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Abstract

In this paper we introduced a new notation G — fg — contraction of Caristi type and a new edge preserving property. With help of these
we proved a some coupled fixed point results for four maps endowed with a graph in a complete metric space. Also we gave an

application to integral equations.
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1. Introduction

Banach Introduced the concept of fixed point theory in 1922([10]),
it has been extended and generalized by several authors. Caristi
type fixed point theorem is one of these generalizations. It is a

modified € -variation principle of Ekeland([12]). In 1976, Caristi
proved the following famous fixed point theorem.

Theorem 1.1

[11] Let (X, d) be complete metric space and f: X — R be lower
semi continuous function and bounded below function. A mapping
T: X — Xis said to be Caristi type map on X dominated by fif T
satisfies d(x, Tx) < f(x) — f(Tx) for each x € X. Then T has a
fixed point.

It is well-known that the Caristi’s fixed point theorem is one of the
most valuable generalization of the Banach contraction principle.
The concepts of fixed point theory and graph theory were
combined by Espinola and Kirk ([4]). Jachymski([5]) came up
with an interesting idea of using the language of graph theory in
the study of fixed point results.

A graph is an ordered pair G = (V,E), where V is a non empty set
and the elements in V are called vertices or nodes and E is a
binary relation on V. i.e.,, E € (V X 7). The elements of E are
called edges.

In this paper we concentrate on directed graphs.

Let G~* be the conversion of the graph G. i.e., the graph obtained
from G by reversing the direction of edges.

simply, E(G™") = {(#,2): (%, ¥) € E(G)}.

A directed graph G is called a oriented graph if (x,y) € E(G),
then (v, x) € E(G).

Bhaskar and Lakshmikantham ([13]) introduced the coupled fixed
points concept, later several authors proved some coupled fixed
point theorems in partial metric spaces (see [8, 9] ).

In the same line, our aim is to extend some coupled coincidence
and coupled common fixed point theorems for nonlinear
contractions complete metric spaces endowed with a directed

graph. Our results would bring about a more unified approach to
the presentation of coupled coincidence and coupled common
fixed point theorems for four maps. Also, as an application of our
results, we aim to prove a theorem which can be used to test the
existence of a solution for some particular integral equations.

Definition 1.2
[2] Let F:Xx X > X. IfF(x,y) =xand F(y,x) =vy.for (x,v) €
X x X then (x,y) is said to be a coupled fixed point of F.

Definition 1.3

[1] An element (y,y) € X X X is called

1. acoupled coincident point (CCoin) of mappings F: X X X —» X
and f: X - Xif fx =F(yy) and fy = F(y, ).

2. acommon coupled fixed point(CCFP) of mappings F: X x X —
Xand : X = Xif xy=fx=F(gy)andy =fy = F(y,»).

Definition 1.4
[7] Two functions F: X x X - X and f: X — X are said to be
commutative on a non empty set X if f(F(x,v)) = F(f, fy) and

f(F(v,x)) = F(fv, ).

Definition 1.5

[5] A function f: X — X is said to be G — continuous if

(@ (o) = p and (Xn;, Xn,,,) € E(G) implies f(x,,) - fp, where
xp€EX

and (n;);en be a sequence of positive integers.

(®) ()~ q and (yn;,V¥n,,) € E(G™Y) impels f(yn) - fq ,
where y,q € X

and (n;)jen be a sequence of positive integers.

Definition 1.6

[3] A function S: X x X — X is said to be G — continuous if

{Xni} = P {yn} = aand Gtny Xny,,) € E(G), (Vi Yiyy,) €
E(G™") implies SGtn;) Xny,,) = S(P, @) and S(Yn;, Yny,,) = S(a,p)
asi— oo, where (x,v), (p,q) € X x Xand (n;);en be a sequence
of positive integers.
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Definition 1.7

[3] Let (X, d) be a complete metric space endowed with a directed
graph G. Then the triplet (X, d, G) has property (A) if

(i) for any sequence {}n}n € N in X such that {x,} = p and
(n Xn+1) € E(G) implies (xn, p) € E(G)

(ii) for any sequence {y,}, € N in X such that {y,} = q and
(Yn, Yn+1) € E(G™1) implies (yn, q) € E(G™Y)

Lemma 1.8 [6] Let < be a reflexive relation on a nonempty
set M and ¢: M — R a function bounded from below, then x <y

and x # v ; then () > d(y).

