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Abstract

Conjugate Gradient (CG) method is a very useful technique for solving large-scale nonlinear optimization problems. In this paper, we

propose a new formula for ﬁk, which is a hybrid of PRP and WYL methods. This method possesses sufficient descent and global con-

vergence properties when used with exact line search. Numerical results indicate that the new formula has higher efficiency compared
with other classical CG methods.
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iterates of CG method for solving (1) are obtained by

The above formulas are called Hestenes-Stiefel (HS) [1], Fletcher-
Reeves (FR) [2], Polak,-Ribiere-Polyak (PRP) [3,4], Conjugate
Descent (CD) [5], Liu-Storey (LS) [6] and Dai-Yuan (DY) [7]

Xy = Xt apdy , k=012,.., (2)

where &, is the step-size and computed by a line search proce-
dure, that is

ty = argming .of (%, + ady). (3)

The search direction,dk is given as
d, = { Gre
—Gr + Brdy_yq,

By

ifk=0
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where f;. is the CG coefficient. There are many formulas for de-
termining &, each one defines different CG method. Examples of

the widely known formulas for & are

respectively. All of these methods have finite convergence proper-

ties under the exact line search, provided that f [x] is strictly a
convex quadratic function. For further information, readers can
refer to [8-19].

2. New Parameter and Algorithm

In this section, we present a new formula for CG coefficient, re-

ferred here as'ﬁ%fiw where YHM denotes Yasir, Hamoda and
Mamat. The ﬁkHM is defined by
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otherwise

The following algorithm is implemented using the proposed hy-
brid CG method.
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Algorithm 2.1: Hybrid CG Method

Step 1: Given xgeR™ 2 = 0,set dy = —gg, k = 0, if
gl < =, then stop.

Step 2: Compute ¥, by exact line search.

Step 3: Let¥ysq = Xy + apdy | if [ gpsqll = € then

stop.
Step 4: Compute }9;{ by (5) and generate dk+ 1 by (4).
Step 5: Setk = Kk + 1, then go to Step 2.

3. Global Convergence Properties

In this section, we study the global convergence properties of

YHM . Firstly, we need to simplify ﬁk
process From (5), we have

to ease the proving
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Using the Cauchy-Schwartz inequalities implies that

gl
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YHM Hr-1 = 0.
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Hence, we get ﬁwa = 0.

3.1. Sufficient descent condition

The sufficient descent condition is defined by:

grd, = —cllg,II* for k> 0,c = 0. (6)

The following theorem shows that our new CG coefficient with
exact line search possesses sufficient descent property.

Theorem 1. Suppose that &, and dk are generated by the itera-
tive CG method of the form (2), (4) and (5) and the step-sizet®is

determined by exact line search, then condition (6) holds for all
k=0

The proof is by if k=0, then

gé.r[—g[,] = —||gr[,,||2 =2 0. Hence, condition
(6) holds true. Next, we show that condition (6) will also hold true
fork = 1.

Multiply equation (4) byg;l,{r , then

Proof. induction.
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Note that for exact line search gi-dk_ 1 = 0. Thus, we get

gi-dk = _|ng||2_

Hence, condition (6) also holds true for all k=1

3.2. Global Convergence Properties

The following assumptions are necessary for proving the conver-
gence of CG method.

Assumption 1.

f(x] is bounded
0= {xeRr™,
point.

from below on the level set
Fx) = f(xp) ) where xy is the starting

Assumption 2.

The gradient g () is Lipschitz continuous in V' and there exists
constant L=10 such that

||H(xj gl £Lllx—yll, vxyeN

After this assumption, we have the following lemma which was
proved by [20].

Lemma 1. Suppose that Assumptionsl and 2 hold, let 4, be gen-
erated by Algorithm 2.1 and dk satisfies Hal:dk < 0 for all k
and &y, is obtained by (3), then

(9x i)’

—— < 00, 7
TAE )

The following theorem is based on Lemma 1.

Theorem 2. Suppose that Assumption 1 and 2 hold, the sequence
{xk} is generated by Algorithm 2.1. If

lIs, |l = lla,dy Il = O whilek — o0, then
lim i =0 8
lim inf I ®
Proof. Case 1. If 0= gigu_y =llg.ll® then
T (Fn— g .
YEM — glf”“:'f—firl";—} to proof this theorem, we use contra-
=1

diction. If Theorem 1 is not true, then the constant ¢ == O exists
such that

lgill = ¢ (%)

From equation (4), we have dy, = —g;, + By d,_y . Now,
by squaring both sides of the equation, we obtain

||£i’k Gy f k (10)

For exact line search, g;l,: Eik_ 1 = 0. Therefore,

LA
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2+ g, 7 (11)
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We divide the above equation by|| e Il *to get
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Utilizing (12) recursively and noting that
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This contradicts the Zoutendijk condition, E;T:[, llde 12
k

The proof is completed.

