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Abstract

In this paper, we develop a new search direction for Steepest Descent (SD) method by replacing previous search direction from Conju-
gate Gradient (CG) method, d,_;, with gradient from the previous step, g,_, for solving large-scale optimization problem. We also used

one of the conjugate coefficient as a coefficient for matrix g, _; . Under some reasonable assumptions, we prove that the proposed method

with exact line search satisfies descent property and possesses the globally convergent. Further, the numerical results on some uncon-
strained optimization problem show that the proposed algorithm is promising.
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1. Introduction

Let f:R" — Rbe continuously differentiable. Consider the un-
constrained optimization problem:

min f(x), xeR". ()}

In general, let x, is the current iterate point, ¢, is the step length
which is determined by some line search, d, is a search direction,
the iterative formula for solving (1) take the form:

X1 = Xk + oy, k=0,12,...,

In the steepest descent method [1], the search direction, d, , is
defined as the negative gradient direction

dx =—0x )]

and the most common line search for determining the step length
is the exact line search, which is

ay = min f(Xk +akdk) . (3)
a>0

In recent years, we have discovered an enlarging number of stud-
ies adopting the exact line search due to the new era of faster
computer processors such as [2-4]. Different search directions
correspond to different iterative methods. We concerned with the
steepest descent (SD) method for solving (1).

SD method is efficient for medium-scale problems, but cannot be
used to solve large-scale problems because it performs poorly and
is badly affected by ill-conditioning [5]. Large-scale optimization

is one of the vital research areas in both theory of optimization and
algorithm structure. Hence, in this research, we focused on solving
large-scale problems using SD method with dimensions up to
1,000.

This paper is systematized as follows. In the following section, we
present new search direction of SD method and the steps of our
new algorithm is generalized. In section 3, we prove its sufficient
descent condition and global convergence of the corresponding
algorithm. The numerical result are reported in section 4 and we
complete this paper with some explanations in the last section.

2. New Search Direction

For simplicity, we denote Vf (x.) by g, . The common form of a
nonlinear conjugate gradient method is given by

dy =—0k + Sk

where g, is a scalar. The CG method was extended by Fletcher-

Reeves (FR) and marks the start of the area of large-scale uncon-
strained optimization since it only needs storage of several vectors
and is more rapid than SD method.

In [6] derived a modest sufficient descent method for solving un-
constrained optimization problems. This method is modified from
[7], Polak—Ribiére—Polyak (PRP) conjugate gradient method and
they substitute d,_; as the gradient of the previous step in which

the search direction is given by

0, ifk=0

dy = gkgl

Io > |9k-1
k

A ifk>1
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In [8] introduced new search direction for SD method. In their
research, they proved that the new search direction are globally
convergent under the exact line search [4]. Their search direction
are given as follows.

deMRI _ -0k |f-k =0 ’ @
-0y —|okfloky ifk=1

Inspired by those literatures, our objective for this paper is to in-

troduce the modification of SD method for finding the search di-

rection whose form is similar to (1) but with different coefficient

of gy_; which motivated by CG coefficient and it’s called as

FMARI1 given by the researcher’s name, Farhana, Mustafa, Asrul
and Rivaie.

dg =—0x — 9k
2

where 6, ="L"2 ©
low-al

where g, is the abbreviation of g(x,) and || positions for the

Euclidean norm of vectors.
Comparing to (1), we use g, as a coefficient matrix of g,_; and

this is motivated from CG coeffiecient which is Fletcher-Reeves
(FR) coeffiecient

d = =0k — By
T
where £ = Tgk¢
Ok-19k1

In this section, the steps of the proposed algorithm is given as
follows.

Algorithm 1.
Step 1: Given an initial point X, and set k =0

Step 2: Calculate search direction, d using (5).
Step 3: Calculate step size, ¢ using (3).

Step 4: Update new point, X4 using (2).

If |gk]| =0, then stop.

Step 5: Set k =k +1 and go to Step 2.

3. Convergence Analysis

The remainder of this section is dedicated to consider the
sufficient descent condition and global convergence of Algorithm
1. The search direction in this suggested method always fulfils a
sufficient descent condition and under some reasonable condition,
we proof that the algorithm converges globally by using exact line
search.

3.1. Sufficient Descent Condition

For the sufficient condition to hold
2
gk dy <—||ok|” fork >0 (6)

Theorem 1. Consider a SD method with the search direction (5)
and condition (6) holds for all k >0.

Proof. Ifk =0, then gjdq = _"90"2

true. We also need to show that for k >1 condition (6) will also
hold true.

. Hence, condition (6) holds

73
From (5), multiply by g, and using exact line search,
= o - Jowl" 5 Ok Ok 1 %
ol
From [9]
<o*- "gk" with & =[0,1]
914
<o/’

which impliesd, is a sufficient descent direction. Hence, condi-
tion (6) holds and the proof is completed.

3.2. Global convergence properties

The following assumptions and lemma are always needed in the
analysis of global convergence of SD methods.

Assumption 1.

(i) The level set Q:{Xe R"| f(x)< f(xo)} is bounded where
Xg is the initial point.

(if) In some neighborhood N of Q , the objective function is

continuously differentiable and its gradient is Lipchitz con-
tinuous namely there exists a constant | >0 such that

() —g(y)|<I|x-y|forany x,yeN.