Throughout this paper, we assume that k:[0,) — [0,0) iS an
upper semi continuous function. Now we prove our main results.

2. Main Results

Definition 2.1

Suppose (X, d) be a metric space endowed with a directed graph G.

Let us consider the mappings S, T: X X X — X and f, g: X — X with

defining the following sets

)

X xX)sr={(y) € XxX: (fx, SO ¥)) € E(G), (Fy, S(v, X)) €

E(G™D}and (i) fis edge preserving. i.e., (fx, &) € E(G), (fy, ft) €

E(G™)

implies (f(fy), f(f¥)) € E(G) and (f(fy), f(ft)) € E(G™Y).

(ii) S is f edge preserving. i.e., (fy, &) € E(G), (fy, ft) € E(G™Y)
i(nglieS (SGu ), S(& 1)) € E(G) and (S(y,x), S(t,8)) € E(G™).
I1

XxX)rg = {(E1) € XxX: (g5 T, 1)) € E(G), (g1, T(1,)) €

E(G™)} and

(i) g is edge preserving. i.e., (gx, g&) € E(G), (gy,gt) € E(G™1)
implies (g(gx), g(g%)) € E(G) and (g(gy), g(gv)) € E(G™).

(ii) T is g edge preserving. i.e., (gx, g%) € E(G), (gy, gr) € E(G™)
implies (T(x, v), T(§, 1)) € E(G) and (T(y,x), T(%,%)) € E(G™).
(D) (X X X)E = (X x X)sr N (X X X)7g

ST are said to be G — fg contraction if

(i) f, g are edge preserving respectively.

i.e., (fx, g§) € E(G), (fy,gv) EE(G™)

implies (f (fx), 9(g$)) € E(G) and (f (f¥), g(g7)) € E(G™).
(ii) S, T are fg —edge preserving.

ie., (fx.g¢) € E(G),(fy,gv) EE(G™)

implies (S(x,v), T (¢, 1)) € E(G) and

S0, T@ ) EEG™)

(iii) for all x,y,u, v € X and for

Fx 98,06y, TE, 1) € E(G)

and (fy,970), S, 1), T(x,§)) EE(G™)

Define

d(SGuv), T(E D)

< max {K(ll!(fx, g9), x (lll(S(x, V), TG, r)))}

[W(fxg8) —W(SGev), TG D)]

—max {k($(fy, g0), < (6 (S, 20, T(x.§) )}

[d(fy, gD) = Y(S(v, ), T(T, §))]

where 1, ¢: X x X — [0, ) are lower semi continuous functions.

Theorem 2.2:

LetS, T:X x X - X and f, g: X — X. Suppose that S, T are fg-edge
preserving and satisfies G — fg contraction.

Let SXxX)cf(X) and TEXxX) < gX) Also et
{on}: {Y2n}: {&2n} and {t,,} be sequences in the metric space
(X,d) endowed with a directed graph G. Then the following
statements are true.

(1) (Fx, g%) € E(G) and (fy, gt) € E(G™1) implies

(SCtzn> Y2n), TGzn+1, Tan+1)) € E(G)

and (S(YanXZn)rT(EZn+1rEZn+1)) €E(G™),vn EfN;

(i) 06 Y) € XX X)gr = (Xan+1 Yans1) € XX X)gr,Vn €N ;
(i) {Qun} and {n,,} are cauchy sequences and there exists
x5, v" € Xsuch that Q,, = x* and n,, = v*.

