20,,k
vl £ k)~ 220, k),

(11)

By replacing K, by K, —¢,,K, —20,,....,K, — p, in (12),
we  obtain  expressions  for V(kl,kz—sﬁz) and
v(k, £7,,K, —S?,). Now proof of (a) follows by applying all

these values in (11).
(b). The heat equation (4), we arrive the relation

1-2
ko) = 2 )+ K 0 K )

1

X
—X—Z[V(kl,kz—€2)—7V(k1i2€1,k2+€2)] (12)
1
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The proof of (b) follows by replacing K, by A VK, k) = vk, k) —xv(k, Kk, —2,)

x(0.0,)
K, +70,,K,+20,,....K, + pl, repeatedly and substituting ?
corresponding v-values in (12). —X,V(k;, Kk, —20,)) —Xxv(k, K, —37,,). (14)
(c). A simple calculation on (4) gives the expression

1
v(ky,k,) = ;V(kl — Uk, —4,)+

In this case, the corresponding heat equation model is
(0[ V(klak )= 7/ A V(klak )i X=(X, %, %) (15)
X

2

X2 vk, — 0, k, —20,) —v(k, —2¢,,K,)

Theorem 3.4 Let us take an integer N > 0, and a real number

Xy
—ﬁ[V(k1+f1’kz)+V(k1_3f1’kz)] f >0 such that V(kl,k —nfz) and
% A V(K k, )— u (kl,k ) are known. Then the heat
—Mv(k —0.K,) X(£fy) )
Xy equation (15) hasa solution V(K,,K,) of the form
Th f of foll b laci k, b
e proof o (c) ollows y  replacing 1 y V(kl, K ) _ n+1V(k1, k2 . (n +1)£2)
kK =0,k —20,,...k —pl, and K, by
+ (X, F, + XK )v(k, k, —(n+2)¢,)

K, —0,,K,—20,,...K, — p’, repeatedly.
(d). (4) gives the expression +XF V(K k, - (n+3)€2)+yZF u (ki =5()09)

v(k;, k,) :lv(kl+£1,k2—£2)+ =0 *hlx
Ve

where F=1 : F =X and
X
—2v(k, + 0k, —20,)=v(k, +20,,k,) F, = xF,.,+XF. +XF,.
Xy Let us denote the following notations in the below theorem:

VK, £ £,,%) = V(K +£,,%) + V(K — £,,%)
V(k, £20,,%) = v(k, +20,,%) + V(K —20,,%)
VK, £30,,%) = v(k, +30,,%) +v(k —30,,%).

The following theorem gives more accuracy values of heat

—%{v(kﬁsfl,kz)w(kl — 03, k,)] -

wv(kl + El’ kZ)

4 . K transmission.
the proof of (d) follows by replacing X, by  Tneorem 3.5 Consider the equation (15) then, we derive the
K +0,k +20,,... K+ pl, and K, by  following relations:

p
K, —0,,K,—20,,...K, — p’, repeatedly. v(kl,kz)—x—pV(k k, — pl,)
Example 3.3 Dissemination rate of rod is identified by the given @) 1-2y)
Ky +k P xS

example if the solution in (4) is known. If V(K K,) = €2 Z a 2 ) vk, =201,k —(s—1)7¢5)
is an exact solution of (4) , then =t 1

Ky + Ky +k Ky -+

A e 2=y A T2+ A 9727, which yields z —E——[v(k, k, — (s +1)¢5)

0.,(x) () 01 (0) = (- 2 7)

;;/\l/(kk £20,,k, —(5-1)1,)]

ek1+k2 _ Xlelirkz—[2 _ Xzek1+k2—2/,2 - ]/[ekl+k2 . Xleklﬂl+k2
v(k, k, —(s+2)¢
Zl(l 2)[(1 ~(s+2)1))
- W(kl * 361’ kz - (5 _1)€2)]

k
Canceling €72 on both sides derives (7)

-t -2¢
_ 1-xe 2—-x.e " ? 13)
/ -/ 20 -2/ ' 1—2 p
2-x(et+e ) —x, (" +e ) o V(klvkz):(x—p}/)v(k17k2+p£2)
. 1

P s—1
+z7’(1 20 (k£ 0y, +5E,)

s=1

For numerical verification, we give the MATLAB coding for (a)

of Theorem (3.2) when m=1, k, =1, 7/, =1, k, =2,
0,=2, %=1, % =2, V(k,k,) =e“"? and 5 is as . 1 2 s1
givenin (13). Z L-27) ki, k; +(5=2)15)
s=1 l
—7V(kli2fl,k2+5€2)]

For getting accuracy value of heat transmission, 1 can be
replaced by,
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p _ s-1
35 k1 (s-3)0y)
s=1 Xl (18)

—(k, £30,,K, +57,)]

1
V(k11 kz) = Fv(kl - pgl’ k2 - pfz)

(©).

—sl,,k, —(s+1)7¢,)

+Z k, —(s+2)¢,)
P11
2 =
—Z

V(K —(s+1)0,,k, —(s=1)¢,)

7Lk —(s=2)01,k, = (s=1)(,)

+v(kl—(s+2)£1,k2—(s—l)ﬁz)]
—Z gV —(s=3)11,k, —(s=1){;)
+V(k1_(3+3)€1'k2_(S_l)gz)]
P (1-2
_Z( s}/)V(kl—Sfl,kz—(S—l)f2), (19)
=1 XY
V(kllk2) = ipV(kl + pflvkz - p€2)
(d).
+;le v(k, +504,K, —(s+1)7,)

+Z
—Z
—Z
+V(k, +(s—2)£1,
—Z

+v(kl+(s—3)£l,

K, —(s+2)1,)

V(K +(s+1)0,,k, —(s=1)7,)

— [V(k, + (s +2)/,,k,
k, —(s=1)¢,)]
— [V(k, + (s +3)/,,k,

k, —(s-1)¢,)]

—(s=1)¢5)

—(s=1)¢5).

P (1—
—Z%V(kl+s£l,k2—(s—l)€2), (20)

s=1

Proof. The proof of the theorem is identical to the Theorem 3.2.

kg +k
Example 3.6 If v(k;,k,) =€ 172 s a exact solution, then

we get the relation

K, +k kg +k kp+k
A g1t :7/[ A el 4 A e1+2],whichyields
O,Zz(x)

£4(x) —£4(x)

kq +k k1+k —0 Ky +ky—2¢ Ky +k,—3¢

172 272 17%27452 17¥2 732
e —Xe — X, —X4€

. k]_*kz . .
Cancelling € on both sides derives
-0 20 =30

_ 1-xe 2-Xe 2-Xe 2

V= =T G

( " 2 20 30 ]
2-x(et+e )-x(e"t+e " H)-x(et +e )

For numerical verification, we give the MATLAB coding for (a),
(b), (c), (d) as similar as two variables.

4. Conclusion

The partial Fibonacci difference operator provides great
possibility through the main results (3.2) and (3.5) to study the
various aspects of heat equation: the transfer of heat, nature of
material used and prediction of temperature having the knowledge
of the present values as the basis. The results provide a
mathematical model for the conservation of energy and wisdom in
the selection of right material to save the economy involved.
Simulations supported by MATLAB are inserted at relevant
sections.
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