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Abstract

In this paper we are introducing VT, space, vague haussdorff space (VT,) and then we derive every vague subspace of VT, space is VT,
and also for VT, And also we derive the Cartesian product of two vague closed sets is also vague closed set in the vague product
topological space X x Y .Finally we define Vague limit point, Vague isolated point, VVague adherent point, Vague perfect, Vague derived

set, vague exterior and also derive some theorems on this .

Keywords:

1. Introduction

Many authors have introduced different types of generalisation of
Zadeh's fuzzy set theory [8] and have been applied to many
branches in mathematics. The theory of fuzzy topology was
developed by C.L.Chang [2] in 1967. In a fuzzy set, we cannot

express both the evidence of supporting and opposing the value of

a variable. As a remedy to this the concept of vague set wag

introduced in 1993 by Gau and Burherer [4]. The basic concept of
Vague Set theory and its extensions defined in [ 4 ]. The theory of.

Vague concept is applied to topology as vague Topology was
introduced by Mariapresenti.L and Arockia Rani [5].

The aim of this paper to introduce the notion of vague T; space
(VTy),vague haussdorff space (VT,) ,Cartesian product of vague
sets. Vague limit point, Vague adherent point, Vague isolated
point, Vague derived set, VVague perfect.

2. Preliminaries

Definition 2.1[4]:
A vague set P in the universe of discourse L is characterised by
two membership functions given by, a true membership function

tP 1L —[0,1] and a false membership function f : L —[0,1]
P

. The grade of membership of y in the vague set P is bounded by a
sub interval [tp(Y)’l— f P(y)] of [0,1]. This indicates that ,if

the actual grade of membership W(x),then

t.(y)<u(y)<i- f P(y). The vague set P is written as

P:{y,[tp(y),l— f F}(y)]/yeX} , where the interval

[tp(Y)J_ f (y)} is called the vague value of y in P and is
P
denoted by Vp(y).

The zero vague set of P and denoted by 0,and defined as 0 =
{<x,[0,0]>/ xeP}.
The unit vague set of P and denoted by 1, and defined as 1=
{<x,[1,1]>/ xeP}

Definition 2.2[1]:

A vague topology on P is a family ¢ of vague sets on P satisfying
the following conditions:

0,leo

AﬂAzeg,foranyAl,Az €0.
UAi € o, for any arbitrary family {Ai/ Acoiie |}.

The pair (P,O') is called a vague topological space. The

elements of ¢ are called vague open sets.

Definition 2.3[6]:
A map g :(P ,t) —>(Q ,0) is called a vague closed mapping if g(F)
is a vague closed setin Q for each vague closed set 'F' in 'P".

Definition 2.4[7]:

A T;- space is a topological space(P, y) in which given any pair of
distinct points, each has a neighbourhood which does not contain
the other .

Definition 2.5[7]:
A Haussdorff space is a topological space in which each pair of
distinct points can be separated by open sets.

Definition 2.6[7]:

Let (P,0) be a vague topological space and A< P .A point p in P
is said to be a limit point of P if each of its neighbourhood
contains a point of P different from p. The derived set of P is
denoted by D(P),is the set of all limit points of P.
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Definition 2.7[7]:

Let (P,0) be a vague topological space and AS P .A point p in A
is said to be an isolated point of A if each of its neighbourhood
contains no other point of A.

3. T;- Spaces and Haussdorff Spaces

Definition 3.1:
A vague topological space (P, o) is called

(
a) VT, space if all pair of distinct vague points p(“ B pb

X there exist U,V € 7 suchthat
(7.0)

s)
eV, pb ¢U.

b) VT, space or Vague Haussdorff space if for all pair of distinct

(7.9)
vague points p{“*, pb

(7
P €U, evand

of X there exist U,V € 7 suchthat

(r:9)
unv =9 andp? ey, P, eV

Example3.2:-

Let P={ab}, o
A={x,<[0.4,0.7],[0,0]>},
B={ x,<[0,0],[0.3,0.4]>},C={x<[0.4,0.7],[0.3,0.4]>} then (P, o) is
a vague topological space .

