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Abstract

Arring of type v, 5), was introduced by Albert and Kokoris [1,3] where in they have shown that a simple ring of (v, 6) type is either
associative or contains no idempotent other than 1. In this paper we obtain further results on the residual cases, to prove that a nonassoci-
ative (-1,1) rings satisfying (x, x, y)> = 0, for all elements of the rings imply (x, x, y) = 0. But then indeed (-1,1) rings which have no
nilpotent elements are associative and there by all such rings are division rings.
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1. Introduction

A very important class of nonassociative algebra are alternative
algebra. Algebra of the type almost alternative algebras were stud-
ied by Albert [1]. A 2-torsion free right alternative ring is right
alternative if and only if it has property (P) [2]. Kokoris [3] has
shown that a semi simple algebra of (y, o) type with 6 #0, 1 and
with 2, 3, 5 - torsion free has a unity quantity and is a direct sum
of simple algebras. Hentzel [4] obtained a series of results on (-1,
1) rings. Suvarna and Subba Reddy [5] have consider a generali-
zation of (1, 1) rings. They proved that if R is a 2-torsion free sim-
ple ring satisfying the identities (X, y, z) = (x, z, y) and (w, (Y, X, X),
z) = 0, then R is right alternative. K.Jayalakshmi and K. Hari Babu
[6] have prove that Let R be a 2,3- torsion free (-1,1) ring then
either right nucleus is equals the center or the commutative center
equals the center. If [N,, M] = 0 then N, = N where M is the alter-
nator ideal. L.Sreenivasulu Reddy, T. Mahesh Kumar, C. Jaya
Subba Reddy [8] they proved that Every left nucleus becomes a
central nucleus and right nucleus in cyclic ring R is a left nucleus,
so (x, R, R) = 0 for every x in R. By applying cyclic property to (R,
X, R) and (R, R, x) we get the result. K.Madhusudhan Reddy [9]
has proved that R be a nonassociative ring of 2 torsion free with
unity satisfying (x%y?) 2% — (xy)z € U for all x, y, z in R.Then R is
commutative.

2. Main Section:

Aring of type (-1, 1) ring satisfies the identities:

Ay, )=y, )+, 2, +(zxYy) =0, )
and B (x,y,2) = (x,¥,2) + (X, 2,Y) =0, @)

forall x, y, z € R, where (x, y, z) = (xy) z - x (yz). A ring is said to
be n -torsion free if for any positive integer nx = 0, implies x = 0.

We begin with a number of identities that are consequences of
equations (1) and (2) for details see [4].

C (Xv yr Z) = (Xr yv yZ) - (Xv yl Z)y = 0 (3)
D (xy,z,w) = (xy,z,w) + (X, Y, [z, W])
—x(y,z,w)—(x,z,w)y =0 4)
EXY, 2)=[,z,x),x]+[(zY,x),x]=0. (5)
F(x,y, 2, w) = (xy, z, W) — (X, Yz, W) + (X, Y, ZW)

=x(y, z, W) — (X, ¥, Z)w = 0. (6)

Four applications of equation (6) results in

0=FW,XxVY,2)-FXY,z,wW+F(y,zwXx)—F(zwXY)
G (X, y! Z, W) = [(X1 yl Z), W] - [(y1 z, W), X] + [(Z, W, X), y] - [(W1 X,
y),z] =0. (M

Now G (X, Y, X, X) + (A(X, X, ), X) implies 2 [(X, y, X), X] = 0 so that

[(x,y,x),x]=0.
But then [B (X, X, ¥) — (X, ¥, X), X] = 0 implies

[(x, %, ¥), ] = 0. ®)

If in equation (8) we replace x by both x + z and — x + z, add and
divide by 2, we obtain

[ x ), 2] + [z, %, ¥), x] + [(x, 2,y), X] = 0. ©9)
Applying (2) in G (x, X, Y, z) = 0 we obtain

[(yv X, Z)v X] - [(Z, X, y)l X] = O (10)
Now subtracting [A(z, y, X), X] from equation (10) using equation
(5) and equation (2) we obtain

0): I::l(yr X, Z)v X] - [(Zv yr X)r X] - [(Z, y! X)v X] - [(yl X, Z), X] - [(X, Z,
y), X].
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Thus [(z, y, x), X] =0. (11)
By linearizing equation (11) we obtain
H @y, x,w) =[xy, x),w] +[(zy, w),x]=0. (12)

