International Journal of Engineering & Technology, 7 (4) (2018) 5983-5985

International Journal of Engineering & Technology

Website: www.sciencepubco.com/index.php/IJET
doi: 10.14419/ijet.v7i4.21001

SPC Research paper
Approximation of stochastic petri nets by means of
continuous petri nets: adaptive approach
Nabil Benaya®*, Nabil El Akchioui?, TaoufikMourabit?
IFaculty of Science and Technologys of Tangier, University AbdelmalekEssaadi, Tangier, Morocco
2Faculty of Science and Technologys of Al Hoceima, University AbdelmalekEssaadi, Tangier, Morocco
*Corresponding author E-mail: nabil.benaya@gmail.com
Abstract

Reliability analysis is often based on stochastic discrete event models like Markov models or stochastic Petri nets. For complex dynam-
ical systems with numerous components, analytical expressions of the steady state are tedious to work out because of the combinatory
explosion with discrete models. The contribution of this paper is to estimate the asymptotic comportement of stochastic nets by mean of
continuous Petri nets according to a no linear modification of the maximal firing speed.
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1. Introduction

Reliability analysis is a major challenge to improve the safety of
industrial processes. For complex dynamical systems with numer-
ous interdependent components, such studies are mainly based on
stochastic discrete event models like Markov models or Stochastic
Petri Nets (SPN) [6], [7]. Such models are mathematically well
founded and can be investigated in order to work out either analyt-
ical or numerical simulations. In case of large systems, the long
time of the convergences considered.

The aim of this paper is to approximate the steady state of SPN or
Markov models by mean of Continuous Petri Nets (CPN). The
fluidification of discrete Petri nets has been recently investigated
mainly for performance evaluation and control applications [3],
[5], [8]. It is well known that fluidification leads to some unex-
pected results and numerous structural and behavioral properties
are not preserved with fluidification. In general case, the steady
state of a SPN cannot be approximated by the asymptotic behavior
of the corresponding continuous Petri net.

The contribution of this paper is according to a modification of the
maximal firing speeds, a proportionality relationship exists be-
tween both behaviors. This property is then used to accelerate
convergence of stochastic simulations. SPN and CPN are com-
bined for that purpose: stochastic simulation is worked out during
a short time window of duration T. The asymptotic behavior of
CPN is shown to give an improved approximation of the stochas-
tic steady state.

2. Stochastic and continuous petri nets

2.1. Petri nets

A Petri net (PN) is defined as <P, T, Wpr, Wro> where P={Pi} is a
not empty finite set of n places and T={T;} is a not empty finite
set of g transitions. Wer = (WPRjj) (Z*)™d is the pre-incidence
matrix (WPRj; is the weight of arc from place Pi to transition T;) and

Wro = (WPOj) e(Z*)™d is the post-incidence one (WO is the
weight of arc from transition Tj to place Pi) [3]. The PN incidence
matrix W is defined as W = Weo — Were (Z)™9. The PN marking
M is an application from the set of places P to the set of non nega-
tive integer numbers Z* such that, for each place Pie P, mi = M(Pj)
is the number of tokens in place Pi. My is the PN initial marking.

2.2. Stochastic petri nets

A Stochastic PN (SPN) is given by a timed PN whose transitions
firing periods are characterized by random distributions. This
model has been introduced by Molloy [6], [7], and several
extensions have been developed [1],[4] for the reliability analysis
of reparable systems.

A SPN, <PN, p>, is a PN associated with a firing rate vector p =
() e (R")9. Each transitions Tj of SPNis characterized by the
firing rate p;j so that pj.dt is the probability that the transition T;j
will fire between t and t+dt when the transition T;j has been
enabled, with degreelat t. The marking process of a SPN will be
characterized according to the PN incidence matrices, the initial
marking, the firing rates, the firing policy, the server policy and
the execution policy [2],[4]. SPN that are considered in this paper
satisfy the following assumptions:

(H1) the firing policy is a race policy: the transition whose firing
time elapses first is assumed to be the one that will fire next.

