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Abstract

In this paper, we introduce the concept of sum and direct sum of vague ideals of gamma near-ring and also discuss some related proper-

ties of vague ideals of gamma near-ring.
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1. Introduction

The r-ring theory has been investigated in many directions and has
evoked great interest among mathematicians working in different
fields of mathematics. Research in the near-rings has had a long
history. The concept of the generalization of a ring (or r -ring) has
been studied by Nobusawa [5]. Further, Barnes [1] was analyzed
the generalized form of r-ring. In 1984, Satyanarayana [7] has
been investigated generalization concepts of both the near-ring
and the r-ring. The notion of fuzzy sets and fuzzy subsets were
first introduced by Zadeh [10] in 1965. Gau and Buehrer [4] intro-
duced the concept of vague theory. Accordingly a vague set F of a
given universes X can be characterized by means of a pair of func-

tions (t, fo) where tF and f. are functions from X to

[0,1] such that t_(x)+ f.(x)<1,Vx e X. Then T is called the
membership function and t_ (x) gives evidence of how much an
element x belongs to F and f_ is called non-membership func-
tion and f_ (x) gives evidence of how much an element x does

not belongs to F. Thus the theory of vague set is a generalization
theory of fuzzy set. These concepts are being applied in several
areas like decision making, fuzzy control system, knowledge dis-
covery and fault diagnosis etc. and vague group concept was in-
troduced by Biswas [2]. The notion of intuitionistic fuzzy sub
near-ring, intuitionistic fuzzy N-subgroup and intuitionistic fuzzy
ideal of a near-ring can be founded in [8,9,11]. Narasimha Swamy
and et.al [6] studied sum of fuzzy ideal of gamma near-ring. L.
Bhaskar and T. Nagaiah [3] studied the notion of vague ideals of a
gamma near-ring. In this direction, we study the concept of sum
and direct sum of vague ideals of a gamma near-ring. Throughout
this paper we will use the word ‘‘near-ring’’ to mean ‘left near-
ring’’.

2. Preliminaries

Definition 2.1. [4] A vague set A in the universe of discourse
U is a pair (t,, f,) where t,:U —[0,1] and f,:U —>[0,1]are

mappings such that t,(u)+ f,(U)<1 for all ueU. The

functions tA and fA are called true membership function and
false membership function in [0,1] respectively. And the interval
[t,(u),1—f,(u)] is called vague value of U in A and it is

denoted by \/, (u), thatis V, (u) =[t,(u),1— f,(u)].

Definition 2.2. [3]
A vague set U of a I'-near-ring N is called a vague ideal of N, if

@ V,(p—q)=min(V,(p).V,(Q)),

(i) v, (q+p—a)=V,(p),

(i) V,(p+i)aq— paq) =V, (i),

(or equivalently,V, (icq—raq) =V, (i—r)

(iv) V, (paq)=V,(9).
That is

(@) t,(p—q)=min(t,(p).t,(q)) and
1-f,(p—0q)=min@— f,(p).1- f,(q)),
(i) t,(@+ p—a) = t,(p) and
1-1,(a+ p-q)=1-1,(p)

Forall p,q,r,ieNad ael.

(iii) t,((p+i)aq) — paq) >t (i) and
1-f,((p+i)aq) - paq) 21~ f (i),

(or equivalently,t, (iaq—raq) >t (i—r) and
1-f, (iaq—-raq)21-f (i-r)

(iv) t,(paq) > t,(q) and

1- f,(pag) 1~ ,(q).
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3. Sum and Direct Sum of VVague Ideals Vin (Paq) =V, ., (paq, + paq,)

> V(V, (pad,) AV, (pad,))
Definition 3.1. =V M, (a) AV, (a,))
Let /J = (t,u’ f,u) and V= (tv7 fv) :VU+V (q)

be two vague ideals of a zero symmetric I'-near-ring N. Then the ~ Hence ££+ V is avague ideal of N.
sum 4+ Vis avague set of N defined as follows;

