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Abstract 
 
Creation of conditions for optimal flow of Bingham media, such as ready-mixed concrete and mortar mixes, in the circular pipeline 
during delivery by various types of transporting equipment has not been sufficiently studied so far. Purpose: finding patterns of flow 

of concrete and mortar mixes in different sections of the pipeline, based on the variability of the viscosity coefficient when the 
medium is flowing through long circular pipes. In calculations of the flow capacity of mortar and concrete pipelines and the required 
power of the pumping equipment, the properties of concrete and mortar as Bingham media should be taken into account. 
Dependences for description of the operation process of flow of concrete and mortar mixes through circular pipelines have been 
found on the basis of the Buckingham equation in the laminar flow mode.  
Dependences of determination of flow rate and required power with continuous delivery of concrete and mortar mixes in the pipeline, 
as well in case of alternate inlet pressure variation are presented. Law of variation of μр can be obtained only experimentally, which 
also results in errors in the computation model.  

 
Keywords: elastic limit; flow rate of ready-mixed concrete; pipeline; plastic viscosity coefficient; power shearing stress; tangential stress.  

 

1. Introduction 

Creation of conditions for optimal flow of Bingham media, such 
as ready-mixed concrete and mortar mixes, in the circular pipeline 
during delivery by various types of transporting equipment has not 

been sufficiently studied so far.  
The fact that the process of delivery of such viscoplastic media 
through pipelines is determined by their specific features and 
rheological properties is particularly noteworthy. 
 Choosing a flow model for viscoplastic media (fluids) enables a 
rational approach in future to choosing “pumping device – 
pipeline” characteristics. 

2. Literature Data Analysis 

When the processes occurring in non-Newtonian fluid are studied, 
concrete and mortar mixes are assumed as the Shvedov-Bingham 
media. The viscoplastic medium is a multicomponent medium that 
follows the rheological flow laws for Bingham fluids, and such a 
model is applicable within only a limited range of shear rates [1, 2, 

3, 4, 5]. 
Such researchers as W.L. Wilkinson, A.V. Gnoyevoy, W. Prager, 
B.M. Smolsky, Z.P. Shulman, V.V. Gorislavets, S.S. Kutateladze, 
and others performed profound study of the processes and 
simulated the behaviour related to the flow of Bingham fluids.  
The obtained models have been commonly used for rigid-
viscoplastic media, such as concrete mixes, and generalized the 
majority of classical rheological equations of state of fluid media 

[6, 7, 8]. 

3. Purpose and Objectives of the Study 

Purpose: finding patterns of flow of concrete and mortar mixes in 
different sections of the pipeline, based on the variability of the 
viscosity coefficient when the medium is flowing through long 

circular pipes. 
The problems of theoretical studies include determining the 
productivity (flow rate) and necessary power consumption from 
the parameters of the concrete mix and the pipeline diameter. 
An attempt is made to take these changes into account in solving 
the problems of flow of non-Newton power fluids through pipes 
of different cross sections, for example, a circular pipe is 
considered in this paper. 

In calculations of the flow capacity of mortar and concrete 
pipelines and the required power of the pumping equipment, the 
properties of concrete and mortar as Bingham media should be 
taken into account.  
The most important characteristics for the latter include the elastic 
limit τу and the plastic viscosity coefficient μр. The curve of one-
dimensional flow of viscoplastic media is shown in Figure 1, 

where  is shear rate of layers of fluid. 

http://creativecommons.org/licenses/by/3.0/
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Fig. 1: Curve of one-dimensional flow of viscoplastic media. 

4. Main Part of the Study 

 
If the length of the pipeline is L= 100 m and the flow velocity is 
relatively slow (laminar), the properties of the fluid will vary 
along the pipeline. It refers primarily to the plastic viscosity μр. 

 

4.1. The Case of Constant in Time Flow Rate through 

the Horizontal Pipeline Section 

 
Let us consider a section of a horizontal pipeline of a length ΔL 
with the fluid, Figure 2. The equilibrium condition for the fluid in 
the section is represented as a volume. 
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where τw – tangential stress on the pipe walls, 
R – pipe radius, Р – pressure difference in ΔL. 

 
Hence: 
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Fig. 2: Section of a horizontal pipe of a length ΔL. 

 

If we cut mentally a cylindrical section of the fluid with a radius r, 
we will obtain: 
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where τ – shearing stress on radios r. 