(H2) the server policy is of type infinite server: the minimal period
of each transition Tj is defined with a stochastic duration which is
characterized according to an exponential distribution of varying
parameter round (nj(M)).uj. The function nj(M) is the enabling
degree of transition Tj for marking M:

nj(M) = min (mi/ wPR;j) for all Pie °T; (€h)

Where °Tj stands for the set of Tjupstream places and “round (.)”
is the integer part of (.).

Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestrict-
ed use, distribution, and reproduction in any medium, provided the original work is properly cited.



http://creativecommons.org/licenses/by/3.0/

5984

International Journal of Engineering & Technology

(H3) the execution policy is of type « resampling memory »: at the
entrance in a marking, the remaining firing time of all transitions
that were enabled is reset.

2.3. Continuous petri nets

Continuous Petri Nets (CPN) has been developed in order to pro-
vide a continuous approximation of the discrete behaviors of dis-
crete PN [3], [8]. A CPN is defined as<PN, Xmax> where PN is a
Petri nets and Xmax = (Xmaxj) €(R*)? is the vector of maximal firing
speeds. The marking mi(t)eR* of each place Piis a non-negative
real value of the function of time and each transition firing is a
flow of marks in continuous PN. X(t) = (xj(t)) e(R*)%is the firing
speeds vector at time t. The marking evolution is given by (2):
dM(t) / dt = W.X(t) 2
Finite server (i.e. constant speeds) and infinite server (i.e. variable
speeds) semantics exist for CPN. In this paper only the infinite
server semantic is considered: X(t) depends continuously on the
marking of the places according to (3):

Xj(t) = Xmaxj.nj(M) (3)

3. Fluidification of stochastic petri nets

The aim of this section is to pinpoint the limit of the fluidification
of SPNs by CPNs with same structure and same initial marking.
The several example for which CPNs do not converge to the
asymptotic mean marking of SPNs is presented.

3.1. Continuous approximation of SPNs

Numerous structural and behavioral properties are not preserved
with fluidification [8]. The mean markings of a CPN are mainly
not identical to the ones of a SPN. Concerning SPNs, the steady
state is mainly often different from the one of a CPN with same
parameters (Xmaxj = pj, j = 1,...,). Consider for example the
marked SPN described in Figure 1 [5] is has 2 P-semi flows: y1 =
(1110)7,y2=(1041)". Four regions exist in reachable marking
space of PN. The regions are defined by the constraint matrices
Auto As
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Fig. 1: No Ordinary PN with Conflits and Synchronizations.

The firing speeds are given by the (4):
Xe1(t) = Xmaxt.min (Me1(t)/2, mea(t)/2)

Xcz(t) = Xmaxz.Min (mcz(t), mc4(t)) (4)
XC3(t) = Xmax3.mc3(t)

According to the minimum functions in the definition of xc1(t)and
xc2(t), four regions Aito Asexist. Each region is related to a con-
figuration (Table 1).

Table 1: Regions and Configurations for the CPN of Fig. 1

Regions Configurations

Ay {(P4, T1), (Pa, T2), (Ps, T3)}
A, {(P1, T1), (P4, T2), (P3, T3)}
As {(P4, Ta), (P2, T2), (P4, T3}
Ay {(P1, T1), (P, T2), (Pa, T5)}

3.2. Trivial of fluidification of SPNs

The main idea of PNs fluidification is to replace a discrete PN by
a continuous one with same structure, initial marking and parame-
ter (i.e. standard fluidification). The origin of the approach is that
continuous models have been intensively used from the 90™ to
approximate the behaviour of deterministic discrete event systems,
in particular for control issues [10 - 12]. The advantage of fluidifi-
cation is that the enumeration of discrete states is no longer re-
quired with continuous models and that standard tools exist for
such model. Unfortunately, numerous structural and behavioural
properties are not preserved with fluidification. In particular, the
throughput of a CPN is mainly not identical to the throughput of a
discrete PN. The example of Figure 1 is considered again and
simulated as a CPN. Standard fluidification is used and the results
are reported in Table 2.