Let pQ3807  p(29039 e two distinct vague points of P there
exist two open sets A and B such that p*3%°7 ea p03807) ¢

Band, p*****” €B,p*****” ¢ Aandalso AnB = 0.
So (P,0) is VT, and VT, space.

={0,A,B,C}where  0={x<[0,0],[0,0]>}

Proposition 3.3:

Every vague subspace of VT space is VT,

Proof :-Let (P,o) be a VT, vague topological space and Z be a
subspace of P. So

TZ:{G =<X, [t Gz, 1_fG/2]>} where G= <X, [t G, l'f(;]>}. Leta ,b
e Zsuch thata # b. Then as ZC P, we have a ,b €P such that a
# b. Since P is Ty, therefore

3 u=[t, 1-f,],V=[t, 1-f,]€ o such that
(7.0) (7.9)
and pb €

, pb gU.

.Thus E] UZ: [t u/z,]-'f u/z]r VZ = [t v/z,l'f v/z] € TZ such that

(7.6) (r.8)
(@p) (@B
pa "’ €Uz p " ¢ V, and pb €Vy, pb

p@H) ey, pl@B g v

¢Uz .This

proves that the subspace Z is alsoV Ty,

Proposition 3.4:-
Every subspace of VT, space is VT,.
Proof :- Let X be a vague haussdorff topological space and A

be a subspace of X.

Let p“#) p%) pe two vague points in A such that p'

'ly
V.5

Since X is a haussdorff space there exist U,V
pj((a'ﬁ) €U and p}(]y,&) eEVandUnV =0.
Since U and V are vague open subsets of X and t, (z) A t(z) =0
for every zeX.There fore Up=< x, (tu/A,l —fu/A) > and Vp
=<y, (tv/ 1 —fv/ ) > are two vague open subsets of A such
that p(aﬁ) € Uyand p}(}y&) € V, and UaN Va=0.

Hence (A ,t ») is a vague haussdorff topological space .

(a, ,8)

€ 1 such that

Theorem3.5:
The homomorphism image of a VT, space is a VT, space.

proof :- Let (P, 1) be a vague VT; space and f be a one-one
mapping from (P, 1) to another vague topological space (Q,0).
Now we have to show that (Q,o) isa VT, space.

Let p(“ #) and p(y"s) be two distinct vague points of Q.

@b) »©d of p sych that

Since f is onto 3 distinct vague points p,,"’, p;,

p” egand pi5Y ¢ G

and p(c D € Hand p,(g'”) & H,where G and H are vague open sets
under the vague T, space t.

Since f is an open mapping ,f(G) is open in Q ,f(H) is open in Q
such that

yi=f(x1)€ f(G) but y, =f(x) €f(G)

y,=f(x,)ef(H) , X-{y} =H is an open set which contains x but not
y.

Hence (P ,7) is VT,-space.

Remark3.6:-

Every finite VT;-space is discrete.

Proof:- Let (P,z) be a VT,-space where P is finite. From the above
proof every singleton subset{x} of P is closed .Since the finite
union of closed sets is closed. So every subset of P is closed .So
the VT;-space (X,7) is discrete.

Theorem3.7:-

Let o and o* be two vague topologies on a set P such that o* is
finer than o .If (P, o) is a haussdorff space then (P, a*) is also
haussdorff space.

Proof:- Given (P, o) is a Haussdorff space .

Let p{@P), (y ®) pe any two distinct vague points of P then 3 two

vague open sets G and H of ¢ such that Gn H=0, p** € Gand
b0 € H,

since ¢ is finer than o ,G and H are open sets under ¢”

and having the conditions p{*#’ € Gand pj(,""s) € H and Gn H=0.
Hence (X,o") is also haussdorff space.