 
Thus, tangential stresses are distributed linearly on radius r: 
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Distribution of velocities on radius rр can be found from the 
rheological equation for Bingham plastics (media) [9, 10]: 
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where τy – static elastic limit of Bingham media. 
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On integrating this equation with respect to r, we will find: 
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The constant С can be found from the condition of fluid 
adhesion to the pipe wall: r=R, u=0. 
Thus, we can find С: 
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then  
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On the boundary of the plastic flow  
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where up – flow velocity on the boundary of the plastic flow, 

where we express as .0

w

y




   

Let us find the expression for the rate: 
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The last expression coincides with the known Buckingham 
formula [1] 
The non-dimensional value τ0 has the order 0.2 [9]. 
 
Therefore the last summand in the parentheses can be ignored 

as opposed to the first two ones, and then the rate is defined 
using the formula: 
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Average velocity of the fluid in the section is: 
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The rate is determined by the piston stroke of the pumping unit 

which creates pressure Р0 at the pipeline inlet. 
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Hence, we can obtain the expression for τw, bound to μp 
(provided τу is fixed): 
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Pressure difference in the pipe section of a length ΔL with the 

variable in length near-wall stress ))(( xpuw  

 

can be 

found from the condition: 
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If we assume that the viscosity coefficient μp varies linearly 

along the pipeline length, i.e. ,)( 0 kxxp    then the 

corresponding variation of the near-wall stress τw will be: 
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Pressure difference in the section ΔL will be:
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In general terms, the effective power required to outdo friction on 
the pipe walls will be: 
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Alternatively, the power can be represented like this: 
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4.2. Flow of the Bingham Fluid through the Inclined 

Circular Pipe at Varying in Length Plastic Viscocity Μp 

and Varying in Length Pressure at the Pipeline Inlet 

 
Figure 3 shows a section of an inclined pipeline of a length ΔL 
with the fluid. 

 
Fig. 3: Section of an inclined pipeline. 

 

Internal radius of the inclined pipeline section is R.  
rр – radius of the plastic flow area; 
ΔP – pressure difference in the section; 
G – weight of the section element; 
γ – specific gravity of the fluid; 

α – angle of inclination of the section. 
Let us write down condition of static equilibrium of the fluid 
volume in this section: 
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Here τw is near-wall shearing stress. 
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where γ is specific gravity of the fluid. 
 
If we represent: 
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then  
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For a cylindrical liquid element of a length ΔL and radius r, the 
expression for the shearing stress is written as: 
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4.3. Flow Rates 

 
According to the rheological equation for Bingham fluids 
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On integrating this equation from r to R, we obtain: 
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Since on the pipe wall   0Ru ,  
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On the boundary of the plastic flow r=rp, u=up  
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From (20) we obtain: 
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Thus, the equation (2.7) can be reconstructed as: 
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Solution of this quadratic equation: 
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4.4. With the Solution (27) the Near-Wall Stress Τw Can   

be Related to the Viscosity Coefficient Μр. 

 
In Table 1 below, dependence of τ01,2 on q0 is shown. The diagram 

is constructed for small values q0  (Figure 4). 

 
Fig. 4: Dependence of τ01,2 on q0. 

 
Table 1: Dependence of τ01,2 on q0 for small values of q0 

q0 0.05 0.1 0.5 0.8 
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(here coefficient μр is assumed to be given, τу – elastic limit of the 
fluid, which also should be known, and velocity uр is determined 
by the piston stroke of the pumping unit). 

- in accordance with q0 we can either calculate τ0 using formula 
(27) or find it in the table (only the second radical shall be taken 
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4.5. Flow of the Bingham Fluid through the Inclined 

Pipe at the Varying Pressure at the Pipeline Inlet. 

 
If a distributor of piston mortar and concrete pumps is used, 
the diagram of dependency of inlet pressure on time is as 

shown in Figure 5. 
If small pressure drops ΔF in the end of each stroke of the 
delivery of fluid to the pipeline are ignored (Figure 5), then 
power impulses in each stroke (I1,I2.I3…. ) will be equal to the 
areas under the power diagram in this diagram. 
Fluid is delivered to the pipeline in portions. Mass m is 
delivered with each stroke.  

 
Fig. 5: Diagram of dependency of inlet pressure on time. 

 

Centre of mass of this volume is situated on the axle of the 
pipe. Centre-of-mass velocity is velocity uр on the boundary of 
the plastic flow, since this area move as a solid body. 
Length l of the pipeline section taken by mass m of one stroke 

will be: 
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Let us write down the impulse theorem successively for each 
stroke shown in Figure 6: 

 

   
Fig. 6: Diagram of the fluid delivery in strokes. 
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Here it is assumed that the right (upper) end of the pipeline is open 
and the pressure in it is equal to atmospheric pressure. 
Number of strokes n depends on the length of the pipeline and is  
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where L – total length of the pipeline. 
 
