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Abstract 
 

In this paper we introduced a new notation G – fg –   contraction of Caristi type and a new edge preserving property. With help of these 

we proved a some coupled fixed point results for four maps endowed with a graph in a complete metric space. Also we gave an 

application to integral equations. 
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1. Introduction  
 
Banach Introduced the concept of fixed point theory in 1922([10]), 

it has been extended and generalized by several authors. Caristi 

type fixed point theorem is one of these generalizations. It is a 

modified   -variation principle of Ekeland([12]). In 1976, Caristi 

proved the following famous fixed point theorem.  

 

Theorem 1.1  
[11] Let       be complete metric space and       be lower 

semi continuous function and bounded below function. A mapping 

      is said to be Caristi type map on   dominated by   if    

satisfies                    for each     . Then   has a 

fixed point.  
It is well-known that the Caristi’s fixed point theorem is one of the 

most valuable generalization of the Banach contraction principle. 

The concepts of fixed point theory and graph theory were 

combined by Espinola and Kirk ([4]). Jachymski([5]) came up 

with an interesting idea of using the language of graph theory in 

the study of fixed point results. 

A graph is an ordered pair        , where   is a non empty set 

and the elements in   are called vertices or nodes and   is a 

binary relation on V. i.e.,        . The elements of   are 

called edges. 

In this paper we concentrate on directed graphs. 

Let     be the conversion of the graph  . i.e., the graph obtained 

from   by reversing the direction of edges. 

Simply,                          . 
A directed graph   is called a oriented graph if           , 

then           . 

Bhaskar and Lakshmikantham ([13]) introduced the coupled fixed 

points concept, later several authors proved some coupled fixed 

point theorems in partial metric spaces (see [8, 9] ). 

In the same line, our aim is to extend some coupled coincidence 

and coupled common fixed point theorems for nonlinear 

contractions complete metric spaces endowed with a directed 

graph. Our results would bring about a more unified approach to 

the presentation of coupled coincidence and coupled common 

fixed point theorems for four maps. Also, as an application of our 

results, we aim to prove a theorem which can be used to test the 

existence of a solution for some particular integral equations. 

 

Definition 1.2  

[2]  Let        . If          and           for       
    then       is said to be a coupled fixed point of  .  
 

Definition 1.3  

[1] An element           is called   

1.  a coupled coincident point         of mappings         

and       if             and           .  

 2.  a common coupled fixed point(CCFP) of mappings       
  and       if               and             . 

  

Definition 1.4  

[7] Two functions         and       are said to be 

commutative on a non empty set   if                      and 

                  .  

 

Definition 1.5  

[5] A function       is said to be    continuous if 

        
    and     

      
       implies      

    , where 

       

and         be a sequence of positive integers. 

        
    and     

      
         impels      

    , 

where        

and         be a sequence of positive integers.  

 

Definition 1.6  

[3] A function         is said to be    continuous if 

    
    ,     

    and     
      

      ,     
      

  

       implies      
      

         and      
      

         

as    , where                 and         be a sequence 

of positive integers.  
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Definition 1.7  

[3] Let       be a complete metric space endowed with a directed 

graph G. Then the triplet         has property     if 

    for any sequence         in   such that        and 

               implies             

     for any sequence         in   such that        and 

                 implies                

  

Lemma 1.8   [6] Let     be a reflexive relation on a nonempty 

set M and       a function bounded from below, then     

and     ; then           .  
 

Throughout this paper, we assume that               is an 

upper semi continuous function. Now we prove our main results. 

2. Main Results 

Definition 2.1  

Suppose       be a metric space endowed with a directed graph  . 

Let us consider the mappings           and         with 

defining the following sets 

    

                                                
       and       is edge preserving. i.e.,                      
        

implies                    and                     . 

       is   edge preserving. i.e.,                              

implies                      and                       . 

     

        {          (         )       (         )  

      }  and 

      is edge preserving. i.e.,                              

implies                    and                     . 

 

       is   edge preserving. i.e.,                              

implies                      and                       . 

             
  

                 
   are said to be      contraction if 

        are edge preserving respectively.  

i.e.,                              

implies                    and                     . 

         are    edge preserving. 

 i.e.,                              

 implies                      and  

                       

(iii) for all           and for  

                             

 and                                

Define 

 (             ) 

     { (        )  ( (             ))} 

 [            (             )]  

     { (        )  ( (             ))} 

                             
 

where               are lower semi continuous functions.  

 

Theorem 2.2:  
 Let           and        . Suppose that     are   -edge 

preserving and satisfies      contraction.  