Table 2:Average Throughputs and Mean Markings of CPN and SPN

m my ms my X123
SPN 373 209 117 157 117
CPN 118 406 176 176 176
Computational effort SPN(TU) 059 059 059 059 059
Computational effort CPN(TU) 025 025 025 025 0.25

One can notice that continuous does not converge to stochastic
behaviour and the computation effort does not depend on the
marking magnitude. The direct fluidification of the SPN in Figure
1 does not lead to the same stationary regime. This is due to the
presence of synchronizations and weights. In the next section, we
continue investigate how to accelerate convergence of stochastic
simulations.

4. Adaptive approach

In this section, continuous Petri nets with adaptive maximal firing
speeds are proposed to converge to the asymptotic mean marking
of SPNs also in critical regions [9], [10]. The maximal firing
speeds are considered as functions of time and updated in order to
compensate online the errors on the throughputs and markings
regarding the asymptotic stochastic average throughputs and mean
markings to be reached. Non linear timed continuous Petri nets
(NL-CPNs) with adaptive maximal firing speeds are defined as a
consequence.

Definition 1: A Non Linear Timed Continuous Petri Net: NL CPN
= <P, T, WPR, WPO, Ms, Xs> is defined by a set of n + q differen-
tial equations defined by (5):

dXmax/dt= n.diag(Q).(WT).(Ms-Mc)+(Xs-Xc)) (5)
Under the constraint Xmax> 0, where n is the adaptation parameter
and Xmax (0) = diag(w) e (R*)9*9 is the diagonalmatrix of the max-
imum firing speeds at the initial moment.
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In order to motivate the updating (5) of the maximal firing speeds,
let consider a transition Tjand define w; as the column j of inci-
dence matrix W.

If at time t, for any places Pie°Tj, the marking mci(t) satisfies msi —
mei(t) > 0 (resp. msi — mei(t) < 0) and for any places PxeT;°, the
marking mek(t) satisfies msk — m(t) < 0 (resp. msk — mk(t) > 0) then
WjT(Ms — Mc(t))< O (resp. wiT(Ms — Mc(t)) > 0) and Xmaxj decreases
(resp. Xmaxjincreases). The variation of Xmaxisalso driven according
to the firing speed Xcj(t) of transition Tj: If Xsj — Xcj(t) < 0 (resp. Xsj
— Xcj(t) >0) then Xmaxj decreases (resp. Xmaxjincreases). But when
the preceding conditions are not simultaneously satisfied, the con-
vergence of Mc(t) to Ms is no longer monotonic.

5. Results

In order to have a continuous stationary regime equivalent to that
of the stochastic asymptotic regime, we will apply the adaptation
law defined by (5) with n = 0.01, on all the maximum firing
speeds associated with all the transitions of the CPN of the exam-
ple. Each firing speed will be corrected by a multiplicative factor.
Only the through of the transition Ts and the marking of the place

P4 will be represented.
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Fig. 2:Marking Evolution of CPN (Dashed Line) and SPN (Solid Line) in

Function of Time for Example of Figure 1.

The minimization of the error which is due to the variations of
markings and to the variations of speeds with time allows the con-
tinuous marking of the place ps to converge towards the asymptot-

ic stochastic mean marking.
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Fig. 3:Throughput Evolution X(T) and X(T) of CPN (Dashed Line) and

SPN (Solid Line) in Function of Time.

The continuous throughput of the transition Tz converges towards
the mean throughput of the stochastic system, after modification
of the speed xmaxa by means of a multiplicative coefficient
associated with the maximum speed of the transition Tz of the
CPN.

6. Conclusion

In this paper, the modification of the maximum firing speeds of
the continuous transitions using the correction coefficients applied
to all the transitions of the CPN makes to ensure the convergence
of the markings and the continuous flows towards the average
asymptotic values of the SPN. The maximal firing speed vector of
CPN has been defined according to the SPN average throughputs
and mean markings. In our future works, we will continue our
investigation about SPN steady state approximation by means of
CPN.
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