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Abstract

Let Q,denote the n— dimensional hypercube with order 2"and size n2™'. The Laplacian L is defined by L =D — A where D is
the degree matrix and Ais the adjacency matrix with zero diagonal entries. The Laplacian isa symmetric positive semidefinite.

Let My > o> ....un 1> 1, = 0 be the eigen values of the Laplacian matrix. The Laplacian energy is defined as LE(G) = YX7-, |ui - sz .
In this paper, we defined Laplacian energy of a Hypercube graph and also attained the lower bounds.
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1. Introduction

Let G be a graph with ordern and sizem and A be the
adjacency matrix of the graph A = (@j))nxn aS

_(0ij, if v; is adjacent tov;
ajj = ,
0, otherwise

The eigenvalues Ay, A,,.....A, of A are assumed in the non
increasing order of the graph G [3,7,12]. The energy E(G)
of G is defined to be the sum of the absolute values of
the eigenvalues of G. i.e,

E(G) =X lAl [1.2]

I.Gutman and B.zhou defined the Laplacian energy of a
graph G in the year 2006 [6,8,10]. Let G be a finite,
simple and connected graph with order n and size m
[5,11]. The Laplacian matrix of the graph G denoted by
L(G) = D(G) - A(G) is a square matrix of order n, where
D(G) is the diagonal matrix of vertex degrees of the
graph G and A(G) is the adjacency matrix. Let py, Mo, ..., Hn
form the Laplacian spectrum of its Laplacian matrix G
then the Laplacian energy LE(G) of G is defined as
LE(G) = Zlko | — 2| [4.9.12]

The eigen values of the Laplacian graph satisfy the
following relations:

i=14:=0, LiAf=2m YL w=2m
+Xi df.

The n-dimensional hypercube Qpis the simple graph whose
vertices are the n-tuples with entries in {0,1} and whose
edges are the pairs of n-tuples that differ in exactly one
position, and its order 2" and size n2"".The hypercube graph
Q, is defined in terms of the Cartesian product of the two
graphs as follows

Q1 =Ky Qn =Kz X Qp1 .[16]

2
i=1 H{=2m

2. Basic Definitions

Definition: 2.1
Let G be a graph with order n and size m. The
Laplacian matrix of the graph G is denoted by
L=(Ly) is a square matrix defined by
-1, if v is adjacent to v;
Ly = 0, ifv;jis notadjacent tov;
di ) if Vi = Vj
Where d; is the degree of the vertex v;.

Definition: 2.2
Let py, Mo, ... U, be the eigenvalues of LE (G), which are
called Laplacian eigenvalues of G. ThelLaplacian energy

LE(G) of Gis defined E(G)= X7, |ﬂi _27m| where 2 ig
the average degree of the graph G.

3. Basic Properties of Hypercube

Some of the basic properties of the hypercubes are as
follows:

Regularity: 3.1
Hypercubes are regular graphs and the degree of each
vertex of Q,is equal ton.

Bipartitenss: 3.2

Hypercubes are also bipartite, that is the vertex set of the
graph can be partitioned into two subsets, where within
each set no vertices are adjacent. In the hypercube Q,, the
cardinality of these sets are equal, so exactly half of the
vertices are in each bipartite set.
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Vertex Transitivity: 3.3

Hypercubes are vertex transitivity graphs, that is given any
two vertices in Q,, there is an automorphism mapping from
one vertex to the other while maintaining vertex
adjacency.

Hamiltonicity:3.4
Every hypercube Q, with n>1 has a Hamiltonian cycle, a
cycle that visits each vertex exactly once.

4. Laplacian Matrix of Q,

To construct the Laplacian matrix of a hypercube graph

Q.. we use the fact that L(Q,) = D(Q,) - A(Qy).
If n=1,

L(Qy) =D(Qu) - AQy)
G EYR
01y o 1

If n=2, L(Q2) = D(Q2) - A(Q2)

2000) (01 10
=lo200|-|10 01
0020 1001
0002) (01 10
2 1 -1 0
= |12 o-
140 2 -
0 -1 -1

1
1
2
= [2.| o]— EA(QD [ }
0 2l I A@Q)

Proceeding like this, L(Q,)=D(Q) - A(Qy)-
Ew.l 0]—[A(Qn) I ]
=0 nl I AQ,)

: [ n1-AQu) - ]
- nl-— A(Qn-l)

Since Q, is regular graph of degree n, then D(Q,) =n.l
Hence, L(Qn) = D(Qx) - A(Qy).