Let             and            . Also let 

     ,      ,       and       be sequences in the metric space 

      endowed with a directed graph  . Then the following 

statements are true. 

                 and                implies  

                                 

 and                                    ,     ; 

                   
  

                      
  

,     ;  

            and       are cauchy sequences and there exists 

        such that        and       .  

 

Proof:  
We have             and             so let us define 

the following sequences  

                                              
                             
                             for            

Now for     we have                  ,               
        

So let     Let              and                

By the      edge preserving property of    we have 

                     and                        

                          and  

                           

                and                  

Then by edge preserving property of     , 

                         and                            

                and                  

by repeating the above process, we have 

                                 and 

                                      . 

      Let              
  

 

                                       , 

                   and 

                ,                     

                    ,                        

and 

                   ,                        

                and                  and 

               and                  

Since   is   edge preserving and   is   edge prerving so we have, 

                                                     
and  

                                                    by 

using edge preserving property repeatedly, we get 

                            
                                        and  

                                
                                                . 

                              

and                               and 

                             

and                               

                      
  

. 

      Define a relation   on   as follows:                   

satisfies      contraction. Then clearly   is a reflexive relation 

on  . 

Let              
  

.Now from condition      of Theorem 2.2, 

we have 

                  and                   . 

Now By      contraction and for            

                  

      (                         ) 

    {
               

              
} [ ψ(         )   ψ(         )] 

    {
               

              
} [ ψ(         )   ψ(         )] 

      {
               

              
} [ ψ(         )   ψ(         )]. 

Similarly,  
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     {
               

              
} [ ψ(         )   ψ(         )]. 

 

Since          ,          and          ,          

for          so from Lemma 1.8 we have                
and                are non increasing. 

Let                                               for 

some      . 

Since   is upper semi continuous function so we have 

                               

and  

                             . 

So for any     with      we have 

                             

and  

                            . 

Therefore  

 
                                                 

Now for    , we have  

             

                                            

                                         
                                        

   

                                     
                                          
as      ,               . 

This shows that       is a Cauchy sequence. 

Similarly we can prove that       is a Cauchy sequence. 

Since       is a complete so there exists         such that 

       and       . 

Therefore    
   

       and    
   

        

 

Theorem 2.3:   
In addition to Theorem 2.2, assume that     are   continuous and 

      commutes with   and   commutes with                      

has the property     

Then          
  

    iff         
  

  .  

  

Proof: 
 Case(i): Let   commutes with   and   commutes with  . 

Suppose         
  

   , 

Then there exists               
  

  

                           

i.e.,          ,           and          ,           . 

So                          and                     
       

and                          and  

                           

              
  

 

        
  

  . 

Conversly, suppose that        
  

   . 

Then there exists some                
  

 

so we have                     and                       

and                     and                       

Then by Theorem 2.2, condition      and      , there exists a 

sequence         of positive integers such that 

   
   

      
     

    ,    
   

      
     

     and 

   
   

        
       

    ,    
   

        
       

     

Since   is   continuous, by the definition we have  

   
   

        
     

       . 

Since       are commute so we have  

        
     

          
      

  

and         
     

          
      

   

Now  

   
   

        
     

       
   

      
      

 

             
  

Similarly  

   
   

        
     

       
   

      
      

 

             
  

This shows that                  . 

Since   is   continuos,       are commute, by the above process 

we get                  .  

Therefore           
  

   . 

Case(ii): Let         satisfies property    . 

Since, as    ,       
         

       
     and  

      
         

       
     as       

Also        
     

          
       

        and  

       
     

                           

so by property            
     

           and 

       
     

            . 

Now as      

 (            ) 

               
     

              
     

             

  ( ( (      
       

))   ( (    
     

)))

  ( ( (    
     

))          ) 

  ( (      
       

)  (    
     

))

  ( (     
      

)         ) 

  ( (    
     

)  (      
       

))

  ( (     
      

)         ) 

         [ (      
     

)   (    
       

)]

  ( (     
      

)         ) 

                (                 ) 

    
Therefore               .  

Similarly we can prove that             . 

In the same way we can prove that              and     
        . 

This shows that         have a       point. 

 

Theorem 2.4:   
Suppose that hypothesis of Theorem2.3 holds. Besides, let for 

every                      , there exists             

such that 

                        ,                          and  

                       ,                          

Also 

                       ,                          and  

                       ,                         . 

Then       and   have a unique CCFP.  

 

Proof:  
Let        ,        are       points       and  . 