Theorem 3.8:-
A vague point p( ) and a vague compact set K such that

pfcaﬁ) N K =[0,0] in a Haussdorff space can be separated by
disjoint open sets.
Proof :- Let (X, 1) be a vague topological space. Let K be a vague

compact set in (X, 7). Since p(a Bk =[0,0] .Therefore p(a B

(7.9)

# K and t(x)=0,1-f(x)=0. Let p € K then clearly
y

5 (7.9)
") Thus pF) and p be two distinct
y

(@) (
p z

x py
vague points . Since X is a Haussdorff space therefore 3 two
vague open sets U and V such that UNV =0 .Thus ,corresponding

to each vague point in K 3 two disjoint open sets with separating
that point with p*# Clearly K U V ,Since K is

compact 3 finitely many open sets such that K is contained into
their union. Suppose that ,the union of these finitely many open
sets be represented by H and the intersection of corresponding

vague open sets containing p,(ca‘ﬁ) be given by G.

Now we want to show that GNH =0.0On the contrary way,
suppose that GNH # 0. Then 3

a vague point say z which will belong to the intersection of G and
H, But this will contradict the existence of vague open sets of the
type UNV =0,Hence GNH =0.

Definition 3.9:-
Let P and Q be two non-empty sets and A ={ <x, [t a(X), 1-fa(X)
1>}, B ={ <y, [ts(y) 1-fa(y) >} be two vague sets of P

and Q respectively. Then A x B is a vague set of P x Q defined by
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f\; B (x.y) ={ < (x.y) .[min (t a(X), t g(¥)),min(1-fa(x)  1-fa(¥))
>

Lemma 3.10:-

If A is a vague set of P, B is a vague set of Q then i
)(Ax1)Nn(1xB) =AxB

ii ) (Ax1)U(1xB) =1-(AXB).

iii) 1- (AXB) =(4X1)U(1XB).

Proof :- Let A ={ <x, [t a(X), 1-Ta(X) >} .B ={ <y, [t &(Y), 1-Ta(y)
1>}

i) Since Ax1 ={ <X, ,[min (t o(x), 1),min(1-fa(x) 1) I>}={<x,,[
t a(X),1-fa(X) I>}=A.

and 1xB = ={ <X, ,[min (1,tg(X)),min(1,1-fz(x) 1>}
8(x),1-fe(X) ]>}=B.

(Ax1)n(1xB) = A(x)NB(y)

=< (X V)t AN ta(y), 1-fa(X) AL-fg (y)) > = AxB
i) (AX1)U (1XB) =AX)UB(Y) =1- (A(x) N B(y))
=11- <A ()EY)(tA(X)A ta(y), 1-fa(x) Al-fa(y)) >

=1- AX

={<x,,[t

Lemma 3.11:-

Let A and B be two vague closed sets in vague topological spaces
respectively then A x B is a vague closed set in the vague product
topological spaces of X x Y.

Proof :-Let A={<Xx,,[ta(X),1-fa(X) 1>} .B={<x,, [ts(X)1-
fa(x) 1>}

(1-AxB) (x ,y) =(4X1) U (1XB) (x,y).

since (AX1) and (1XB) are vague open sets of XxY
respectively. Hence (AX1) and (1XB) is also a vague open set of
X xY and consequently A x B is a vague closed set of X x Y.

Theorem 3.12:-

Let {(X i ;) /i€ l} be a family of VT, vague topological space
and (X, 1) be their product vague topological space. Then (X, 1) is
VT, iff (X;, t;)are VT, foralliel

Proof - Let(X;t;)be VT forallie

To show that (X, ‘E) is VTl_ let x Yy € X and x # y.

Let x=ITx, y=ITyithen 3 jE€suchthat x; #y|.

