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Abstract

Let G=(V,E) be a connected graph. A two-outdegree equitable dominating set D of a graph G is called the neighborhood connected two-
outdegree equitable dominating set (nc2oe-set) if the induced sub graph <N(D)> is connected. The minimum cardinality of the minimal
neighborhood connected two-outdegree equitable dominating set is called neighborhood connected two-outdegree equitable domination
number of G and is denoted by y,,c20¢(G). In this paper, we initiated the a study of this parameter and obtained y,,.50.(G) for the 9-
obrazom graphs of B,, G, and H,. Also, we investigated the two-outdegree equitable domination number of the ¥-obrazom graphs of

W,and S,,.
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1. Introduction

By a graph G=(V,E) we mean a simple finite, undirected and
connected graph. The order and size of G are denoted by p and q
respectively. For graph theoretic terminology we referred to
Chartrand and Lesniak [3].

A non-empty subset D of V is called a dominating set if for every
vertex v € V — D, there exists a vertex u € D such that v is
adjacent to u [i.e if N[D]=V]. The minimum cardinality of a
minimal dominating set of G is called the domination number of G
is denoted by y(G). An excellent treatment of the fundamentals of
domination is the book of Haynes et at [4]. A survey of several
advanced topics in domination is given in the book edited by
Haynes et al [5].

Sambathkumar and Walikar [9] introduced the concept of
connected domination in graphs. A dominating set D of G is called
the connected dominating set if the induced sub graph <D> is
connected. The minimum cardinality of a minimal connected
dominating set of G is connected domination number of G and is
denoted by y.(G). S. Arumugam and C.Sivananam [2] introduced
the concept of neighborhood connected two-out degree equitable
domination in graphs. A dominating set D of a connected graph G
is called neighborhood connected dominating set (ncd-set) if the
induced sub graph <N(D)> is connected. The minimum cardinality
of a minimal ncd set D is called neighborhood connected
domination number and is denoted by y,.(G). Ali Sahal and
Veena Mathad [8] defined two-out degree equitable dominating
set.

9-obrazom of G, denoted as line graph L(G) of a graph G is
defined with the vertex set E(G), in which two vertices are
adjacent in L(G) if and only if the corresponding edges are
adjacent in G.

1.1 Sunlet Graph[12]

The Sunlet graph on 2n vertices is defined as V(S,) =
{vy,v2 v} U {ug,uy .. u,} where v;'s are the vertices of cycles
taken in cyclic order and u;'s are pendent edges.

1.2 Wheel Graph [7]

The wheel graph W, on n + 1 vertices is defined as W,, = C,, +
K, where C, is n-cycle. Let V(W,) = {v;: 1 <i <n} U {v} and
E(W,) = {e; = v;v;41:1 < i < n,subscripts modulo n} U

{e; =vv;:1<i<n where v is an external vertex adjacent to
every other vertex.

1.3 Gear Graph [7]

The gear graph is a wheel graph with vertices added between pair
of vertices of the outer cycle. The gear graph G, has 2n+1
vertices and 3n edges. Let V(G ={v;:1<i<n}u
{fup1<i<nju{v} and E(G,) ={e=vu;:1<i<n}u
{ei =viv:1<i<n}u{e =y, :1=<1i<n,subscripts
modulo n} where v is an externalvertex adjacent to every other
vertex v; forl <i<n.

1.4 Helm Graph [7]

The helm graphH,, is the graph obtained from a n-wheel graph by
adjoining a pendent edge at each vertex of the cycle. The helm
graph H, has 2n + 1 vertices and 3n edges and V(G,) = {v}u
vpl<i<n}ufy:l<i<n}and E(G,) ={e; =vjvj;1: 1 <
isn—1jufe=vml1<i<n—-1}Uf{e =vul1<i<

n — 1} where v is an externalvertex adjacent to every other vertex
v forl <i<n
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1.5 Line Graph [11]

A Y-obrazom of a graph G is a graph on the set of edges of G
such that in L(G) there is an edge (a,b) if and only if a ,b are
adjacent in G.

2. Two-Outdegree Equitable Domination
Number of the 9-Obrazom Graphs of W, and
Sn

In this section, we discussed initially the two-out degree equitable
domination number of ¥.obrazom graphs of wheel and sunlet
graphs.

