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Abstract

The conjugate gradient (CG) method is one of the most prominent methods for solving linear and nonlinear problems in optimization. In
this paper, we propose a CG method with sufficient descent property under strong Wolfe line search. The proposed CG method is then
applied to solve systems of linear equations. The numerical results obtained from the tests are evaluated based on number iteration and
CPU time and then analyzed through performance profile. In order to examine its efficiency, the performance of our CG formula is com-
pared to that of other CG methods. The results show that the proposed CG formula has better performance than the other tested CG

methods.
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1. Introduction
Consider the unconstrained optimization problem:

min f (x),

xeR"

(11

where f:R"—>R is continuously differentiable. The CG meth-
ods are generated iteratively by:

X =%+, d, where k=0,12..., (1.2)
with search direction, d, defined by:
[0 if k=0,
“T1lg +Ad ., if k>l (13)

where X, is the current iterate point, ¢, >0 is a positive stepsize,

g, is a gradient coefficient and S, is a scalar known as the CG

coefficient.
In this paper, the inexact strong-Wolfe line search is used, where
the ¢, satisfies two conditions as follow:

f(x +ad) < f(x)+pxd g,
o (14
‘g(xk +a,dy) dk‘ <-od, g,

with 0< p<o<1. The stepsize is obtained via solving a one-
dimensional minimization problem known as the line search

method. The value of the ¢, determines how far the function is to
be minimized along the direction, d, to get the best X, ., .
Most CG method differs based on their CG coefficient, S, . Some

commonly used and well-known formulas of S, are presented as
follows:
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Note that the symbol || denotes the Euclidean norm of vectors

and y, , =0, —0,,. The methods above are referred as HS [1],
FR [2], PRP [3], LS [4], DY [5] and CD [6].

In [7, 8] published two new CG coefficients which are modified
based on the HS method namely the RMIL and RMIL* methods.
The methods are both easily defined and simple to implement.
They are formulated as:

SR — g:(gk —0y1) RMIL* _ g: (9 — 9,.1)
K = k = :
d[—l(dk—l_ gk) Hdk_le

These methods have good numerical results and are globally con-
vergent with exact line search.

Other researchers, like [9] are interested to modify the PRP formu-
laas
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Their paper discusses the general convergence results for the pro-
posed formula with some line searches such as the exact line
search, the Wolfe—Powell line search and the Grippo—Lucidi line
search. Recently, there are many researchers interested in the
WYL approach. For further research, please refer to [10-14]. For
good comparative studies on newer CG methods, please refer to
[15-19]. For newer studies on the optimization method, please
refer to [20-21].

Inspired by the spectral method proposed by [22-23] combined the
advantages of spectral CG method and FR CG method and pre-
sented the modified FR (MFR) method. When applied with Armi-
jo-type line search, MFR has been shown to possess global con-
vergence properties. Its search direction is defined as follow:

—Y if k=0,
d, = . FR ; (1.5)
0,9, + Bd, ,, if k=1
where 6, is written as
- sV
k P
9l
The MFR method can be rewritten as:
_ FR gk K1
dk - 1+ Kk H H gk K-1* (16)
k

In [24] also applied the DY conjugate gradient method in the MFR

method where the ﬂkDY is substituted in the (1.6) formula.

In [25] proposed a spectral Khadijah-Rivaie-Mustafa-Ismail
(SKRMI) CG method under strong Wolfe line search to solve
unconstrained optimization problems. The method is presented as
follow:

RMIL

T
d,_
+ﬂRMIL Oy Oy o gy + dy s

dk
ol

Generally, most of the spectral method directly reduces to classi-
cal CG method if exact line search is used.

In this paper, in [23] approach as written in equation (1.6) is im-
plemented with the RMIL*classical CG method. This modifica-
tion of RMIL* method is named as MRMIL* CG method. Under
strong Wolfe type line search, MRMIL* method is proven to pos-
sess sufficient descent and global convergence properties. Other
than that, the new proposed method is utilized for solving artificial
nonlinear problems and systems of linear equations in order to test
their efficiency and applicability in real-life problems. The new
method is only tested on numerical experimental simulations as it
is difficult to get actual data for real-life application.

Then, this paper is organized as follows. In section 2, we present
the new spectral CG method and its algorithm. In section 3, the
proof of the proposed method which includes the convergence
analysis of the modified RMIL* method is presented. Then, sec-
tion 4 reports the numerical results and discuss the findings. In
section 5, the proposed method is tested for solving systems of
linear equations and the results obtained are discussed. Finally, the
work of this paper is summarized in the last section.