Hence we can obtain the inlet pressure force required for fluid 
delivery through the pipeline of a length lnL   to a height  
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Rate uр on the boundary of the plastic flow is used in the formulas 
(29) and (30) to determine the centre-of-mass velocity of each 
portion of fluid. 
If we know the flow rate Q we can calculate only average in the 
section velocity ucp. 
The relation between uр and ucp can be approximately established 
as follows. We use the formulas (8) and (11): 
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It follows that: 
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As it was mentioned above, τ0 has the order 0.2. With such τ0,

  pcp uu  573,0  [9, 10].
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τ0 can be determined more precisely in each stroke as it is shown 
above in par. 4.1. Of course, the formula (30) will be more 
complicated, since velocity uр will be different in each stroke. 
 
The required capacity of the pumping unit (piston mortar and 
concrete pump) is: 
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Or 
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5. Conclusion 

 
The proposed method of calculation of the required power of a 
pumping unit is approximate primarily because the viscosity 
coefficient μр varies along the length of the pipeline (concrete 

line) continuously, and not discretely, as it is assumed in the 
calculation. 
Law of variation of μр can be obtained only experimentally, which 
also results in errors in the computation model. 
The last conclusion is true if concrete and mortar mixes are 
considered as Bingham fluids, where the elastic limit value τу is 
established approximately. 

 
References 

 
[1] Wilkinson W.L. Nen'yutonovskiye zhidkosti [Non-Newton fluids]. 

Moscow: Mir, (1964) –216 p. 

[2] Gnoyevoy A. V. Osnovy teorii techeniy bingamovskikh sred 

[Basics of theory of flow of Bingham media]. Moscow: 

FIZMATLIT, (2004) – 272 p. 

[3] Smolskiy  B.M., Shulman  Z.P., Gorislavets  V.M. Reodinamika i 

teploobmen nelineyno - vyazkoplastichnykh 

materialov  [Rheodynamics and heat transfer of non-linear 

viscoplastic materials]. Minsk: Nauka I tekhnika, (1970) – 240 p.  

[4] Prager W. Vvedeniye v mekhaniku sploshnykh sred [Introduction 

into mechanics of continuous media]. Moscow: Inostrannaya 

literatura, (1963) – 406 p.  

[5] Romankov P.G., Kurochkina M.I. Gidromekhanicheskiye protsessy 

khimicheskoy tekhnologii [Hydromechanic processes of chemical 

technology].  Leningrad department, (1982) – 288 p.  

[6] Lipscomb G.G., Denn M.M. Flow of Bingham fluids in complex 

geometries. Journal of Non-Newtonian Fluid Mechanics. (1984) — 

V.14.- pp. 337-346. 

[7] Weipert D. Rheologie der Lebensmittel. H.- D.-Tscheuschner, E.-

Windhab.-Hamburg: Behrs, (1993)-620 S.  

[8] Yemelyanova I.A., Zadorozhnyi A.A., Melentsov N.A. 

Opredeleniye proizvoditel'nosti betononasosov i 

rastvorobetononasosov v zavisimosti ot reologicheskikh parametrov 

betonnoy smesi [Determination of the capacity of concrete and 

mortar-concrete pumps depending on the rheological parameters of 

the concrete mix]. Naukoviy visnyk budivnytstva. – Kharkiv: 

KhSTUCS. KhOTV ABU - 2014. Issue 75. – pp. 147-149.  

[9] Zadorozhnyi A.A., Kovrevski  A.P. Analiz protsessa dvizheniya 

bingamovskikh zhidkostey po truboprovodam kruglogo secheniya 

[Analysis of the flow of Bingham fluids though circular pipelines].  

Collection of research papers of UkrDUZT, 2017, Issue 168 – pp. 

44-49.  

[10] Zadorozhnyi A.A., Kovrevski A.P., Chovnyuk Y.V., 
Remarchuk 

N.P. Osoblyvosti techiyi ridyn zminnoyi v’yazkosti po 

truboprovodu riznoyi formy poperechnoho  peretynu   [Features of 

the flow of liquids of variable viscosity by the pipeline of a various 

form of tranverse section]. Collection of scientific works of the 

international scientific conference. „Technology and transport 

infrastructure“-Kharkiv: UkrDUZT, 2018, – pp. 24-25.  