=nl1-A(Q)
It follows that,
L(Qn1) = (0-1I = A(Qn)= NI -1 = A(Qn.1)
L(Qny) +1=n1—- A@Qny)

Hence the Laplacian matrix of the hypercube graph Q, is

L@y = [ L(Qu) + ¥ ]
N L(Quo) +1

4.1Eigen Values of the Laplacian matrix Q,

Using MATLAB, we found the eigen values of Q,, Qz and Q4
and their multiciplities as follows

Table 1:
N Eigen Values Multiciplities
1 0,2 11
2 0,24 12,1
3 0,2,4,6 1331
4 0,2,4,6,8 14,641
N 0,n+2,n+4...... 2n nCo, NCy, NC, .......... nC,

5. Laplacian Energy of a Hypercube Graph
Qn.

Theorem:5.1
Let Q, be the n-dimensional hypercube with order 2" and
degree n2™!, then theLaplacian energy of the hypercube
graph Q, is
n n+4 n+8 3n-2
Z + (T) TlC1 + (T) nC2 SRR (T) TlCn_1 +
(3—n)a roximatel
5 Janp Y.
Proof:
From the above table, the eigen values of the n- dimensional
hypercube Q, is
0, (n+2)"4, (n+4)"%, ..., 2n — 2)"n-1, 2n"Cn,
The characteristic equation of the hypercube graph Q, is
u(u—(+2)" (- (n+4)" .. (u— (2n—2)"n1(u
—2n) =0.
Average degree of the hypercube graph Q, is sz where n
is the order and m is the size of the hypercube graph
Qn.Here n=2" and m=n2"%,
Therefore, Average degree of Qnisg.
The Laplacian Energy of the hypercube graph Q,is
LEQy) = |0=2|+ [n+2=2|nc, +|n+4-2|nc, +
......... + |2n - §|

(a0t (s

We utilize the following known results for attaining the
lower bounds for Q,:

Lemma 5.2
The hypercube graph Q, has order 2" and size n2™!, then
it is a n-regular graph.

Lemma 5.3
If G is k-regular graph, then LE(G) = E(G).

Lemma 5.4

Let Q, be n- dimensional hypercube, then Q, has n+1 distinct
eigenvalues. They are given by gy =-n+2k, and the
eigenvalue g, has multiciplity(};) , k=0,1,2..n wheren >

1, () is binomial coefficient.

Lemma 5.5
Let n be a non-negative integer then

(DZi=o() =2"

@pook(f) =n2"

@)Xroo k() =n 22"

BT k(1) = (012222 (%)
G- = (i1

Lemma 5.6

Let G be an undirected simple and connected k- regular
graph with n, n > 3 vertices and m edges,

1<k<n-1, then

LEG) = k +

nk(n —k —1).
n—1

Lemma 5.7

Let G be an undirected simple and connected k- regular
graph with n, n > 3 vertices and m edges,

1<k<n-1, then
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2nk(n—k-1)
LE(G) > /—n_l .

6. Lower Bounds for the Laplacian Energy
of the Hypercube Graph Q,

Here, we established the lower bounds for the Laplacian
Energy of Q,: [10,12,15]

Theore: 6.1
For the Hypercube Q,,

LE(Qn) = n + 2n2_ 1\/2"n(2"—n—1).

n2nt1(2n-n-1)
LE(G) > /T

Proof:

By lemma 1 & 2, the n- dimensional hypercube graph is a
n- regular graph so it follows the bounds of laplacian
energy of regular graph and it is also laplacian energy of
Q,is equal to energy of Q.. By lemma5, the lower bound
of laplacian energy of hypercube Q, is

LE(G) = k+—=/nk(n—k - 1).

Here k=n, n=2"

Hence LE(Qq) = n +——/2"n(2" —n — D).

Similarly by lemma 6, the lower bound of laplacian energy
of hypercube Q, is

2nk(n—-k-1)
LE(G) > /T

n2nti(2n —n—1)
n—1 '

LE(G) >

Conclusion

In this paper, we obtained the Laplacian Energy of the
Hypercube Q, and attained the lower bounds for Q, We
extended the study of finding the Laplacian Energy for
some more special classes of graphs.
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