Now since (Xjt))is VT, dy i [ty 1-fy] and V =[t 18] € ¢
jsuch that t yj(x ;) =1,

1-fuj(X J) =l, tvj(X J) :O, 1-fvj(X J) =0 and th(y J) =l, 1'ij(y J)
=1, tyjly j) =0, 1-fy;(y j) =0 .Now consider the basic vague open
sets ITu, ITv | where Uy -V (=[1,1] for KEJ, k# jand U
=Ujand V =V jwhen k=j. Then ITy k, (X) =[inf t (X ) ,inf 1-
fux W1=[L,11, TLU | (y) =[inf t y oy ) .inf 1-fudy 1=[0,0].
similarly TTv  y) =[inf t v (y ) Jinf 1-fuidy =111, TV
(x) = [0,0]. Therefore (X, 1) is VT,

Conversely ,let (X, ) be VT,

To show that (X}, ;) is VT,

Choose x,y; € X suchthat x; # y;

Now, consider x=m X; ,y=m y; where Xi= Vi, i # j and the j " co
- ordinate of x ,y are X j, Y j respectively.

Then X # y therefore since (X 1) is VT; Iy €[ty 1-f] and V=
[t v 1] € © such that U(X)=[1,1],U(y)=[0,0], V(X)=[
0,0],V(y)=[1,1].

5)

. . (@p) (7,
Now, consider the vague points p ey, p €V then
x y

J basic vague open sets TI{J ,

_ (a.p) (7.6)
JTI\/ , in X such that px €NY, SuU and py €

1_l\/igV

(a.8)
px € HU i Su =
< infi 1'fUi o (X,)
—

and IB

o < inf;tya

o < tya(x) , B < 1-fyi o (xj) v i€J

(7.8)
Similarly , we can show that py € HViQ v =7 «<
tw? (y) and

Op<1fa! () ¥ i€

Now, V;= U{Vj} is such that t , (yj) =1, [1-F ;] (y;)=1

Further , since Xi=Yi for i #j

o < tuily) g <1 y) Viel,i#j and

Y <ty (), 0 < 1fy(x) VIE!

Therefore U(y) =[0,0] = =U; (»)=[0.0] = ;¢ Ctu (y) =0,
inf; [1-fui] (i) =0

=ty (¥) =0, [1-fuila(y)=0 .Similarlyt,; (x; =0 , [1-f
vil (x))=0.

Hence (X, ;) is Ty,

4. Limit Point and Derived Set

Definition 4.1:-
Let (X, 1) be a vague topological space and let A be a subset of X.

(a.8)
A Vague point p € X is called a vague limit point of A
X

iff every neighbourhood of that vague point contains a vague point
of A other than that point.

Example 4.2:-
Let X={a, b, c}, 1={0,G1,G,,1} where
G:={{a, [0.4,0.7]),(b, [0.5,0.6]), {c, [0.3,0.7])},
G; ={{a, [0.5,0.7]), (b, [0.5,0.8]),{c, [0.4,0.8])}.
Let A={a,c} is a subset of X.

(0.4,06)

is not a vague limit point of A, because the
a
(0.4,06)
neighbourhood of p is G; does not contain any point of
a
(0.4,0.6)
A other than
P,
(0.3,0.8) (0.4,0.5)
p , p are vague limit points of A,
b c
Definition 4.3:-

Let (X, 1) be a vague topological space and let A be a subset of X.
(a.8)

A point p is said to be a vague isolated point of a subset A
X

(a.8)
of a topological space X if 3 some neighbourhood N of p
X

: . (a.8)
such that N contains no point of A other than p .
X

Example 4.4:-

Let X= {a,b,c} ,17={0,G1,G,,1}where
G1={(a, [0.4,0.7]), (b, [0.5,0.6]), {c, [0.3,0.7])},

G, ={(a, [0.5,0.7]), (b, [0.5,0.8]),{c, [0.4,0.8])}.

Let A={a,c} is a subset of X.
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(0.4,06)

is a vague isolated point of A. since the

a
(0.4,06)

neighbourhood of p contains no point of A other than

a

this point.

Definition 4.5:-

Let A be a subset of a vague topological space (X, t) .A point

(a.8)
p € X is said to be a vague adherent point iff every
X

: (e.) .
neighbourhood of p contains point of A.
X

Example4.6:-

Let X= {a,b,c} ,1={0,G1,G,,1}where
G1={(a, [0.4,0.7]), (b, [0.5,0.6]), {c, [0.3,0.7])},

G, ={{a, [0.5,0.7]), (b, [0.5,0.8]),(c, [0.4,0.8])}.