ET('Q llgll

VIR gy, [FR—2

Case 2: If friM = — Ilg~gr{_|_|5 , the proof of this
R—1

theorem can be seen in [21].

4. Results and Discussion

In this section, we present the computational performance of the
new hybrid CG method under exact line search. Thirty-one uncon-
strained optimization test problems are taken from [22] and fully
listed in Table 1. We analyze the efficiency of our new formula by
comparing its numerical performance with the FR [2], PRP [3, 4],
WYL [21] and HRM3 [23] methods. All of the tested CG algo-

rithms use ||Q‘k||‘=~‘i £ as the stopping criterion with

£=10"%as suggested by [24]. Four initial points are selected
for the numerical test, starting from a point close to the solution
and then moving on to other points farther from it. The numerical
testing process uses MATLAB version 8.3.0.532 (R2014a) soft-
ware on a computer with Intel(R) Core™ i5-M520 (2.40GHz)
CPU processor and 4GB RAM. In some cases, failure occurs
when the line search is unable to find a positive step length.

Table 1: A list of problem functions

No. Function Dimension Initial
Points
1 Six Hump Cam- 2 -10, -8,
el 8, 10
-10,
2 | T z
30
10, 25,
3 Booth 2 50,
100
. 5, 10,
4 Treccani 2 20,50
5, 10,
5 Zettl 2 20. 30
13, 25,
6 Ex — Rosenbrock 2,4,10,100,500,1000,10000 30 50
. 1, 3,6,
7 Diagonal 4 2,4,10,100,500,1000 12
8 Shalow 2,4,10,100,500,1000,10000 10, 25,

50, 70
Ex - Tridiago- 6,12,
9 Iy 2,4,10,100,500,1000,10000 e
100 || Bxgivhitstand 2,4,10,100,500,1000,10000 S
Holst 10
17 | Perturbed Quad- 2,4,10,100,500,1000 %
ratic Function 10
12 | Ex- Denschnb 2,4,10,100,500,1000,10000 ,fé 1536
13 Ex- Beale 2,4,10,100,500,1000,10000 '71'130’
) 50, 70,
14 2l 10,100,500,1000,10000 100,
melblau
125
Generalized 1,2,5,
15 i 2,4,10,100,500,1000,10000 7
510,
16 Hager 2,4,10,100,500,1000,10000 iy
80,
100.
17 Ex — Penalty 2,4,10,100 11,
120
5,20,
18 | Quadratic QF2 2,4,10,100,500,1000 50,
100
Ex - Quadratic 10, 20,
19 benalty qp2 2,4,10,100,500,1000 e
. 1,5,
20 Diagonal 2 2,4,10,100,500,1000 10,15
21 Raydapl Func- 2,410,100 1,3,7,
tion 10
wy | SIS 2.4,10,100,500,1000 1,37,
Function 10
Generalized 7,10,
23 | Tridiagonal 1 A 13, 20
24 Fletcher 4,10,100,500,1000,10000 3, 1568'
25 | Quadratic QF1 2.4,10,100,500,1000 3, 1568*
Generalized 15, 18,
26 | Tridiagonal 2 A 20,22
27 Leon Function 2 2,5,8,
10
3,5,
28 Ex-Wood 4 20.30
. . 5, 10,
29 | Quartic Function 4 15. 20
) 15,
30 | Matyas Function 2 10,15
Colville Func- 2,4,7,
i tion “ 10

We use the performance profile introduced by [25] to assess the
efficiency of each tested method. Figure 1 and 2 show the numeri-
cal performances of those methods relative to the number of itera-
tions and CPU time respectively. From the results, we can see that
YHM solves 100% of the test problems, followed by HRM3
which solves 99.5%. PRP solves 99.4%, WYL solves 98% and FR
solves 72% of the test problems. Since only YHM manage to
solve all of the test functions, we can say that it has the best over-
all performance.
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Fig. 1: Performance profile relative to the number of iteration.
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Fig. 2: Performance profile relative to the CPU time.

5. Conclusion

In this paper, we propose a new formula for }9;{ under exact line
search. The proposed method is shown to possess sufficient de-
scent and global convergence properties. Based on the numerical
results, our new method has the best performance compared to
other tested CG methods.
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