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Abstract

This paper applies an analytical technique, called Homotopy Perturbation Method to determine various problems of partial differential
equations and coupled Burger equations in one and two dimension equations. The final conclusion confirms that the HPM is eventually
useful as well as resourceful in predicting the explanation of these kind of problems and it further concludes that HPM could be a broad

utilization in modern engineering complication.

Keywords: Homotopy Perturbation system; Coupled Burger equation; Partial differential equation.

1. Introduction

This Linear or non-liner partial differential equation follows a
different range of science. The board application like the particular
equations is the fundamental reason how they have been
considered unequivocally from many mathematicians and
scientists across the globe. Unfortunately, sometimes there may be
actual stuff to resolve either numerically or theoretically as there
are so many methods to get comparative explanation of these type
of equation. The HPM is capable in observing the comparative or
analytic explanation of the liner and non-liner partial differential
equation. The current decision defends the power, easily as well as
simplicity of the system to implement. In this view we will
illuminate the HPM represented by [1,2] as well as alternative
algorithm of the HPM presented by Momani.

2. Homotopy Perturbation System

All Thorough analysis of the present method provides successive
activity:

B(u)-g()=0,r
along the boundary favor about

C(u,u/n)=0,r,
position B is a general operant g(r) is an establish systematic
activity, C is a boundary operant, along with is an impressive
boundary like the domain .

The operant B may be generally divided within two operant, S and

T. Position S is linear while T is a nonlinear operant. Equation (1)

as it may be, thus recorded as success

S(u) +T(u)-g(r) =0
Applying the homotopy method, personally formulate a homotopy
v(r, p): [0,1]R, and that satisfies
H(v; p) = (1 - p)[S(V) — S(uo)] + p[B(v)-9(r)] = 0
or
H(v; p) = S(v) — S(uo) + PS(Uo) + PS(Up) + PLT(V) —g(N] =0
position p is called homotopy parameter along with uy is a
fundamental comparative since the clarification from equation 1,
satisfies the affecting boundary favour. Clearly, from the above
result we obtain
H(v; p) = S(v) - S(uo) = 0
H(v; 1) =B(v)-g() = 0

Along with developing system of p from zero to unity is just that
of H(v, p) from S(v) — S(uo) to B(v) — g(r).

S(v) — S(up) and B(v) —g(r) is called malformation and homotopy
respectively

We can assume that affecting clarification of above equation as it
may convey in the act of a series in p as follows

V = Vg + pyy + pAv; + piug +

Using p = 1 results in the comparative clarification
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U=lim(p=2LVv=vg+Vvy+V,+Vvz+....

3. Problems

We have given some problem based on the above method

Example 1: Suppose the coupled Burgers equation

us + Uy — 2ur + (uv), =0 1)
Vs + Vpp — 200, +(uv), =0 2)
the basic condition

u(r,0) =

sinr ,v(r,0) = sinr ?3)

The homotopy for equation of the above equation we get,

? a

a_l: = p[i + Uy + 2un, —(uv),- D,U] @
v v

= =Pl5; + Ve + 200, —(uv),- DeV] ®)

The explanation about equation (1) and (2) we get.

U = up+puy+p2u+piug +.... (6)
V = vy Hpv; +plv, +p3v; +. @
therefore, putting (6), (7) and the basic conditions (3) into the (4)

and (5) and comparing the indication by like range of p. we get
affecting coming usual of linear partial differential equations.

ouy _ .

s 0,uy = sinr

vy _ .

s =0,vy = sinr

u du

asl = a_; +(uo)rr +2uo (Uo) = Uo(Vo)r— Vo (Uo)r= Dsug ,uq (r,0)
=0

u; =-ssinr

v, =-Ssinr

s? .
U, = sinr

_s? .
v, ==sinr
2!

The homotopy perturbation solution for equation
uy(r,s) =sinr
vy(r,S) =sinr
u,(r,8) =ssinr
v4(r,s) =ssinr
<2

u,(r,s) =5 sinr

sz .
v, (r,S) = sinr
s .
us(r,s) =5 sinr

s3 .
v3(r,S) =5 sinr

In the continuous process of component, we get the n —terms
approximate solution for equation (1), (2) we get.

2 3
u(r,s) =37 uy(r,s) = sin r(l—s+% % )

V(r,8) =X vy(rs) = sinr(l-s+s -+

2! 3!