(0.4,0.6) (0.3,0.45) (0.4,05) )
p ) , p are vague adherent points of
a C

b
A={a,b}.

Definition 4.7:-

Let (X, 1) be a vague topological space and let A be a subset of X
is said to be a vague perfect if it has no vague isolated points is
called vague perfect.

Example 4.8:-

LetX= {a,b,c} ,1={0,G1,G,,1}where

G,={(a, [0.4,0.6]), (b, [0.5,0.8]),(c,[0.3,0.7])},

G, ={{a, [0.5,0.6]), (b, [0.5,0.9]),(c, [0.4,0.8])} and let A={a,b}.
(0.4,0.6) (0.3,0.8) (0.4,0.5)

P, are vague limit points of A.
a
So A is vague perfect.

Definition 4.9:-

Let (X, 1) be a vague topological space and let A be a subset of X
.The set of all vague limit points of A is called the vague derived
set of A.

Example4.10:-
LetX= {a,b,c} ,17={0,G1,G,,1}where
G;1={(a, [0.4,0.6]), (b, [0.5,0.8]),(c, [0.3,0.7])} ,
G, ={{a, [0.5,0.6]), (b, [0.5,0.9]),(c, [0.4,0.8])} and let A={a,b}.
(0.4,06) (0.3,0.8) (0.4,05)
pa1 , are vague limit points of A.

b ' c
So Vp(A) ={a,b,c} .
Theorem 4.11:-
Let A,B be subsets of a topological space. Then

HVo(g)=¢
2) A C B = Vp(A) C Vp(B).
3) Vo(A N B) CVD(A)HV D(B)

“H\ D(AU B) =V D(A)UV D(B)

Proof:-
1y D(¢) c¢ and always ¢ c\/ D(¢) S0
Vo(4)=¢.

2) Let Ac B now show that\/ (A)c\/_(B)

(@

| e sota p°7 i it poi

. px \/ (A)-So that px is a vague limit point
(@p)

of A 3 anbh N of p contains a point of A other than that
X

(a.8)
point. Since Ac B 3 anbh N of p contains a point of
X

B other than pia’ﬂ) EVD(B) So

Vo(A)=V,(B)

) ANBc A ANBCB

V o(ANB)2V ,(A) V ,(ANB)<V/ ,(B)
oV o(ANB)SV (ANV ,(B)

2 Ac AUB,BcAUB

V o(A)2V ,(AUB)V ,(B) <V ,(AUB)
V(ALY ,(B)=V/ o(AUB)

(@.B)

S0 p
X

Now ,we have to show that
V ,(AUB)=V ,(A)UV ,(B)
(a.8)
In a contrary way ,if px = V D(A)UV D(B) =
(a.B)
P, #V,(AUB)
(a.8) (a.B)

P, e V(AU ,(B) = p,
Vo(A) aa p“” 2\ (B)

(a.p)

So px

.Hence

is neither a limit point of A nor a limit point of B

(@)
3 P
neighbour hoods B, and B, of x

B.-{P\|nA=¢ B,-{P\"|nA=9
so p” €\ ,(AUB).
so \/o(AUB) <V, (A)UV ,(B)

Definition 4.12:-
Let (X,T) be a vague topological space and A X .The

such that

intersection of all vague closed supersets of A is called vague
closure of A. It is denoted by A or Vcl(A).
Let X={k,I,m} and t ={0,G;,G,,1} vague topology on X where

G, ={(k.[04,0.6]).(1,[05,0.7]),(m,[0.6,038])}
G,={(k.[05,0.7]).(1,[0.6,0.8]),(m,[0.6,0.9])}

Cc Cc C
= 0’ 1! ) }
So the vague closed sets are 4 { G ! G 2) \where

G:= {(k,[o.4, 0.6]),(1,[0.3,05]),(m,[0.2, o.4]>}
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G.= {(k,[o.3,0.5]>,<|,[0.2,0.4]>,<m,[o.1,o.4]>}

et A {(k,[0.2,0.6]),(1,[0.3,05]),(m,[0.1,0.3])}

S0 Vel(A) = GlC

Theorem 4.13:-
Let A be a subset of a vague topological space ( X, T) then

i) K is the smallest vague closed set containing A.
ii) A is vague closed iff Vcl(A)=A.