: _ Example 4.2
vV (p) . {Sup{mln{vﬂ (q),VV(r)}}/ P=q+r, Let N ={0, x, y, zZ}andT" ={«, 5} Define a binary opera-
2% -
0, p#q-+r,where g,r e N. tion “+” on N and a mapping NxIT'x N — N by the
following tables;
That is
H 0 X z
() {Sup{mm{tﬂ (@4, (N3 p=g-+r, s 0 : : :
LV X X 0 z y
0, p#q+r,where g,r € N. v " . c ”
i _ z z y X 0
(o) {Sup{mm{l— £, @)1= f, (3 p=q+1,
v T o 0 X y z
0,p#q+r,where q,r €N. - g g - -
X 0 0 0 0
. y 0 0 0 0
4. Main Results ” 0 0 0 0
Theorem 4.1 ) _ ﬂ 0 X y z
If y£and W are two vague ideals of a zero symmetric I'-near- o o 0 0 0
ring N, then £+ V is also a vague ideal of N. X 0 X X X
Proof: Let p,q,ue Nand & =T : 8 : : !

0) Put p=p,+p,, q=0,+0,; P, P00, €N. Then

p—q=p,+p,—(0,+0,) Clearly, (N, +) is a group and N is a I'-near-ring.

it is clear that, N is a zero symmetric I'-near-ring .

=P—G+Gq+Pp,—(q+9;) Now avague set £z = (t,,, f,) of N defined as
Vu+v(p_q):Vu+v(p1_q1+q1+pz_ql_qz) t °N —)[0 1] and f N _)[0 l] by
:sup(\/,,(pl_ql)/\vv(q1+ P, = —Cy)) “ ’ o.s #if P :,O
> V((V, (p) AV, (@) A (Y, (6, + P, ~6) AV, (6,) t (P> 7 0.5 ; otherwise
0.2 if p=0,
>V((V, () AV, (@) A Y, (P,) AV, (6)) f(py =221 PO
2 (V(V,(p) AV, (p,)) A (V(Y, (a,) AV, (d,))

Another vague set V = (tv, fv) of N defined as t, : N —[0,1]

=V (P) AV, (@)
and f : N —[0,1] by
(i) Put P= P, + P,; Py, P, € N Then t (py_ OO if p=0O,
q+p-dq=q+p,+p,—q . Oézlii?th;;"gse
=+ P, —q+0q+p, 0. fv(p):{o:s  otherwise.

Vo (@+p-0) =V, (q+p,-q+q+p,—0) The routine calculation shows that, u and v are vague ideal of N.

=V(V,(@+p-a) AV, (a+p,-a)) Now forany ], F € N.

> V(Vﬂ(pl) /\Vv(pz)) V,,, ()= 0:\q/H{min(\/u (@).V,(r))}, where q,r € N....(i)

=Vy.u (P)- Consider N/ Lmin(V, (@), V, (rN3}
(iii) Let U—P=S +S,; S,S, € N. Which implies = V{n?ir?((/i (0).V, (0)), min(V,, (x),V, (X)),

min®V,, (¥).V, (¥)), min(V,,(2).V, (2))}

that U=3, +S, + P. Then .
=V{min([t, (0),1— f,(0)],[t,(0),1— f,(O)D,

Uaq - pag=(5,+5,+ P)ag - pag min(lt, (6),1— f, COILE, (<),1— £, GO,
= (85, P)aq-(S, + pag+(s,+ p)ag - paq. min([t, (y),1— f,(V].[t (¥).1— f, (YD,
V., (Uag-paq) =V, (5, +5,+ p)aq—(s, + p)ag+(s,+ p)aq - paq) min([t, (z),1— f,(2)]t, (2),1— f,(2)13>
=V +5,+ Pad=(5 4 Pag) AV, (5, + Plag-peg) = VAMIN([O.8,1—0.2],[0.9,1—0.1D),
SV, () AV, (5,) min([0.5,1—0.5][0.2,1—0.8]),
min([0.5,1—0.5],[0.2,1—0.8]),
=V, (U-p). min([0.5,1—.05][0.2,1—0.8]}