Definition 2.1[8]

Let G=(V,E) be a simple, finite, connected and undirected graph.
A dominating D of G is said to be a two- outdegree equitable
dominating set if for any two vertices u,veD such that
lodp(w)—odp (v)| <2 where odp(u)=| N(v)NV—-D|.The minimum
cardinality of a minimal two-outdegree equitable dominating set is
called two-outdegree equitable domination number and it is
denoted by y20e (G).

Example 2.2 [7]
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Figure 2: Line Graph of Ws

Example 2.3 [12]

ua
Figure 3: Sunlet Graph S,

. U4
Figure 4: Line Graph of S,

Theorem 2.4
The two- outdegree equitable domination number of the -

n
obrazom graph of W, ¥20e[L(W,)] = (E—‘

forn>=4

Proof
Let L(W,) be the 9-obrazom graph of W, of order 2n. Now
L(W,,) contains a complete graphk,,_;.
By the definition of 9-obrazom graph, V(L(W;)) = {e; =
ViV ¢ 1 < i < n,subscripts modulon}U{e; =vv;: 1 <
i <n}
Let D = {ey;_4:i = 1,2,3 ...} be the dominating set of L(1#},) and
V—D={e,;U(e;:1<i<mn)},where i=123...
Now e,;_; € D then odp(eyi_1)
=|N(eyio) N (V = D) | fori=1
=[NEe)n v -D)|
=|{(ez, en) U (e1, €2} N ez U (e} ]
= | {62, e{! 62,} |
=3
Fori = 2,e; € D thenodp (e3)=| N(es) n (V — D) |
=4
Fori = 3,es € D then odp(e5)=| N(es) n (V — D) |
=4
and so on
Then | odp(u) — odp (v) | < 2, for any u,v € D. Therefore D is
the minimum two-out degree equitable dominating set. Hence

o= | 2
}/ZOe n - 2

where n = 4.

Theorem 2.5
The two-outdegree equitable domination number of the 9-

n
obrazom graph of Sy, Y20e[L(S,)] = ’75—‘ +1.

Proof

Let V(S,) ={vy,vy...vn}U{ug,uy, .uy,l and  E(S,) =
{e;1<i<n}ufe:1<i<n-1}u{e,} where ¢ isthe edge
viv;,1(1 <i<n)e, is the edge v,v; and e;' is the edge
'Ul'u,:(l <i< Tl).

By the definition of 9-obrazom graph V(L(S,)) = E(S,) =
fup<ismiu:{el<i<n-1}u{v,}

wherev;" and u;’ represents the edge e; and e/ (1<i<n)
respectively.

Let = {v,;_1:i = 1,2,3... } be the dominating set of L(S,) and
V—D={w,;Ufy:1<i<n}}where i=123..
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Now v,;_4 € D then odp(vq;_1)

=|N@wyu_) n(V=D)| fori=1

=[N@w)n (v -D)|

= [ {@h A, vt 00) U (Ul u2D} 0 {020 U ()}

= | {wh vhy s 00 U (g, w2}

=3or4.

For i = 2,v; € Dthen odp(v3)=|N(v3) n (V — D) |

=4

and so on

Then | odp(u) — odp(v) | < 2,ifu,v € D. So D is the minimum
two-outdegree equitable dominating set. Hence y,,.[L(S,)] =

n

—|+1

[J
3. Neighborhood Connected Two-Out Degree

Equitable Domination Number of the 9-
Obrazom Graphs of P,,, G,, And H,,

In this section we discussed the neighborhood connected two -out
degree equitable domination number in the 9-obrazom graphs of
path, gear and helm graphs.

Definition 3.1 [6]

A non-empty subset D of a graph G is called the neighborhood
connected two-outdegree equitable dominating set (nc2oe-set) if
the induced sub graph < N(D) > is connected. The minimum
cardinality of a minimal neighbourhood connected two-outdegree
equitable dominating set is called the neighbourhood connected
two-outdegree equitable domination number of G and is denoted

by ]/nCZOe (G)

Example 3.2 [7,11]

Figure 6: Line Graph of G

Figure 8: Line Graph of Hs
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Figure 9:
Theorem 3.3

For any Path B,, Vnc20e[L(P)] =n—3, forn = 5.

Proof

Let B, have nvertices and n — 1 edges and L(B,) is P,,_; with
n — 1 vertices and n — 2 edges.

Since L(B,) is a path, then deg(v) < 2. Clearly D is
neighborhood connected two -outdegree equitable dominating set
and <N (D) > is connected.