Then  
                                                                     
                                                                      

Set                       ,      and  

                      ,     . 

Then by the assumption 

                                                    

                                                   . 

This implies that,                ,                  and 

               ,                 . 
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Now by using the edge preserving property repeatedly for    , 

we have  

                  ,                     and 

                  ,                    . 

Now  

           

                          
   

  (                       )   (                  
     ) 

  (                       )   (                       ) 

                                                   
                

                                                    
                

= 0. 

  

Therefore         Similarly, we get        ,         and 

       . 

Now for an arbitrary          , 

Let           and           and           and 

            Since       are commute so 

                              and  

                             . 

Therefore           and          .  

Since       are commute so 

                              

and  

                             . 

Therefore           and          . 
This shows that       is a       point of        .  

Now it remains to prove that       is fixed point of        . 

Let         and       are       points of        . 

Then        and        , also        and       . 

Therefore     ,      and     ,     . 

This shows that       is a CCFP of       and  . 

Finally to prove tha uniqueness of      . 

Let       be another CCFP. 

Then             ,                and                ,    

            

Since                       and                
         

Thus        . 

Hence the theorem is proved.  

 

It is easy to prove our main results for two maps. 

 

Corollary 1:   
Suppose       be a complete metric space endowed with a 

directed graph  . Let us consider the mappings         and 

      with defining the following sets 

                                                
       Then Theorem 2.2, 2.3, 2.3 holds for the two maps     
with the     contarction  

                 

    { (        )  ( (             ))} [        

  (             )] 

                                                  
                   

where               are lower semi continuous functions.  

3. Application to Integral Equations 

In this section, to discuss the application of our main results we 

establish an existence theorem in a metric space with graph for the 

solution of the integral equations. 

Let us consider the following integral equations:  

     ∫  
 

 
                      ∫  

 

 
                  (3.1) 

for all           and          . Let          and 

define         as        |   | for      . 

Define             by        |   |, and  

            by        
|   |

 
 and define 

                 as  

 

     {
 

 
                

                 

 

 

Further define graph   on   using partial ordering relation. 

i.e.,                     for any    .So we have,  

                    ,                       . 
Also,             and         has property    . 

It is routine verification to check that       is a complete metric 

space with a directed graph  .  

 

Theorem 3.1:   
Suppose for the integral equation 3.1, 

               is continuous. 

     for all     and           with         and 

                   and  

 

|∫  
 

 
                 ∫  

 

 
                |  

 

 
|   |  |   | 

      there exists             such that for all    , 

     ∫  
 

 
                   and ∫  

 

 
                       . 

Then there exists atleast one solution of 3.1 in           

 

Proof:  
Define               by  

          ∫  
 

 
                 and             . 

Then 3.1 is equivalent to            ,             

This shows that the solution of 3.1 is a coupled coincidence point 

of the mapping    , provided we verify the conditions of 

Corollary 1. 

Since graph   is defined on   and       so   is edge preserving. 

Now using   edge preserving property, suppose that           

such that                    . 

 Then for each      

          ∫  

 

 

 (           )   

   ∫  

 

 

 (                 )   

  ∫  

 

 

                       

  ∫  

 

 

 (           )   

            

                     

                           . 

Similarly,                                           
       Thus   is edge preserving. 

Now consider      contraction, 

 

        (                   ) 

   |             | 

 |∫  

 

 

                 ∫  

 

 

                | 

  
 

 
|   |  |   | 
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[|   |  

 

 
|   |] 

  
 

 
[|   |  

 

 
|   |  |   |  

 

 
|   |  

 

 
|   |

 
 

 
|   |] 

 
 

 
 |     |  |             | 

 
 

 
[
|     |

 
 

|             |

 
] 

    { (        )  ( (             ))} [        

  (             )] 

                                                
                   

Therefore L.H.S   R.H.S  

Thus   is        contraction. 

Now, condition       of hypothesis implies that there exists 

            such that 

      ∫  
 

 
                   and ∫  

 

 
                        . 

 But                and                so we have 

               and                

                       and                         

           

Also,     are commutative and              Thus     

satisfies the condition of Corollary 1. Hence by Corollary 1 there 

exists a point             such that              and 

            . 

Hence by the definition of   we have,                 and 

               . Therefore         is a solution of the 

equation 3.1.  

4. Conclusion  

In this paper we defined two different graphs sets with some prop-

erties and intersection of those two graphs as new set and finally 

proved that all the four maps in the graph have a unique common 

coupled fixed point.     
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