2. New conjugate gradient algorithm

In this section, we present a modification of spectral CG method
where the ™" is applied. This method is motivated by [23].

The equation of this new method is shown as follows:

—0

i . ifk =0,
k — _{1+ kRMIL* gkdkl‘]gk +ﬂRMIL* - lyif k >1.

o

The following is the idea of MRMIL* algorithm.

1)

Algorithm 1: Algorithm of modified RMIL*.

Step 1: Initialization. Given X,, set k=0.

Step 2: Compute S, based on ,BRM'L .

Step 3: Compute d, based on (2.1). If g, =0, then stop.

Step 4: Compute «, based on (1.4).

Step 5: Update the new point based on (1.2).
Step 6: Convergence test and stopping criteria.

If f(X.)<f(x) and |g,|<e then stop. Otherwise, go to Step 1
withk =k +1.

3. The sufficient descent condition

The spectral CG method reduces to standard RMIL* method if
exact line search is applied in the algorithm. This is because under

exact line search, g/ d, , =0 . Hence, we will have

ﬂRMIL* gk k-1

o]

From there, it is obvious that the search direction of spectral CG
method will be reduced to the standard CG method. For the suffi-
cient condition to hold,

=1 (3.1)

9,d, CHng for k>0 where C>0. (3.2)

It is easy to see that for (2.1) the sufficient descent condition holds
for any line search since g/ d, =—||g,|"-

Theorem 3.1: Let X, and d, be generated by the MRMIL*, then
condition (3.2) holds for all k>0.

Proof: If k=0, then gJd,=-C|g,|*. Hence, condition (3.2)
holds true. We also need to show that for k >1, condition (3.2)

will also hold true. From (2.1), multiply with g[ ,

g: [1+ﬂRMIL ng ﬂ 1]gk +ﬂRMILgI .
O«

RMIL gk k-1

=~Ja.J - ol + A" gid
o
By applying strong Wolfe line search,
:_Hng RMlLng KHng L BT,

o]
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Thus, it is clearly shown that the sufficient descent condition is
fulfilled. Hence, the proof is completed.

4. Results and discussion

In this section, the numerical results for MRMIL* based on the
number of iteration and CPU time are compared with other meth-
ods in order to analyze the efficiency of the proposed spectral
methods.

We consider £ =10 and norm of gradient value as the stopping
criteria. All the problems are solved by MATLAB R2011b and the
calculations are performed by using Intel Core i5 processor with
RAM 2GB and Windows 8 operation system.

Table 1 presents the list of problem functions selected from [26].
For each of the test function, four initial points are considered
starting from a point that is close to the solution point to the point
that is far from it, as suggested by [27].

Table 1: List of test problem functions

No. Function Dimension Initial Points
1 Extended White 2,4,10, 100, (-3,..,-3), (3,..,3),
and Holst 500, 1000 (6,..,6), (9,...,.9)
5 Extended Ros- 2,4,10, 100, (13,...,13), (16,...,16),
enbrock 500, 1000 (20,...,20), (30....,30)
3 Extended 2,4,10, 100, (10,...,10), (50.,...,50),
DENSCHNB 500, 1000 (100,...,100), (200,...,200)
4 Extended Him- 2,4,10, 100, (10,...,10), (50.,...,50),
melblau 500, 1000 (100,...,100), (200,...,200)
. 2,4,10, 100, 10,..,,10),(50,...,50),
9 | orEsEm Ol 500, 1000 (1c(>o,...,100)),((200,...,2)00)
6 Extended Tridi- 2,4,10, 100, (10,...,10),(50,...,50),
agonal 1 500, 1000 (100,...,100),(200,...,200)
7 Extended Mara- 24,10, 100, (10,...,10),(50,...,50),
tos 500, 1000 (100,...,100),(200,...,200)
8 Extended 2,4, 10, 100, (10.,...,10),(50,...,50),
DENSCHF 500, 1000 (100,...,100),(200,...,200)
. 2,4, 10, 100, 10,..,,10),(50,...,50),
¢ Dz 500, 1000 (1c()o,...,100)),((200,...,2)00)
10 Raydan 2 Func- 24,10, 100, (5,..,5), (10,...,10),
tion 500, 1000 (25,...,25), (50,...,50)
Extended
| remn | M| g,
and Roth ' eh

Then, the numerical results are analyzed via the performance pro-
file which is first introduced by [28]. The performance results are
shown in Figure 1 and Figure 2.

This method of performance profile provide the means to assess
and compare the performance of the set solvers S on a test set P.
Assuming that n, solversand n, problem exist, for each problem

p and solver s, they defined:
t,, = Calculating time (the number of iterations, CPU time or

others) required to solve problem p by solver s.

