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Abstract

In this paper, we extend finite Second order q -Fibonacci formula to infinite Second order q -Fibonacci formula and also obtain the sum
of infinite Second order q -Fibonacci multi-series formula. Suitable examples are inserted to illustrate our findings.
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1. Introduction

The theory of Fibonacci sequence 0,1,1,2,3,5,---, where in

each term is the sum of the two preceeding terms [4],[10],[11],[1],
has found to fit a large variety of real life growth processes. Koshy
[11] defined the generalized Fibonacci numbers as, for fixed a

and b, the succeeding terms of the sequence A, , with initial
values Ay=0 and A =1 aredetermined by A ,=aA , +bA.

m k -1 4k 4k
ZFa,rU(W) = AU(K)=F, .1 AU(—7) -, F,  AU(—5)
=0 q g.a aa (] aa

Here, we formulate higher order ( -difference equation

A (A (- A (V(K))--)) = u(k), k € (—o0,00), 1

wapa qa

and obtain some result on sum of infinite second order
g -Fibonacci Multi-series by equating summation and closed form

solutions of the equation (1).
2. Second Order q-Difference Operator

Before stating and proving our results, we present some notations,
basic definitions and preliminary results which will be used for the

subsequent discussions. Let u(k) be a real valued function on
(—o0,00), @, q and @ are non-zero reals and m is a positive
integer. Throughout this paper, we use the following notations:
(i) A= 4 (i) F=F,

a2 (a.a)

m

iy > =33y (iv) A

(M  770=0  £=0 htd

-1 -1 -1
= A A ...Al

qa ha  ga

Definition 1 [3] Let &, and a, be fixed reals, a = (a,,a,) € R?
and k e (—oo,). Then the second order g-difference operator

A is defined as
q,a

qAaU(k) = u(g’k) —a,u(gk) - a,u(k) @

and its inverse, denoted by A1, is defined as below:
g,a

if A v(k) = u(k), then v(k) = AU(K).

Lemma2[3] If " —aq"—a, #0 for n=0,1,2,---, then

1
l-a-a,

-1 k" -1
K'=— "~ and AQ)=
g,a

A 2n n (4)
9.2 g —-agq —-&

Lemma 3 [8] Let s be the Stirling numbers of first kind,
neN(@). If

n-1 n-1
k(" = E[(k—iq) and (%)g‘) = H(%—iq) for k,q # 0, then

n C nan-rp,r 1 n % n.n-r 1 r
ké ) = E s;q" k" and (E)‘(‘) = E s/gq" (=) 5
r=1 r=1

=

3. Infinite Second Order ( -Fibonacci Sum-
mation Formula

The purpose of this section is for obtaining the sum of infinite
Second Order q -Fibonacci series by equating summation and
closed form solutions of the Second order q -difference equation

M.
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Definition 4 [3] each

a=(a,a,)eR?

(Fibonacci
the Second order Fibonacci sequence is

Sequence)  For

defined as

Fa = {Fanpmo ©)
where F,o=1,F ;=8 and F,,=akF,,,+aF,, for
n>2.

When & =a, =1, (6) becomes the generalized Fibonacci
sequence.

Theorem 5 Let gq,a=0, u(k) be a real valued function

defined on (—o0,0) and if

1 -1
lim —M{Fa,HlAlu(quk) - Fa,r Au(qHZk)} =0
q.a

r—oo (—az) q.a
then

) (-1'F

aug) =3 e g ™
q a =V

is an infinite Fibonacci series solution of the Second order ( -
difference equation (1) for t =1.

Proof. Taking A~1u(k) = v(k) and by Definition 1, we arrive
g,a

V(k)‘a—V(qzk) a v(qk)—a—u(k) ®)
2 2 2

Replacing k by gk in (8), we get

1
v(ak) ——V(q?’k) —v(q*k) ——u(k).
8 2 &
Therefore (8) becomes

V(k)—a—u(k)+ u(ak) + 52 v(g%k) - V(q3|<)- ©)

Again replacing k by q2k and putting the resultant expressions
in (9), we get

v(k) = a—{u(k) - L u(gk) +
2

2

%2 u(g2)
2

2 2

q +a (e +a,)+aa

A > 2 V(q4k)+ l( 1 5) 192 v(q3k)}
2 a

Since F, € F,, we have

V(k):;Jl F U(k)— u(qk)+—u(q kK)— v(q k)+— v(q k)}
) 8 a2 az az
(10)