Proof:

We have S(X x X) € f(X) and T(X x X) € g(X) so let us define
the following sequences

Qo0 = fXon+1 = SWzns Y2n)s N2n = fY2nt1 = S(Yzn Xzn)s

Qonv1 = 8X2n+z = Ton+1, Yons1)s

N2n+1 = 8Y2n+2 = T(Yan+1,X2n+1), forn = 0,1,2, -

Now for n =0 we have (Xzn,Y2n) = (X0, Y0)» (Xzn+1, Yne1) =
(1 v1)

So let (i) Let (fy, g€) € E(G) and (fy,gt) € E(G™1)

By the G — fg edge preserving property of ST we have

(SGuY), T(5 1)) € E(G) and (S(v,x), T(t, %)) € E(G™)

= (S(Xo»Y0), T(§1, 1)) € E(G) and

(S(vo,X0), T(t1, 1)) EE(G™)

= (fxy, 852) € E(G) and (fy,,g72) € E(G™)

Then by edge preserving property of S, T,

(SO, v1), T(82, T2)) € E(G) and (S(v1, 1), T(T2,§2)) € E(G™)
= (f&2, 8xs) € E(G) and (ft,gy3) € E(G™)

by repeating the above process, we have

(SCtzns Y2n)s T(&2n+1, T2n+1)) € E(G) and
(S(Yan+1 Xan+1) T(Tzn+1, E2n4+1)) € E(GT1).

(i) Let (op v) € X x X%,

=2 Y) € XX X)ssN XX X)1g = (fx, S v)) € E(G) )
(fy,S(v,x)) € E(G™) and

(8% SC6Y)) € E(G), (fr,S(v,x)) € E(G™)

3d(fX0rS(X0rY0)) € E(G), (fvo,S(Yo,X0)) € E(G™)

an

(8x1, T0t, ¥1)) € E(G), (8y1, T(v1,x1)) € E(G™)

= (fxo, fx1) € E(G) and (fy,, fy;) € E(G™") and

(8x1,8X2) € E(G) and (gy1,8v2) € E(G™)

Since S is f edge preserving and T is g edge prerving so we have,
=>d(S(X0»Yo)rS(X1:Y1)) € E(G), (S(Yo, X0) S(y1,X1)) EE(G™)
an

(TO Y1), TGz, ¥2)) € E(G), (T(v1, x1), T(v2,x2)) € E(G™) by
using edge preserving property repeatedly, we get

(SOtzns Y2n)s SUzn+1, Y2ns1)) €

E(G), (S(Y2n, X2n) S(Y2n+1, Xzn+1)) € E(G™) and
(TOzn+1, Y2n+1) Ttzn+1, Y2ne1)) €

E(G), (T(Yzn+1:X2n+1)» T(Y2n+1, Xan+1)) € E(G™*) Vn € N.

= (fXz2n+1, SQzn+1 Y2n+1)) € E(G)

and(fYzn+1, S(Yan+1, Xan+1)) € E(G™1) and

(gXzn+2: TX2n+2, Y2n+2)) € E(G)

and(8Yzn+2: T(Yzn+2 X2n+2)) € E(G™)

= (Xzn+1 Y2n+1) € X X X)g'c?}-

(iii) Define a relation < on X as follows: S(x,y) < T, t) © S, T
satisfies G — fg contraction. Then clearly < is a reflexive relation
on X.

Let (x,v) € X x X)g%r.Now from condition (ii) of Theorem 2.2,
we have

= (Q2n, Q2n41) € E(G) and (Mzn, M2n+1) € E(G™).