Now [(F (W, z,y, X) = F (z, w, y, X) + B (yx, W, 2) — [(Y, W, 2)X, X ],
X] = 0 because of equation (11) and equation (1) yields

Iz w,y, X)=[zWy, %), X] - [W(z Y, x),x]=0. (13)
But then A (x,(z, Y, X), X) — (X, (2, ¥, X), X) = 0 implies

x.x (z,y,x) =0. (14)
The semi-jacobi identity for (-1, 1) ring is

Iy, 2) =[xy, 21 =Xy, 2] - [x, 2y = (z. %, y) =2(x, ¥, 2) = 0. (15)

Replacing w = x in (13) and applying (15) and (14) in sequence
we obtain

K@z x Yy X)=[z(xY,Xx),x] =0. (16)

But we define uby u=(x,y,x). Then  H (X, y, X, yx) = 0 implies
[(y, %, yx), X] + [(x, ¥, %), yx] = 0= ((y, X, yX), X) + (U, y).

We now consider [(2F (X, Y, Yy, X) + XA (Y, Y, X) +X B (y, Y, X) —
[[Cx Y, y), X, X]+ K(y, Y, X X) = 1(y, Y, X, ) = 0.

Then equation (11) and equation (2) in this application leads to
2[(x, ¥, ¥X), X] = 0. Consequently [yx, u] = 0 because of equation
(13) and hence by equation (11) we have [x, u] =0, and

[y, (%, x, y)] = 0. But then [(y, A (y, X, X) =B (x, ¥, X) + (X, ¥, X)) =
0, implies [y, u] = 0. Finally J(x, y, u) = 0 along with the identity
Yy, (XY, x)=0ie., (x,y, u) =0 (sec[4]) yields (u, x, y) = 0.
Thus

Yy, u)=(u xy)=[y,ul =[x u]l =0. a7
On expanding J(x, y, u) and employing equation (17) we obtain
[xy, u] =0. (18)

Now expanding 0 = —K (xy, X, ¥, X) — [(X, y, u), X] + J (X, yu, X) + X
K (y, X, y, x) leads to (x, yu, x) = 0.

But then A(x, X, yu) + (X, X, yu) = (X, X, yu) = 0.yields 19)
so that expanding 0 = F(x, X, Y, u), applying equations (19) and
(17) we obtain

(x xy, u) = (%, y, u) — (X, X, y)u or

(x, Xy, u) = (¢, y, U) + (X, Y, X)u. (20)

Now from equation (4) it follows that (x, y, u) = 0, thus equation
(20) reduces to

(% Xy, 1) = (x, . ) U 1)

But then A(x, xy, u) — B (xy, u, X) + (xy, x, u) = 0 along with equa-
tion (3) results in (x, xy, u) = 0.
Applying this in (21), obtained equation is (X, y, X)u = 0.

That is (x, y, X)> = 0. (22)

Also u (A(X, X, ) — B(x, X, y) = 0 implies (x, x, y)? = 0. Thus we are
now ready to prove the following theorem.

Theorem:
A 2,3 —torsion free (-1, 1) ring is associative if and only if (X, y, x)
2=0, implies (x,y, x) =0, for all elements x, y of the ring.

Proof:

Equation (22) implies (x, y, X) = 0. Thus linearizing the identity
yields x, y, z) + (z, y, X) = 0. Now regular applications of equations
(1),(2) and the above linearized form proves the only if part. Con-
versely if the above condition is satisfied then (x, y, x) =0, as a
result of (22).

But then also

(A(X, X, Y) +B (X, y, X) — 2 (X, y, X)) = 0 implies

2(x, X, y) =0. Hence (x, x,y) =0 (23)
Again linearizing this identity gives

(X7 Z, y) =- (Z, X, y) (24)

Now from equations (1), (2) and (26) we get 3(x, Yy, z) = 0. And
thus (x, y, z) = 0. For all elements x, y, z € R. The ring is therefore
associative. This completes the proof of the theorem.

An immediate application of this theorem is the following.

3. Conclusion

Corollary:
A 2, 3 —torsion free (-1, 1) without nilpotent element is associa-
tive.
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