Theorem 2. Suppose that Assumption 1 holds true. Consider X

generated by Algorithm 2.1, ¢, is obtained by using exact line
search and the sufficient descent condition hold true. Then either

|9k||—0 or Z(gk k)

el

Proof. The proof is done by using contradiction. Assume that
Theorem 2 is not true that isklim lok]| %0 , then there exists a
—©

positive constant 5, 5> 0, such that||gy||> 5 .
From (5) using Cauchy-Schwarz inequality,

ol

|9

Dividing both sides by |g, || vields

ol <Na] +

=gl

ol _ 1, 1
|
Jof? “Tod “Tocl

Squaring both sides of the equations imply

||dk|| 11
T Tlloc o

From [9], gng_lzg"gk"Z where £ =(0,1] and using Cauchy-
Schwarz inequality
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o’ S &g
"dk"2 e re+l

From the assumption that ||gk|| > & where §>0fork >1, thatis

lo® %57
laf &2 +e+1
Hence, this implies

o0

4
o’ .
Zlad

This contradicts Zoutendjik condition in Lemma 1.

Therefore from (9), it follows that

0 (gldk)z
2 ="

k=0

Hence, the proof is completed.

4. Results and Discussion

In this section, we test the efficiency of Algorithm 1. The standard
test problems and their initial point were present in Table 1. The
codes of Algorithm 1 were written in MATLAB R2017a and were
performed on the computer Lenovo ideapad with an Intel Pentium
Core i5 7 Gen. the processor performance was 2.5 GHz with 4.0
GB RAM and 64-bit operating system.

The total number of test functions is 27 with 3 initial point of each
function and the dimension is between 2 to 1,000. In the
experiments, the termination condition is if the infinity-norm of

the final gradient is below 107 that is |gy[|<107® and the itera-
tion stops if the number of iterations exceeds 10,000.

Table 1: A list of standard test functions.

Function

Initial Points

Extended White and Holst

0.0,...,0), (2,2,...,2), (5.,5,....,5)

Extended Rosenbrock
Extended Freudenstein and Roth

0.0,...,0), (2,2,...,2), (5.,5,....,5)

Extended Beale

(0.5,05,...,0.5), (4,4,....4), (5.5,....5)

Raydan

0.0,...,0), (2.5,2.5,...,2.5), (5.5,...,5)

Extended Tridiagonal 1
Diagonal 4
Extended Himmelblau
Fletcher
Nonscomp
Extended Denschnb
Shallow
Generalized Quartic
Power
Quadratic 1
Extended Sum Squares
Extended Quadratic Penalty 1
Extended Penalty
Hager
Extended Quadratic Penalty 2
Maratos
Generalized Tridiagonal
Three Hump
Six Hump
Booth
Trecanni
Zettl

(1,1,...,1), (20,20,...,20), (5,5,...,5)
(22,...2),(3.53.5,...3.5), (1.7,....7)
(L1,....1), (5,5,...,5), (10,10,...,10)
(L1,...,1), (5,5,...,5), (15,15,...,15)
(0,0,...,0), (2.2,...2), (7.7,....7)
(3.3,...,3), (10,10,...,10), (15,15,...,15)
(L1,....1), (5,5,...,5), (15,15,...,15)
(-2,2,...,-2), (0,0,...,0), (5,5,...,5)
(LL,...,1), (44,...4), (-1,-1,...,-1)
(-3,3,...,-3), (L1,...,1), (5,5,...,5)
(:3,3,...,-3), (L,1,...,1), (10,10,...,10)
(2.2,...2), (10,10,...,10), (-15,-15....,-5)
(L1,...,1), (10,10,...,10), (15,15,...,15)
(L1,....1), (5,5,...,5), (10,10,...,10)
(L1,....1), (5,5,...,5), (10,10,...,10)
(5,5,...,5), (10,10,...,10), (15,15,...,15)
(1.L11,...,1.1), (5,5,...,5), (10,10,...,10)
(0.8,0.8,....0.8), (15,15,...,15), (20,20,...,20)
(3,3), (20,20), (50,50)

(10,10), (15,15), (20,20)

(3,3), (20,20), (50,50)

(-5,-5), (20,20), (50,50)
(-10,-10), (20,20), (50,50)

For the reason of comparison, the three methods were calculated
over the same set of test problems. The result was compared
between previous steepest descent methods, which are (1) and (3).
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Fig. 1: Comparison between SD methods using Performance Profile based
on number of iterations.

1 2 3 4 5 6 7 8
Fig. 2: Comparison between SD methods using Performance Profile based
on CPU time.

In order to define the performance method and to identify the
greatest method, we adopted the Performance Profile introduced
by [10]. Figure 1 and 2 show that FMARL has the best perfor-
mance based on number of iterations and CPU time compared to
previous SD method, SD Classic and ZMRI.




International Journal of Engineering & Technology

75

Table 2: CPU time per iteration.

Method Total Total Successful (%)
Iterations, | CPU Time, t
FMAR1 92581 514.3036 81.27
ZMRI 106316 493.0954 75.18
SD Classic 329978 2638.615 74.45

Table 2 presents that the performance of the average of CPU time
for a single iteration for FMAR1 is more effective than the three
other methods.

Observing from the above figures, we see that FMAR1 works well,
as almost all of the test functions reached an optimal point based
on the given stopping criterion.

5. Conclusion

In this paper, inspired from the previous literatures on SD method,
we have introduced a new search direction for solving large-scale
unconstrained optimization problems. We have shown that this
method is globally convergence. The numerical experiments also
show that FMAR1 have the best performance compared to previ-
ous SD method and this method can possibly use to solve uncon-
strained optimization problems with higher dimensions.

For future research, we will develop more effective gradient
methods with hybridization of conjugate gradient or Quasi-
Newton methods.
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