(iv) Putg=q,+d,; d,q, € N.Then —=[0.8,0.8].
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Now Vu+v (O) = [tu+v (0)!1_ fu+v (O)](")

Consider

t,.,(0) = V{min(t, (0),t,(0)), min(t, (x).t,(x)),

min(t, (y).t,(y)), min(t, (2).t,(2))}

=V{min(0.8,0.9), min(0.5,0.2), min(0.5,0.2), min(0.5,02)}
=V{0.8,0.2,0.2,0.2}

=0.8 and

1-1,.,(0) = V{min(L- f (0),1- £ (0)), min(1- f (x),1- f,(x)),
min(L- f,(y).1- f,(y)),min@- f,(2).1- f,(2))}
=V{min(1-0.2,1-0.1),min(1-0.5,1-0.8),

min(1-0.5,1-08), min(1-0.5,1-0.8)}

=V{0.8,0.2,0.2,0.2}

=08

From (i) V,,, (0) =[t,,, (0),1- f,.,(0)] =[0.8,0.8].

L.H.S of equation (i) = R.H.S of equation (i) for p=0
Similarly, continue this processes for p=x, y, z also. We can easily
verify that, U + V is a vague ideal of N.

Definition 4.3( Addition of finite number of vague ideals)
Let N be a zero symmetric I'-near-ring and let U;,U,,Us.....U
be the vague ideals of a I-near-ring N. Forany P € N,
Put S(p) :{Vul(pl) /\Vuz(p2)/\""/\vun (P):P=Pt Pyt Py
Where p, € N,i =1 to n}. Define
Vipetye.., (P) =S UPS(p)

= SUPY, () AV, (P) A AV, (P,): P= Py Byt Py
Remark:

Let p=p,+ P, +....+ P,-
Consider a transposition of the indices (1, k), kK =1, then

P=pP,+ Pyttt Pyt P+ Pyttt P,

=0+ P O+ Pt Pt Dy F Py et Py
Where q=p,+ p, +....+ P4

=(Q+ P, —Q)+r—r+p+r+p.,+..+p,
Where r=p, +...4+ p, 4

=P, M+ P+ Pyttt P,
Where p, =q+p,—q ,p=—r+p,+r

=Py 4 Pyttt Pyt P+ Pyt Py

Thus

Vul(pIZ) /\Vuz ( pz) ASY /\Vuk,l(pk—l) /\Vuk ( p{) /\Vum(pkérl) ASr /\Vun ( pn)

As every permutation is a product of transposition, then for any

(1 2, n ]

permutation | . . .

R OO i,

we haveV, (p;) AV, (P,)A....AV, (P, )belongs to S(p)

forany p=p,+p, +....+ P,

Hence Yy +u,+.....+u, :Vuil+ui2+ ....... +Uj
Theorem 4.4
Let N be a zero symmetric I'-near-ring. If U, U,,..,U, are the

vague ideals of N, then U +U, +....+U,
is also vague ideal of N.
Proof: Put U=U, +U, +....+U,_.

(i) Letp=p,+p,+..+p,,q4=0+0,+...+0,;
p,,g, €N,i=12,....,n.Then
p—q=p,+p,+..+p,—0—0, —....—q,. This can be ex-

pressedas P— = P — 0 + P, —0; +....+ P, —
Where p/is a conjugate of p and g/ is a conjugate of g, .
S P=a=(p =) + (P, — ) +....+ (P, — )
Vi (p-a) =V, ((p{-0)+(p, — )+t (P, — 1)
=V, (=) AV, (P =) A AV, (P = 01)
2V(V, (p) AV, () AV, () AV, (G) A AV, (Pr) AV, (7))
=(V(V, (P AV, (p3) A AV, (PN A VY, (0) AV, (0)) A-.. AV, (67)))
= SupS(p) A SupS(q)
=V, (P AV, ().
(i) Let p,qeNand p=p+p,+.+p,;peN, i=12..,0 Then
q+Pp-Q=Q+p+pP,+...+ P, —q
=q+p-Q+Q+p,-q+Qq+pP,-Q+..+q+p,—q
V,(@+p-0) =V, (@+p-q+d+p,—q+..+q+p,—0)
=V(V, (a+p,=q) AV, (4+p,~ Q) A...AY, (G+Pp,-0))
2V(V, (p) AV, (P,) A AV, (D))
= SupS(p)

=V, (p).
(iii) Let p,q,ue N anda e N .

