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Abstract

The concepts of fuzzy theory in TI'-semiring in terms of fuzzy TI'-ideals in TI'-semirings are introduced and also we made a study on

some properties of fuzzy TI'-ldeals in TT'-semiring.
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1. Introduction

The concept of TI-semiring was introduced by S. Lavanya, D. M.
Rao and syam Julius Rajendra[2] In the year 2015,  Later they
[3], [4] studied about the characteristics of Tr-ideals in TT-
semirings. In the year 2005 T. K. Dutta and T. Chanda[1] inves-
tigated about fuzzy I'-ideals in T-rings. In 2004, K. Syam Prasad
and Bh. Satyanarayana [5] studied about prime fuzzy ideals in T-
near rings. In this paper fuzzy concept in TI'-semiring was intro-
duced.

2. Preliminaries

Note 2.8: For preliminaries refer the references [2], [3].

3. Fuzzy TT-ideals:

Def 3.1: A fuzzy set ¢ of a TI'-semiring is said to be a fuzzy TI-
sub semiring of Q if
(i) ¢u+v) =min{su), Av)}
(i) Auyvow) > min{du), Av), {W)} Y u, v, w € M
andy, JeT.

Ex: 3.2: Let M be the set of rational numbers and T is the set of
natural numbers. Define a mapping fromMxT x M X T' x M to
M by usual addition and ternary multiplication defined by azbst
=usual product of a, #, b, g, c; fora,b,c € Q, @ F€ I'. Then M
] o ] 1 ifxeQ
isa T I'-semi ring. Define #:M — [0, 1] as u(X) :{

0, otherwise
Then xis a fuzzy T T-semi ring of M.

Example 3.4: Consider theset Z={0, 1, -1, 2, -2, ...... }and T
be the set of even natural numbers. Then with respect to usual
addition Z and multiplication is infinite T I'-semiring. Clearly 2Z
is a proper I'-subsemiring of Z. Define wu:z—[0,1] by

0.9 if xe2Z
£ ={
0.8, ifxe2Z+1

I'-sub semi ring of the TT"-semi ring Z.

It is easy to verify that &isa fuzzy T

Def 3.5: A fuzzy TI -sub semi ring x of a TI-semi ring M is
called improper if u is constant on the T T'-semi ring T, otherwise
L 1S termed as proper.

The 3.6 : Let M be a TI'-semiring and F(M) be the set of all
non-empty fuzzy subsets of TT-semiring M. Ife, f, g, h € F(M),
then

(i) enhN(fug)=enhnfluFnhng)

(i) cuf)ngNnh=EnfNng)ufngnh)

@i gnEeUHNh=@NeNh)yU@NmMnan

The 3.7: Suppose Q be a TI-semi ring and g a fuzzy sub set of
M. Then (i) e(dgmgk) = min{g(d), o(m), o(k)} Vd, m, ke Q
and z, €T and ¢'(d ymyk) = v{s'(d),s'(m),¢'(k)} are equiva-
lent Vd, m keQand_y €.

Proof: Assume that g(d ymyk) = min{o(d), o(m), oK)} V d, m, k
€ Qand z, ¥ e T. We may assume that o(dymyk) = o(d). Then
ad) = g(m) and g(d) < @(k), so ¢'(pyfok)=1- ((dsmyk) =1
- 4(d) = ¢'(d) and ¢'(d) =1 - ((d) = 1 - ((m) = ¢'(m) and
gm) =1 - ¢d) = 1 - (k) = ¢'k) Therefore,
&'(d ymk) =v{g'(d),g'(m),g’(k)} vd mkeQand y ¢¥€T.
Conversely, suppose that ¢'(d ymyk) = v{s'(d),s'(m),¢'(k)} Vv d,
m,k € Q and _y; € T'. We may assume that ¢'(d ymywk) = ¢'(m) .
Then ¢'(d) = ¢'(m) and ¢'(d) = ¢'(k)so 1 - ¢((dymyk)=1 -
¢qd),1-¢d)= 1-¢m)and1-¢(m) = 1- ¢(k). Thus ¢(dzmgk)
= ¢(d), ¢(d) < ¢(m) and ¢(d) < ¢(k). Hence ¢(dymygk) = min
{o(d), o(m), oK)}V d, m, ke Qand y, Y€T.
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Th 3.8: Let R bea Tr-semiringand K c R, K # . Then
K is a TT-sub semi ring of R iff the fuzzy subset 7z is a fuzzy
Tr-sub-semiring of R.

Proof : Obviously, 7z is a fuzzy subset of R. Letu, v, w € R and
y, JET. IfugKorve Korw ¢ K, then z(u) =0 or z(v) =0
or z(w) = 0, then z(u+v) = 0 = min{z(u), z(v)} and
mupow) = 0 =min { z(u), z(v), 7Zk(w)}. Letu, v, w e K.
Then 7z(u) = zk(v) = zw(w) = 1. Since u+v € K, upwdw €
KI'KIK cK, we have z(u +v) =1 > 1 = min{ z(u), z(v)}
and zZg(updw) = 1. Thus zZ(upwdw) = 1> 1 = min {z(u),
z(V), 7zx(w)}. Therefore the fuzzy subset 7z is a fuzzy TI-sub-
semi ring of R.