Also, let D = {v;: 2 < i < n — 2} be the dominating set of L(B,)
andV — D = {vy,v,,_1}

Now, v; € D then

odp(v;) = |N(vi) nv-D |fori =2

= | V1, V3, . Vp1) N (U1, Vpoq) |
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= |Vn—1 |
=1
Fori =3, v; €D thenodp(vs) = |[N(v3) NV =D

= | V2, V4) N (Vy, Vp—1) |

=0

Fori =n—2,v,_, € D then odp (v,_5)
= [N@w,)nV =D

=1

Then | odp (v;) — odp (v}) | < 2, for v;,v; € D. Therefore D is
the two-outdegree equitable dominating set.
Now N(D) = N(v;)
=N(w,) UN(W3) ..U N(vp_q)

N(D) =V
Since <V > is connected. Then <N(D) >is also connected.
Hence yycz0e[L(P)] =n— 3, forn = 5.

Theorem 3.4
For the Gear graphG,, Vnezoe [L(GR)] =1

Proof
Let L(G,) be the 9-obrazom graph of G, of order 3n. By the
definition of ¥-obrazom graph, V(L(G,)) = E(G,) in which the
set of vertices of L(G,),{e;:1 < i < n} induces a clique of order
n.
Let {(eq, ez, ...en) U (e, €5, ...e5) U (el e, ...e,"'} be the
vertices in L(Gy,).
Let D = {e;: 1 < i < n} be the dominating set of L(G,,) and
V-D={(euUe'):1<i<n}
Now, e; € D then
odp(e) = |N(ei’) nv —D| fori=1

= {(ef 11 efrz - en) U (eref D} N {e; U e} |
=| (e; e | sincei=1

=2
Ife/ €D, then odp(e;”) = |[N(e;) NV —D| fori=2
=|{Cei_s el ea) U (i e} e U e} |

= | (ei, e | sincei =2
=2
If e, € D, then

odp(e,) = |N(e,) NV —D|fori=n
=|{(el, €3, ..en-1) U (e e} N {e; U i}
= | (ei,ei") | sincei=n
=2
Then | odp(e;) — odp(e;") | < 2, forany e;',e;" € D. Therefore
D is the two-outdegree equitable dominating set, and N (e;) =
v foralle; €D
N(D) = N(e;)
=N(e;") UN(e;) ..U N(en")
N(D) =V and <V > is connected. So <N (D) > is connected.
Then <N(D) > is connected two- outdegree equitable dominating
set and D is the minimum neighborhood connected two-outdegree
equitable dominating set. Hence ¥,c20e[L(Gr)] = 1.

Theorem 3.5
For the 9-obrazom graph of helm graph H,,, the neighborhood
connected two -out degree equitable domination number is :

Ynezoe[L(HR)] =1

Proof

Let L(H,,) be the 9-obrazom graph of H,, of order 3n and

{ej Ue; Ue/": 1 <i < n} be the vertices of L(H,).

Let D = {e;":1 < i < n} be a dominating set of L(H,) which is
connectedand V —D = {(e; Ue;'): 1 < i <n}

Now e; € D then odp(e;")

= |[N@Ee)nV-D| fori=1

=| (Cefsr, iz en) U Ceref' )} N {e U e} |
=| (e, e/, en) | sincei=1

Ife; € D, then odp(e;") = |N(ei’) NnNV-D>D | fori=2

= | {(ei_1 €is1, €12 n ) U (ei_q, €56/ )} N{e; U e} |

=| (ei_1, €1, e | sincei=2

=3

If e}, € D, then odp(e,) = |N(en') nv-— leori =n
=|{(ef, e en1) U (en-1,en )} N {e; U e} |

= | (en-1,en ) | sincei=n

=3

Then | odp (e}) — odp(ef) | < 2, for e/, e/ € D. So D is the two-
outdegree equitable dominating set and <D> is connected. Clearly
<D> is a complete graph and odp(e;) =3 forl <i<n.

N(ej) =v foralle; €D

N(D) = N(e;)

=N(e;)UN(ey) ...UN(e,)

N(D) =V. Since <V > is connected, <N(D) > is connected.
Then <N(D) > is connected two -outdegree equitable dominating
set and D is the minimum neighborhood connected two-outdegree
equitable dominating set. Hence ¥,cz0e[L(Hy)] = 1.

5. Conclusion

In this paper, we computed the exact values of the neighborhood
connected two-outdegree equitable domination number for the 9-
obrazom graphs of B,, G, and H,. Also, we have computed the
two out degree equitable domination number for the line graphs of
Wy,and S,. Further, we would like to extend this work for some
more special classes of graphs.
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