Accurate solution for the one— dimensional coupled burger
equations.

U(s, r) = sinre™*
V(s, ) = sinre™S

Example 2: Consider the one-dimension linear burger equation

¢t+a¢x 7€¢xx = 0 (1)
Basic case
¢(x,0) =e* 2

The homotopy for equation is

a a
a_(f: p a_(f *a¢x +€¢xx - Dtd) (3)

The solution of equation can be written as a power series in p
d= o +pdy + PP, + 35+ 4
Putting above and basic condition (2) into (3) and comparing the

indication with exact range of p, we get the henceforth set of
linear partial differential equations.

%00, ¢(x,0)=e*

at

%: % — a(Po)x+€ (Po)xx — Deho,  $1(x,0) =0

21 = —qerre e* iy (x,0) =0

¢, = —tae* +€te”,

W 22 (py)te (B~ Dedr . §2(x,0) =0

t? t?
o :az;ex —a€e*t? +e2 e

o =e*
¢, =—tae* +€te”,

_ 2t % X42 2 xt?
¢, =a Seraget” +€%e*

t3 t3 t3 t3
¢s=—a—e* -a’€e*——a€?e¥*— +e3e¥—
3! 2 2 31

Continuing this process, we get,

tz
D(x, t)=e* +—tae* +€te* + az?e" —a € e*t?

2 }ox 2 xt 2 xt 3 %t
+eE“e*——a>—e* -a“€e ?—ae e 7+E e ;+.....
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¢(X,t) = eXe~t(a—€)

This is Accurate solution for the one dimensional linear burger
equations.

Example 3: Suppose the two-dimension burger equation.

gt w2 = [h+TY )
LN S LU ‘72_"] @)
at ax ay ax? | ay?

Basic case

Uy, 0) =x+y;v(X, y,0)=x-y ®)

The homotopy equation (1), (2) are.

ou ou
5 - p[;—uux “VUy FlUyy Hyy, — Diul] 4)
v v
i p[ﬁuux —VUy +Vyy+0y,, — Dv] (5)

The explanation of equation (1), (2) as power series in p

U = ug +puy +p2u, +p3us +.... (6)
V = vy +pv; +p2v, +p3vs +. @
therefore, putting (6), (7) and the basic conditions (3) into the (4)

and (5) and comparing the indication by exact range of p, we get
the henceforth set of linear PDE

dug

_— = = +

ot 0,uy =x+y
vy _ _

pw =0,vy =X-Y
ouy duy

prali [W—uo(uo)x— Vo (Ug)y + (Uo)xx + (Uo)yy —DrUol;
uq(x,y, 0) =0

d i)

-0 =155 uo(Uo)x vo(uo)y + (Wo)xx + (V0)yy —Devol;
v1(x,y, 0) =0

ou

= (x+y) (- (x—y) (1) +0+0
u,= —2xt

V= 2yt

u, = 2xt? +2yt?

v, = 2xt2- 2yt?

U= X +Y

u, = —2xt

u, = 2xt? +2yt?

uz = 4yt* — 4ye3

Vo= X—-Y

V1= =2yt

vy = 2xt% - 2yt?

vy = 4xt*— 4yt3

Therefore, explication of the burger standard obtained by
homotopy perturbation method

U, y, t) = X750 ug(x.y.t)

Uy + U tu ...

X+ y-2xt + 2xt2 +2yt? + 4yt*— 4xe3 +...

= X(1 +2t%2+4t* +8t0+..) —2xt(1+2t> +4t*+8t% ..)
+2t2+4t% +8t0+..))

+y(1

= (X +y—2xt) (1 +2t2+ 4t* +8t%+..))

becomes a geometric progression

_x+y-2xt
1-2t2

Vxy, 1) = X5 vixy.0)
V = Vo + U1+U2+.....

= X-y-2yt+2xt2- 2yt 2 +axt*-4ye3+. .