For the baseline of comparisons, the performance on problem p by
solver s are compared with the best performance by any solver on
the same problem. This is referred as the performance ratio, which
is defined by:

L
P* min{t, :seS}

The parameter r, >r,  for all p, s, and r, =r, if and only if

solver s does not solve problem p. The performance of solver s on
any given problem might be of significance, but we would like to

acquire a general evaluation of the performance of the solver, then
the following is defined:

2. (7) =nisize{ peP:ur, <t}
p

Thus, p,(7) is the probability for the solver seS that a perfor-
mance ratio r,  is within a factor 7 € R of the best possible ratio.
The function p, is the cumulative distribution function for the

performance ratio. The performance profile p,: Rl—)[O,l] for a
solver is non-decreasing, piecewise and continuous from the right.
The value p,(1) is the probability that the solver is successful

over the rest of the solvers.

For better understanding about the performance profiles, note that
the left side of the figure gives the percentage of the test problems
for which method is the fastest; while the right side gives the per-
centage of the test problems that are successfully solved by each
of the methods. The methods that solve the most of the problems
in a time that is within a factor z of the best time can be deter-

mined by the top curve of the graph in the figures.
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Fig. 2: Performance Profile based on CPU Time

In both figures, MFR, MDY, MCD, MRMIL and MRMIL* repre-
sent the spectral CG methods used to solve the test problems un-
der strong Wolfe line search. Fig. 1 represents performance profile
based on the number of iterations and Fig. 2 represents perfor-
mance profile based on CPU time. From both figures, MRMIL
solves 94.58%, MRMIL* solves 97.5%, MFR solves 80%, MDY
solves 83.75% and MCD solves 80.42%. It is clear in both Fig.1
and Fig. 2 that the performance of MRMIL* CG method is the
best with respect to the number of iterations and CPU time. This is
followed by MRMIL, MDY, MCD and lastly MFR method.
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5. Application of conjugate gradient method

In this section, the CG method is applied for solving the systems
of linear equations. Consider a system of linear equations

Ax=b,

where AeR™ , beR™, m=n and rank A=n. The matrix
Ax =b, can be solved directly by x = A™b if the matrix is a sym-

metric or square matrix. However, in cases involving non-square
matrix problem, the following theorem can be used which is fur-
ther discussed in this section.

Theorem 5.1 [29]: The unique vector x* that minimizes
| Ax — bH2 is given by the solution of the equation A" Ax = Ab; that
is

x=(ATA)"ATD.

The proof of this theorem can be seen in [29]. The following prob-
lem is cited from [29], where the Theorem 5.1 is applied to solve
the problem effectively. The problem can be formulated as

03 01 5
A=|04 02] b=|3],
03 07 4

where the decision variable is x:[xl,xz]T . This paper only deals

with small scale application of CG method to test the capability of
CG method for solving systems of linear equation.

Table 2: Result of Application in No. of Iteration

Initial points | MRMIL | MRMIL* | MFR | MDY | MCD
(10,10) 2 2 2 2 2
(50,50) 2 2 2 2 2

(100,100) 2 2 2 2 2
(200,200) 2 2 2 2 2

Table 3: Result of Application in CPU Time

LU MRMIL | MRMIL* | MFR | MDY | MCD
Points
(10,10) 0.0042 0.0038 0.0033 0.0043 0.0034
(50,50) 0.0028 0.0027 0.0029 0.0028 0.0034
(100,100) 0.0026 0.0027 0.0027 0.0026 0.0033
(200,200) 0.0026 0.0027 0.0033 0.0026 0.0035
Table 4: CPU Time per lteration
Method CPU Time per Iteration

MRMIL 0.001525

MRMIL* 0.001488

MFR 0.001525

MDY 0.001538

MCD 0.001700

From Table 2 and Table 3, all of the tested methods can solve the
presented problem. However, MRMIL* method shows the best
overall result compared to the other methods as it gives the least
number of CPU time per iteration. Thus, based on the results of
the numerical test, we may conclude that the MRMIL* method is
applicable for real-life application.

6. Conclusion

In this paper, we propose a new version of RMIL* CG method
under strong Wolfe line search. The classical RMIL* coefficient is
combined with spectral CG method, namely the MRMIL* method.
The results show that the modified MRMIL* method performs the
best overall compared to the other modified CG methods since

MRMIL* converges faster and is able to successfully solve most
of the test problems. Based on the promising results, the MRMIL*
method should also be applicable in real-life problem.
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