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Abstract

It is known that the set of all path sets of a finite connected graph G together with empty set partially ordered by set inclusion relation
forms a lattice denoted by PATH(G). In this paper we studied some properties of PATH(G). In fact, it has been shown that an element of
PATH(G) is doubly irreducible if and only if it contains a single vertex which is not a cut vertex of G. Also it is proved that PATH(G) is

planar if and only if G is a chain of three or more blocks.
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1. Introduction

In paper [9], lattice of convex sets of connected graphs and lattice
of convex edge sets of connected graphs are studied. Motivated by
the above studies in [10] it is shown that set of all path sets of a
connected graph together with empty set partially ordered by set
inclusion relation forms a lattice, denoted by PATH(G) and stud-
ied some of its properties . In this paper, we studied some more
properties of PATH(G).

In section 2, we defined PATH(G) along with an example . In
section 3 it is shown that an element 4 £ PATH{G) is irreduci-
ble if and only if 4 = {r;} where 1; is not a cut point of G. Also
condition under which PATH(G) is planar and satisfies lower
covering condition are studied.

In section 4 , cardinality and length of PATH(G) are found when
the graph G is a path, block and chain of blocks .For terminologies
and notifications used in this paper we refer to [4][5].

2. Preliminaries

Let G be a finite connected graph and V{5 be the vertex set of G.
A subset B of V(G) is said to be a path set of G, if for every
u, v € B the vertex set of all paths between u and v is contained in
B. Let PATH(G) be the set of all path sets of G together with
empty set. Define a binary relation = on PATH(G) by for every
ABePATH(G) set 4 = F if and only if 4 £ B. Then PATH(G)
from a lattice with respect to this partial order , AAE =4AnNE
and 4w B = {4 U}, the smallest path set containing 4 u B. For
example, the lattice {(FATH (7. } given in fig 2 of the connected
graph G given in Fig 1.
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Throughout this paper we use PATH(G) to represents the lattice
{ PATH(G),C ).

3. On the Lattice of < PATH(G) &=

Remark 3.1:
PATH(G) is atomic where atoms are path sets containing only one
vertex

Theorem 3.2:
An element 4 € PATH(F) is doubly irreducible if and only if
A = {1;} where 1; is not a cut vertex of G

Proof:

Let 4 € PATH{G) be doubly irreducible. Clearly 4 = {1;} for
some i, for otherwise if 4 = {1,175, 73, ... 1} , then

A=W fv;:1, a contradiction. If v; is a cut vertex of G, then let
1J and W be two blocks of G for which v; is a cut vertex. Then for
any uweU and wEW.1; is on every u-—w path. Let
E EPATH(G) be the shortest path from = to w; and
C € PATH(G) be the shortest path from 1:; to w . Then
BAC = {v;} = A, contradiction to 4 is doubly Irreducible. Hence
1; cannot be a cut vertex of G.
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Conversely, let 4 = {17;} where v; is not a cut vertex of G. Clearly
A is join irreducible. If A4 is meet reducible, say
A=BaC=BnCthenv;eBandv; eC. Letv; EF.f+iand
v € C.k# i. Consider paths from 1; to ¥'; and 1; to v, these
paths must be distinct, Since B[ = {r;}. But then r;is a cut
vertex, a contradiction.

Remark 3.3:
If a graph G of order = Z ,then clearly PATH(G) is planar. If a
graph G of order = 3,then we have the following result.

Theorem 3.4:
For a graph G, PATH(G) is a planar lattice if and only if G is a
+By , Where m = 3,

chain of m blocks By, ;. By, ...

Fig 3

Theorem 3.5:
A graph G is a block if and only if PATH(G) satisfies lower cov-
ering condition.

Proof:

If a graph G is a block ,then clearly PATH(G) satisfies lower
covering condition. Conversely, let PATH(G) satisfy lower cover-
ing condition. If G is not a block, then there are 3 distinct points
1,15, 5 Of G, where every path joining .15 contains ;. But
then @ = {1} A {15] < {17,] but
Tl = frgd wingd = oy v 1)
{1} + {v,} v {15}, a contradiction.

which implies

Proof:

Let PATH(G) be a planar lattice. If the graph G is not a chain of m
blocks, then their exists at least One vertex 1, with minimum
three blocks incident on it as shown in fig 3. Then there exists
vy EBy, Vg EBy1y EB; where v ¥ vy £ 1, £y and v is
adjacent to 1 17;,7%;. But then PATH(G) Contains a subposet as
shown in fig 4 contradicting PATH(G) is planar.

Conversely, let G be a chain of m blocks with m = 3 as shown in
fig 5. We know that the sublattice of PATH(G) corresponding to a
single block is a planar. Then PATH(G) will be as shown in fig 6
and hence it is planar.

Fig 6

4. On the Cardinality of PATH(G)

Theorem 4.1:

If a graph G is a path with n number of vertices, then
IPATH(G) = Tn+ 1 =220 4 1 and I(PATH (6)) = n.
Proof:

Consider a graph G which is a path with n number of vertices
Ty, Vg Vigs wees Uy Then its path sets will be

v v b ive vo vg b e, 0 15,1 . SO that the  total
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number of path sets will be w + 1 including @. Then the max-

imum chain in PATH(G) is
O = vt = v vt = UL v 1} < = {1y, Vg, 11,50 that
length of the maximum chain is .

Theorem 4.2:
If a graph G is a chain of m blocks, then
[PATH(G)| = “"'-";‘“3 +n+1 and [(PATH(G)) =m+1 where

71 is number of vertices in G.

Proof:
Consider a graph G with i number of vertices vy, 75, Vg, we, V. If

G is chain of m number of blocks, then number of path set of G
will be is 52 +n + Lincluding @ and

fr}i =1.2.3,... Then the maximum chain of the PATH(G) is
0 «{w} =5 <58, =< V(G). Where B;.F,... B, are

chains of m blocks in G.

Theorem 4.3:
If a graph G is a block ,then [PATH(G)|=n+2 and
I(PATH(G)) = 2 where n is number of vertices in G.

Proof:

If a graph G is a block with 2 number of vertices 7,77, . 7
Then the path sets of a G are @,{v;} {15}, ... {1, L.V (&). Hence
|[PATH(G)| =n + 2. The maximum chains of PATH(G) are of
the form @ < {v;} < V(G) where i € n, so that [{PATH (5)) = 2.

5. Conclusion

In this Paper we proved some properties of PATH (G) and cordial-
ity PATH(G) when graph G is path, Chain and block.
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