_ x=y-2yt
1-2t2

This is the exact solution of two dimensional Burger’s equation.
Example 4: Suppose the one-dimension differential equation.
Up = Miyy

initial condition

U(x,0) =a*+bsinh(cyX) +c; cos h(c3X)
The homotopy for the above equation is

ou ou
ot = p[E Jr}”uxx - Dtu]

We will have the solution of given problem as power series in p
U = ug +puy +p2u, +p3us +....
Therefore, putting

ouy _
at 0
uy = a*+bsin h(cyX) +c, cos h(c3X)

auy

ouq_ . —
2= [52 M(ue)xx ~Deur)] 5 us(x,0)=0

= A(a*(log a)?+bcy? sin h(cyX) +c,c25 cos h(cz X))

u;= At(a*(log a)?+bc, ? sin h(c,X) +c,c?5 cos h(cs X))
u,= A? tz—zl (a*(log a)*+bcy* sin h(c;X) +c,¢*5 cos h(cs X))

uz=A3 ;—3, (a*(log a)®+bc, ® sin h(c;X) +c,c®5 cos h(cs X))
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Continuous in this process we get.
Therefore, solution of above problem can be derived by @(x,t) =x—tax+ a?t?x —a3t3x+.........
Homotopy Perturbation Method
D(x, t) =x(1-at +a?t? —a3t3 +..)
Ux, t) = 5w (%) = ug +uy +up +uz +....
O(x, t) =x(1 + at)™?!
= a*+bsin h(c;X) +c, cos h(csX)+ At(a*(log a)?+bc, 2 sin h(c;X)
2 X
+c,c?%5 cos h(cz X))+ A2 % (a*(log a)*+bcy* sin h(c;X) O, 1) —
+cyct3 cos h(cz X))+.... .
So accurate solution
a*eM 108D thsin h(c,X)eA " +¢, cos h(czX)e ™. P
This is the accurate solution of one-dimension Heat equation. Example 6: Suppose the two-dimension burger equation,
Example 5: Consider the one-dimension linear burger equation a9 a9 o 26 0%
—+ap— +tap— = b[=+—] (1)
at ox ay ox ay
¢t+a¢¢x _g(pxx =0 (1)
] Basic case
Basic case
¢ (XY, 0)=x+y @)
o(x,0) =x @
. The homotopy equation (1) is.
The homotopy for equation (1) are
99 ¢
2 3 = = P52 dy —appy by tbdy, — D] ©))
2= DL -aph +etex — Did] @ o Do TGO
) ) ) o The explanation of equation (1), (2) as power series in p
The solution of equation (1) can be written as a power series in p
$= o +pd1 +p’hy +pihs + - 4

$= ¢o+pd+pip, +p3ps+ - 4)

Putting (4) and basic condition (2) into (3) and comparing the
indication with exact range of p, we get the henceforth set of
linear partial differential equations.

9¢o_ —
Py 0, ¢(.X, 0)— X

20, _ 2o

2t o~ @P0(P0)xtE (Po)xx — Decbo,  $1(x,0)=0
2 = —ax, 1 (x,0) =0

¢; = —tax

e 2 By ($o)x — ahy(P)xtE ($1)ux — Dedhr
¢,(x,0) =0

—a(—atx —axt)

2
o :2a2%x

¢, =a’t’x
$o =X
¢, = —tax

Therefore, putting (4), and the basic conditions (2) into the (3) and
comparing the indication by exact range of p. we get the
henceforth set of linear PDE.

2 =0.g0 = xty ©)
2 = 24 (Po)x-ado(bo)y + b(Po)xx + b(ba)yy ~
Digol; ¢1(xy,0) =0 (6)
2o a(xry)(L) - a(x+y)(1) +0+0 )

$1= —2a(x+y)t

2 = 12 _agy(1)x — i (Do)x — adhs Do)y — adoldr)y +

b(¢0)xx + b(¢0)yy - Dt(pl], ¢2(X,y,0)=0 (8)
% = —a(x+y) (—2at) —(—2at(x+y))1 _a(x+y)(_2at —a(—2at(x+y)

)
P, = 4a?t? (x+y) (10)

Po=X+Yy
1= -2a(x+y)t

¢, = 4a*(x+y)t?

Therefore, explication of the burger standard obtained by
homotopy perturbation method

@ (%Y, 1) =X di(x.y.t)
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=g + P1+t.....
=X +y—2a(x + )t +4a?(x+y)t>—......

=x + y(1-2at +4a?t?>— ......... ) is become a GP series so

_xty
1-2at

This is the exact solution of two dimensional Burger’s models

4. Conclusion

The altered homotopy perturbation system is advised in view of
this paper is an efficient system since it realizes the accurate
clarification like the coupled Burgers equation, linear Burgers
equation and the Heat equation. So, this system is capable
mathematical application to solve any problem of partial
differential equation
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