Now By G — fg contraction and for Q,, # Qun41

0 < d(Qzn Q2n+1)

= d(S(XanYZn)rT(XZn+11Y2n+1))

K(W(Q2n-1, Q2n),
< max{y 0o o [V @1 Q) = ¥(@on, Oans)]

—max {K(q)(nZn—lrnZn)r} [ W(N2n-1,M2n) — ¥Y(M2n, N2n+1)]

K(¢(n5n,n2n51)
KO a1 020 2y, ) = V(o Do)

KW Qzn, Qons1)
Similarly,

d(Mzn, N2n+1)

< max{
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K(W(M2n-1,N2n)s

K(¢(n2nrn2n+1)} [ w(Nzn-1,N2n) — ¥(N2n, N2n+1)]-

< max{

Since Q2n < Q2n+1 M2n < M2n+1 and Q2n * Q2n+1 1N2n * N2n+1
forn=1,23--s0 from Lemma 1.8 we have {¢(Qyn, Qoni1)}

and {Y(Nzn, N2n+1)} are non increasing.

Let limp oo {W(Q2n, Q2n+1)} = A limp o {U(M2n, N2ns1)} = 1 for
some A, u = 0.

Since x is upper semi continuous function so we have

limy, 6 SUPK(Y(Qzn, Q2n11)) = kKA
and

limy, 6 SUPK(W (M2, Nzn+1)) = K(W.
So for any meN  with
linéneooK(lIJ(QZn' Qoni)) =x(@) +1
an

limp, o K(W(M2n, N2n+1)) = k(W) + 1.
Therefore

n=n, we have

d(‘Q‘an QZn+1) < (KO\) + 1) [lIJ(QZn—l' QZn) - qJ(Qan QZn+1)]

Now for m > n, we have
d(Qzn, Q2m+1)
= d(Qzn, Qons1) + dQzns1, Qoniz) + - + d(Qom, Q2ms1)
< (k@) + DY (Qzn-1, Q2n) — W Qzn, Q2n41)]
+0c) + DW(Q2n, Qzne1) — W(Q2n41, Qans2)]
+(xA) + DY Qom-1, 2m) = Y (Q2m, Q2me1)]
< (k@) + DWW Q2n-1, 22n) — U Qom, Qom+1)]-
asm,n - oo, d(Qypn, Qome1) = 0.
This shows that {Q,,} is a Cauchy sequence.
Similarly we can prove that {n,,} is a Cauchy sequence.
Since (X,d) is a complete so there exists x*,y* € X such that
Qo = X" and nz, > v".
Therefore 1lim Q,, = x* and limn,, = y*
n—oo n—oo

Theorem 2.3:

In addition to Theorem 2.2, assume that f, g are G continuous and
(i) f commutes with S and g commutes with T [or] (ii) (X,d, G)
has the property (A)

Then CCoin() # ¢ iff (X x X)E # ¢.

Proof:

Case(i): Let f commutes with S and g commutes with T.
Suppose CCoin(ggT) # ¢,

Then there exists (£, 1) € CCoin(;%

= (& 1) € CCoin(Sf) N CCoin(Tg)

ie, ff=SE 1), ft=S(t,§and gt =T(E 1), gt = T(1, ) .
So (f§, S, 1) = (f5,ff) e E(G) and (fr,S(t, %)) = (fr,fr) €
E(G™Y)

and (g8 T(%, 1)) = (g8 8%) € E(G) and

(gt T(r,§)) = (gr,gv) €E(G™)

> ET)EXXX)E

> XX X)E # ¢.

Conversly, suppose that (X x X)ggT =P

Then there exists some (xo,Yo) € (X X X)ggr

so we have (fxo, S(Xo, o)) € E(G) and (fyo, S(vo,X0)) € E(G™)

and (gx1, T(x1, 1)) € E(G) and (gy1, T(v1,X1)) € E(G™)
Then by Theorem 2.2, condition (ii) and (iii), there exists a

sequence {n;}jen Of positive integers such that

1im SQn;, Yon,) = X7y 1im S(v2n;, Xzn,) — ¥ and
rlli_r){}oT(XZniHrYZniH) =X AEI[}OT(YZniH:XZnHl) =Y
Since f is G continuous, by the definition we have
1im £(S(Xzn;» Yan,)) = X+