Now (7) is obtained by (10) replacing k by q3k, q4k ,+++in
(8) repeatedly,

Corollary 6 Let k € (0,0) and g,a=0. If

lim——1F Al L g a2t l
Im-———7 Ty o ([
IS (_az)r+1 a,r+l ( I’+lk) ar q.a (ql’+2k)2

then we have

1> _1 r F 4
_1 ( )rar r12: 2q 4 2" (11)
Qi & (@'k)* (1-g9%a —-qg"ay)k
1.
Proof. Let u(k) = k_2 in (7). Then we have
-1 (ED'F 1 -1.1
— ( )r t - A(—z) (12)
a4 & (@K’ aak
1 1 3, a
Now, A(=)=—————2__22 vields
q,a(kz) (9%k)?  (gk)®> k2
1 4
ALS) = d (13)

aa K2 (1-%a —q'a,)k?’

Hence, the proof completes by substituting (13) in (12).
The following example is a verification of the Corollary 6.

Example 7 Taking k=2,&,=1,a,=2 and g=3 in (11), we get
1GE) Ry 1 3

24 2 (327 1-F-3'x2)?

=-0.1191176471.

Here F,o,F,1,--F, -+ are obtained from the Definition (4).
The portrait of the functions k? and logk is given in Figl. Fig2

gives the portrait of Afl(k2 log k) for a fixed a =(3,4,5) and
q,a
q=0.1,0.6,1.

Fig
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4. Infinite Second Order q -Fibonacci Multi-
Series Formula

In this section, we obtain formula for sum of q -Fibonacci multi-

series.
Theorem 8 If

1 42
lim ﬁ{':arﬂ A -1 u(ql k)_ Fa,ri A71 u(qlrI k)} =

i (-3,)" e e
for i =1,2,---,t, then we have
0 t Fa
u(]_[qppk) (-a)' Atuk), (14
(Mt p=1 (= 3-2) LN
is a solution of the equation (1).
Proof. Replacing q,r by Q,,r, in(7), we get
I:l FZ 2
Fou(k) = —=u(ak) +— u(0pk) =+ 0 = (-a)Atu(k).  (15)
a, a, dy.a
il
. n L a5
Replacing k by @k and dividing by ° for
(DR
L =1,23,---,0 in(15), gives
()R .
—— 1 Fou(gy k)_—u(ch Q2k)+—U(Q1 k)
azl a az
I
S (-a)(-D*'F,
——3u(qfq§k)+---+oo} 1\ (gk),
& as dy.a
for p=1,2,3,---,0
Summing the above equation with (15), we arrive
2 & (DR Fou(atak) & ((D)TR :
3y : A~u(erk).
r=0r,=0 ajaz (-a,) =0 a5 G
(16)
Applying (7) in (16), we obtain
o & (DD R F, u(gia?k) )
ZZ ) = (-3,)’ata (k). (17)
or,= 8 a22 % ahy2

Replacing ¢,0,,F,F,, 1,1, by 0,,03,F,, F3, 1, 15 in (17), we
get

= &, ()2 (-1)3F, F_u(@?a5k)

> = (-3,)°aa (k). (18)
r,=0r,=0 aja; dy.ady.a
ari
2
Replacing k by qlk and dividing by - for
(_:I-)lFr1

=123, in (18), yields

(DR, & & (D2(D5F R u(giafalk)
Y s e ara?
(-1)F,
=1 (-a,)’A 1A (g k). (19)
a2l dy.a0g.a
Summing (19) with (18), gives
ZiZ( -1)1(-1)"? (-1)%F, F, Fu(ata2a5k)
,=0r, =0r;=0 a£1a£2 a23
= (-3,) Z A—lA—lu(qfk>. (20)

a2 dy.a0g,a

Applying (7) in (20), we obtain

2, &, (D12 (-1 F F, Fu(ataak)

>3y

n= Or2 Or3 0

a£1a£2a£3
= (-8,)° At A A (k).
%ady.adza
Proceeding like this, we derive (14).
The following corollary gives formula for Infinite Fibonacci
series involving Polynomial factorial.
Theorem 9 Let k € (—o0,0) and q,a = 0. If

1 +2
Iim—l{FaHlA u(@") - Fyy AU(" k)}:

. =0 ( a ) g.a g.a
for i=1,2,---,t, then we have
0 t Fa
u(Hq Pk) = (-a,)' gt ey
(r)l—)t p= 1( aZ) p=1

5. Conclusion

In this paper, the multi-series solutions of Infinite Second Order
g -Fibonacci Summation Formula have been obtained. Moreover,

Infinite Second Order g -Fibonacci Multi-Series Formula also
derived.
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