Proof:-
i) This is obvious.

ii) If A'is a vague closed then A is the smallest vague closed set
containing A .Hence Vcl(A)=A.

Conversly ,Let A=A, Since A is the smallest vague closed set
containing A.

So A is vague closed.

Theorem 4.14:-

A=AUD(A)

Proof:-
First we prove that AU D(A) is closed.

instead of that [AU D( A)]C = A'ND°(A) is open.

e p e AND(A).

Then pia-ﬂ)e Ac and p(xoz,ﬂ)E DC(A) o pia!ﬁ)g A
and p(:'ﬂ) Z D (A).

so P\ is not a limit point of A There exist no
neighbourhood N of P(Xa'ﬁ ) contains points of A.

soNc D (A)and N A

N AND(A

AN D’ (A) isopen.so AUD(A)isclosed and A is the

smallest closed set containing A.

so Ac AU D(A) and in general
D(A)c A so AUD(A)c A,
so A=AUD(A) .

Ac A and

Definition 4.15:-
Let (X,T)be a vague topological space. Let A — X . A point

(a.8)
p is said to be an interior point of A iff A is a
X

_ (a.8)
neighbourhood of p and 3 an open set G such that
X

(a.8)
p € G A. The set of all interior points of A is called
X

interior of A. It is denoted by A°.
A’=U{G/G is openand G A}.

Theorem 4.16:-
Let (X , T)be a vague topological space. Let A < X .Then

i)A? is the largest open set contained in A .

I1) A is open iff A’=A.

Proof:-

i) By the def of interior point of A , it is obvious.
i) if A’=A then by the def of A°, A is open.

if A is open ,now show that A’=A.

0
since  A? contains every open subset of A s0 AC A and

0
always A" A.

Theorem 4.17:-
Let (X ) T)be a vague topological space. Let AB < X .Then

1)x°:x,¢0:¢.

2). AO c A.
3) AcB=A'cRB’

Proof:-

0
1) Since ¢ and X are vague open sets , ¢ =¢, X ‘=X .

(a.8) 0o (@p)
2)Let px € A , pX is an interior point of A.

) (a.8)

.px

(a.8
A is a neighbourhood of p € A . Hence
X

AOCA

(a.5)
3 AcB, p is an interior point of A,
X

a, (a.8)
Let p( ﬂ)e AO, px is an interior point of A .
X

(a.8)
=> A isa neighbourhood of p and Ac B
X

_ . (a.8)
So B isa neighbourhood of p
X

(a.B) 0

P, B

Definition 4.18:-
Let (X,T)be a vague topological space. Let A < X A point
(«.8)

pX cA

is said to be an exterior point of A iff it is an interior point of
AC
Definition 4.19:-

A (@h) - : :
A point p € A is said to be frontier of a subset A of X iff
X

it is neither an interior nor an exterior.
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Theorem 4.20:-

Let X be a topological space and let A < X .Then a point x in
X is a frontier point of A iff every neighbourhood of x intersects
both A and

Proof:-

p(a'ﬁ) € Fr(A) Iff p(a'ﬂ) & AO and p(a'ﬂ) & Ext (A)

. o (@)
< neither A nor A® is a neighbourhood of p
X

(a.8)

< no neighbourhood of p can be contained in A or in
X

A

(a.8)
< Every neighbourhood of p intersects both A and A®
X

5. Conclusion

In this paper the concepts Vague T, T, T, spaces, vague limit
points ,vague adherent points and vague derived set are introduced
and derive some theorems .So we hoped that these concepts will
raise the concepts vague regular space,normal space and
connectedness.
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