LetU—P=S+S,+..+5,;5,€N,i=12,..,n

n**
=U=S +S,+...+S, + p.
Uaq-paq= (S, +S,+...+5, + p)aq— paq

= (S,+S,+..+S,+ P)aq— (S, +S;+...+5, + p)aq
+(S, +S;+...+S, + P)aq—(S; +5, +...+5, + p)aq
+(S; 48, +...+S, + p)aq —.....+ (S, + p)ag— pag.

:Vul(pk) /\Vuz (p2) /\""/\Vukil(pk—l) /\Vuk (p]_) /\VuM(karl) /\""/\Vun (pn)\/u (an — paq) :Vu{sl+52 -|—“,S’1 + p)aq —(S2 +53 +"'+Sn + p)(lq

belongs to S(p).

This is true for every transposition (i, j) of the indices.

+(S,+8;+...+S, + P)aq—(S; +5, +...+S, + p)aq
+(S; 48, +...+S, + p)ag—.....+ (S, + p)aq - paq}
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=VQV, (s, +s, +..5, + P)aq—(s, +S; +...+5, + p)aq)
AV, ((s; +8;+...+5,+ plagq—(S; +5, +...+ 5, + p)ad)
A(S;+S, +...+S, + P)aq A...... AV, (s, + p)aq— paq)}
=V, () AV, (S;) A AV, (s)
=supS(u—p)
=V,(u—-p)
(iVilet p,ge N and x el
Puq=0qg, +9, +....+0,;
g, =N,i=12,....,n. Then
Vi (paq) =V, (pa(0, +0, +-....+0,))
=V, (paq, + pad, +....+ pad,)
=V, (pag) AV, (pad,)) A.... AV, (paq,))
2V(V,, (6,) AV, (@) A AV, (G,)

=supS(p)

=V, (9).
Hence U is a vague ideal of N
Definition 4.5
Let N be a zero symmetric I'-near-ring and U, , U,,...., U, be
the vague ideal of N. Then a sum Vu =Vu1+u2+ _______ +u,, 18 said
to be direct if
(\/u1+u2+ ....... FUj_g +Uj g e +Up, ) /\Vui =0.
Theorem 4.6
Let N=N,®N,®......... @ N, be the direct sum of T-
near-rings N, N,,......... , N, with the left or right identity
e=(6,6) e ,€,)and U be a vague ideal of N. Then there
exists vague ideals U;,U,,....,U, of N such that
Vu :Vu1®uz® ....... ®u, *

Proof: Let p, = (0,0,O0,...,0, P,;,0,...,0) and
e = (0,0,..,0,6,,0,..,0) ael'
Thenfor p=(p, P,,--s P,) = P, + P, +....+ P,,, We have
Vu(p) :Vu(p1+ p2 +... pn)
= V,(p) AV, (P) Aeee AV, (P,)
ButVU(pi)ZVU(eiap)for i=123..n
= V. (pP),

Thatis V,(p,) AV, (P,) Ao AV, (P,) 2V, (P)
Thus V, (P) =V, (p) AV, (P,) A AV, (P,)-

V,(p) peN,

Define Vv, onN by vV, (p)=
' ' 0 otherwise.

Then Vu =V,

u, Pu, @....... @u, *

5. Conclusion

In this study, we introduced and studied the notion of sum of
vague ideals of gamma near-ring. We proved that sum of

two vague ideal is again a vague ideal of a gamma near-ring. Also,
we proved that sum of finite number of vague ideal is again a
vague ideal of a gamma near-ring.
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