Since (S, f) are commute so we have

f(S(XZni’ YZni)) = S(fXZnir fYZni)

*

and f(S(YZHi' ini)) = S(fYZHiIfXZHi)'
Now
1im £(SOtanys Yon)) = SHm (Xzny F2n,)
=" =5y
Similarly
1im £(S(Y2n, Xon,)) = Sm (Fzn,, fXon,)
= fy" =S, x")

This shows that (x*,y*) € CCoin(Sf).
Since g is G continuos, (T, g) are commute, by the above process
we get (x*,v") € CCoin(Tg).
Therefore CCoin(.) # .
Case(ii): Let (X, d, G) satisfies property (A).
Since, asi — oo, Qonyy = T2nyyyr Yoniy,) = X and
N2nj,, = T(YZnleXZnHl) - yasi— co.
Also (S(X2np Y2n,)» T(X2n;,,» Y2n,,,)) € E(G) and
(S(YZnirXZni)rT(YZni+1rX2ni+1)) € E(G_l)
so by property (A)  (SCtanyYan)X) EE(G)  and
(S(YZl’li'XZI’li)'y*) € E(G_l)'
Nowasi— o
d(fx’, SGe,v))
= d(fX", f(SQany Y2n))) + d(f(S(Xzn;» Y2n,)), ST V7))
=d <f (T(ini+1' ani+1)) : f(S(ini' ani)))

+d (f(S(XZI’li' YZni)) ’ S(X*' Y*))
< d (T(X2ni+1' Y2ni+1)' S(XZni' YZni))

+d (S(Btan 2 ), SOC, V)
<d (S(ini' yzni)' T(ini+1' ani+1))

+d (S(fXZrli' fYZni)' S(X*' Y*))
< (KO\) + 1)[¢(92ni_1'92ni) - lp('Q'Zni' Q‘Zniﬂ)]

+d (S(fXZrli' fYZni)' S(X*' Y*))
< &)+ DA -2 +d(SK YD, SK YD)
=0.
Therefore fx* = S(x*, v").
Similarly we can prove that fy* = S(y*, x*).
In the same way we can prove that gx* = T(x*,y*) and gy* =

T x)-
This shows that S, T, f, g have a CCoin point.

Theorem 2.4:
Suppose that hypothesis of Theorem2.3 holds. Besides, let for
every (a*,b*), (c*,d*) € (X x X), there exists (§,t) € (X x X)
such that
(S(a*,b%), T(§, 1)) € E(G), (S(b*,a*), T(t,§)) € E(G™) and
gﬁ(C*,d*),T(E,T)) € E(G), (S(d",¢"), T(r,)) €E(G™)

S0
(S(&, 1), T(a* b*)) € E(G), (S(t, %), T(b* a*)) € E(G™1) and
(SG,1), T(c*,d") € E(G) , (S(v,8), T(d",c")) € E(G™Y).
Then S, T, f and g have a unique CCFP.

Proof:
Let (a*,b*),(c*,d*) are CCoin points S, T,fand g.
Then

fa* = S(a*,b*),
fc* = S(c*, d*),

fb* = S(b*,a%),
fd* = S(d*, c*),

ga* = T(a",b"),
gc* = T(c*, d"),

Set T(82n+1, Tzn+1) = 852n42 » § = &1 and

T(Tan+1,§2n+1) = 8T2n+2 , T=Ty.

Then by the assumption

(8@, b"), T(%1, 1)) € E(G), (S(a*,a"), T(ty, &) € E(G™)

(S(c*,d"), T(&, 1)) € E(G), (S(d", "), T(11,51)) € E(G™H).
This implies that, (fa*, g&,) € E(G) , (fb*, gt,) € E(G™1) and
(fc*, g8;) € E(G) , (fd", gr2) € E(G™).

gb® = T(b*,a")
gd* = T(d", c*)
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Now by using the edge preserving property repeatedly for n > 1,
we have
(fa”, g82n+2) € E(G) , (fb", 8T2n+2) € E(G™) and
(fc*, g82n+2) € E(G) , (fd", gTan+2) € E(GTY).
Now
d(fa*, fc*)
< d(fa", g8zn+1) + d(g8zns1, fc)
= d(s(a*nb*):T(52n+1n‘f2n+1)) + d(T(§2n+1'T2n+1):S(C*' d*))
= d(s(a*,b*):T(§2n+1'T2n+1)) + d(S(C*r d*)rT(fzn+1‘T2n+1))
< max{k(P(fa*, g&n+1), k(P (fa", g&2n+1)}[W(fa", g82n+1)
— Y(fa’, g8n1)]
+max{k(P(fc’, g&an+1), K(fc”, 88an+1)}[W(fC”, 882n+1)

= W(fc”, g8ans1)]
=0.

Therefore fa* = fc* Similarly, we get fb* = fd*, ga* = gc* and
gb* = gd*.

Now for an arbitrary (m,n) € X x X,

Let fa* =fc* =m and fb* =fd* =n and ga* = gc* = m and
gb* = gd* = n. Since (5, f) are commute so

f(fa*) = f(S(a*,b*)) = S(fa*, fb*) and

f(fb*) = f(S(b*,a*)) = S(fb*, fa*).

Therefore fm = S(m, n) and fn = S(n, m).

Since (T, g) are commute so

g(ga") = g(T(a",b")) = T(ga", gb")

and

g(gb*) = g(T(b",a")) = T(gb", ga").

Therefore gm = T(m, n) and gn = T(n, m).

This shows that (m, n) is a CCoin point of S, T, f, g.

Now it remains to prove that (m, n) is fixed point of S, T, f, g.
Let (a*,b*) and (m, n) are CCoin points of S, T, f, g.

Then fa* = fm and fb* = fn, also ga* = gm and gb* = gn.
Therefore m = fm, n = fnand m = gm, n = gn.

This shows that (m,n) isa CCFP of S, T,fand g.

Finally to prove tha uniqueness of (m, n).

Let (s, t) be another CCFP.

Thens =fs =S(s,t), t=ft=S(ts)and s=gs=T(st),
t=gt="T(ts)

Sincefs=fm=m, ft=fn=nandgs=gm=m,
gt=gm=n

Thuss = m,t = n.
Hence the theorem is proved.

It is easy to prove our main results for two maps.

Corollary 1:

Suppose (X, d) be a complete metric space endowed with a
directed graph G. Let us consider the mappings T: X X X = X and
f: X = X with defining the following sets

(XX X)re = {06 Y) € XX X: (5, T(6 Y)) € E(G), (fy, T(v, X)) €
E(G™1}Then Theorem 2.2, 2.3, 2.3 holds for the two maps T, f
with the G — f; contarction

d(T(x, v), T(E, 1)

< max {K(w(fx, f0)), x (IIJ(T(X, Y, TE, T)))} [W(fx, fO)

— (TG ), TG )]
—max{x(¢p(fy, fr)), k(S(T (v, XD, T(T, )} (fy, fr)
- IIJ(T(Y' X)' T(T! E))]

where s, ¢: X X X — [0, o0) are lower semi continuous functions.

3. Application to Integral Equations

In this section, to discuss the application of our main results we
establish an existence theorem in a metric space with graph for the
solution of the integral equations.

Let us consider the following integral equations:

X(® = [ £t x(), ¥($))ds, ¥(t) = [ f(t, v(s), x(s))ds.

for all tel=1[0,1] and ;IXxRXxR > R. Let X=C([,R) and
defined: X x X > Rasd(xy) = Ix — vl forx, y € X.

Define §: X X X - [0, ) by Yi(a,b) = |a — b|, and

$: X X X - [0,) by d(a,b) = @ and define

k: [0, +00) = [0, +00) as

3 .
K(t)= E if t>0
0if t=0

Further define graph G on X using partial ordering relation.

e, xYEXXx<ye x(®) <y forany t € 1.So we have,

E(G) ={(0Yy) EXxX:x <V} E(G™) ={(xY) EXXx Xy <x}.
Also, A(X x X) € E(G) and (X, d, G) has property (A).

It is routine verification to check that (X, d) is a complete metric
space with a directed graph G.

Theorem 3.1:

Suppose for the integral equation 3.1,

(i) f € C(I x R x R) is continuous.

(i) forallt e land x,v,§,t € Rwithx < ¢t <vyand
f(t,x,v) < f(ty,7) and

|/ £t x(), v()ds — [ (6 E(s), T())ds| = S lx =& — Iy — 7l
(iii) there exists (xo,Yo) € X X X such that for all t € I,

X(® < [ £t X0(5), Yo ())ds and [ £(t, vo(s), Xo(s))ds < Y(b).
Then there exists atleast one solution of 3.1 in X = C(I,R)

Proof:
Define T: X x X - X,g: X - X by

Ty = fot f(t, x(s), y(s))ds and g 0O (1) = x(0).

Then 3.1 is equivalent to g(x) = T(x,v), g(v) = T(v,X)

This shows that the solution of 3.1 is a coupled coincidence point
of the mapping T,g, provided we verify the conditions of
Corollary 1.

Since graph G is defined on X and g: X — X so g is edge preserving.
Now using g edge preserving property, suppose that x,y,§,t € R

such that g(x) < g(8), g(1) < g(v).
Then foreach t € 1
t

TN = [ (6x©v)ds

0
t

= f f(t, 800 (s), g(¥)(s))ds

0

t

< f £t 8(6)(s), (D) (5))ds
0
t

= J- f(t, &(s), ©(s))ds

0
=TEDO
=>Ty)® =TE DO
= (T, TE D) € EG).
Similarly, T(TO® < T, 00 = (T 00, T(TH®) €
E(G™1) Thus T is edge preserving.
Now consider G — f; contraction,

L.H.S = d(T(, ), TE (D)
= ItT(x.Y) - TE Dl

t
- f £t X(s), Y(s))ds — f £t £(s), 7(s))ds

0 0

1
=S —g Iy a1



International Journal of Engineering & Technology

327

+%Ix—§|]

= > llx— gl = IT0e ) ~ TE O
5[l _mop16:0)

2| 2 2
= max {K(¢(gX: g?)), x (‘IJ(T(X' V. TE T)))} [Wiex 89
— (TG V), TG )]

—max{K($p(gy, g0), k(¢(T(v, )0, T(t, §)))} P (gy. gV

- lIJ(T(Y' X)' T(T, E))]
Therefore LH.S <R.H.S

Thus T is G — (f); contraction.
Now, condition (iii) of hypothesis implies that there exists
(X0, Yo) € X X X such that

Xo(® < fot f(t, X0 (5), Yo(s))ds and fot f(t, Yo (), Xo(s))ds < yo ().
But xo () = g(Xo) (1) and yo(t) = g(yo)(t) so we have

8(Xo) = T(Xo,Yo) and T(Yo,Xo) < 8(Yo)

= (8(0), T(Xo, Yo)) € E(G) and (g(Yo), T(Yo, X0)) € E(G™)
=>xxX)g#0

Also, T,g are commutative and T(X X X) € g(X). Thus T,g
satisfies the condition of Corollary 1. Hence by Corollary 1 there
exists a point (x*,y") € X x X such that gx* = T(x*,y*) and
gy =Ty x).

Hence by the definition of g we have, x* = gx* = T(x*,y*) and
Y =gy" =T x*) . Therefore (x*,vy*) is a solution of the
equation 3.1.

4. Conclusion

In this paper we defined two different graphs sets with some prop-
erties and intersection of those two graphs as new set and finally
proved that all the four maps in the graph have a unique common
coupled fixed point.
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