Conversely, suppose that u, v, w € Kand y, 5 € I'. Then 7z (u) =
(V) = z(w) = 1. Since 7y is a fuzzy TI-sub semiring of R, we
have 7z (u+v) = min{z(u), 7x(v)} = min{1, 1} = 1. Thusu+v
€ Kand z(upvdw) = min { z(u), 7z (v), 7zk(w)} = min {1, 1,
1} = 1. Thus z(upvdw) =1 and hence upvdw € K. Therefore K
is a TI'-sub semi ring of R.

Def 3.9: A non-empty fuzzy sub-set ¢ of a TI'-semiring Q is
called a fuzzy L(La, R) TI-ideal or simply fuzzy left TT-ideal of
Qif
() efu+v) = Mefu), o)}
(i) Aupvdi) = W) Aupvdi) > Av), Aupvd) > gu)] v
uv,weQ, vy Jger.

Ex 3.10: Let Q = {0, s, t, u} and I be the non-empty set of binary
operations such that «, F€ T is defined below:

c|~|lv|o|lo
wlc|lc|— |
| ln|Cc|c

+
0
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t
u

Lol Kl ol MO0 N %0
o|o|o|o|o
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u
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~|lOo||o|»
clolc|o|ce

L£10]s [t]u
0/0|]0 |OfO
s|s|s |s]s
t 00 |O]t
u|s|s |sju

Clearly Q is a TI-semi ring. Define a fuzzy subset z: Q — [0, 1]

1ifx=0, a
by 7(x) ={

0, otherwise

. Clearly, 7 is a fuzzy L-TT-ideal of Q.

Def 3.11: A non-empty fuzzy sub-set @ of a TI'-semi ring Q is
called a fuzzy TT-ideal of Q if

() @ (f+g)=min{xf), 79)}

(if) a(fygoh)2a(f) V@ (g)va(h) foranyf,g,heQand y,5€l.

Ex 3.12: Let the set of -ve integers with 0 be P and the set of
negative even integers with 0 be T'. Then P is a TT'-semi ring if u +
v, upvow as well as aupvy denote the usual multiplication of inte-
gersu, y, v, J, w as well as a, u, B, v, y respectively where u, v, w
€EQaswellasa. f y, JET. Let 7 be a fuzzy sub-set of Q, de-
fined as follows:

1 ifm=20
n(m) = 0.1, ifm=-1-2
0.2, ifm<-2

Then 7 is a fuzzy TT-ideal of Q.

Ex 3.13: Let M = {0, u, v, w}and I' = {«, £} be the non-empty set
of binary operations defined below:

+ [0 Ju |v [w |0 |u |v [w
0 |0 [u |v |w 0 |0 [0 |0 |O
u |u |[v |w|u u |0 (v [0 |u
v |v |w |[w |u v |0 |v [0 |w
w |w v [u|v w [0 |0 |0 |V

F |0 Ju v |w

0 |0 |0 |0 |O

u (uju |u |u

v |0 |0 |0 |O

w |u|fu/ju|w

Obviously, M is a Tl'-semiring. Moreover the fuzzy set 7z: M —
[0, 1] defined by 7(0) = 0.7, z(u) = 0.6, (V) = z(w) = 0.3 is a
fuzzy TT-ideal of Q.

Th 3.14: Suppose {z;:iel}is a family of fuzzy L-(La, R)
TI -ideals of TI -semi ring T, then (N 7;)(u) is a fuzzy L-

iel

(La, R, TI -ideal) TI -ideal of Q.

Proof : Let {r; i e} beafamily of fuzzy L-TI -ideals of TT" -
semiring T. Let w= Nz. Letu,vw €Q, y, € I' . Since

iel

(N 7z)(u) = min {z;(u):iel} and each 7, (U) is a fuzzy L-
iel

TI -ideal of Q. Therefore,
(N 7;)(k +Vv) = min{rz; (k +v)}
iel

min{min{z; (k), 7; (V)}
= min{min{ 7z; (k) }, min{{ 7; (v) }}. and
7(kyvao) > 70), 1 € | and vk v,0 €Q, vy, SET.
Now 7z(kyvso) = (N 7z;)(kyvso)
iel

= min{ (7z;)(kyvoo) : 1€ 1}
> min {7;(0):iel}
= (iﬁI 7i)(0) = 7(0) .
Therefore z(kyvso) = z(0) and hence m= (1 7; is a L- fuzzy

iel
T1I -ideal of Q. Similarly, we can prove the remaining two parts.
Theorem 3.15: If {r;:iel}is a family of fuzzy left (lateral,
right) TI" -ideals of I" -semi ring T, then (U 7;)(g) is a fuzzy
iel
left (lateral, right, TI" -ideal) T I -ideal of H.
Proof : Let {z;:iel} be a family of fuzzy left TI -ideals of
TI -semiring H. Let 7= Uz. Letk v,0 €H,y,8€ T

iel

Since (U 7;)(k) = max {z;(k): iel} and 7(Kk) is a fuzzy left
iel

TT -ideal of S forsome i el . Therefore,
(e +v) = max (k + )}

icl
= max{min{z; (), 7 (V)}
= max{min{ 7; (k) },min{{ 7; (v) }}and
7zi(kyvdo) > 7(0), iel and vk, v,0 €H, vy, JET.
Now 7z(kyvso) = (U 7;)(kyvso)
iel
= max{ (7;)(kyvdo) : iel} = max {7(0):iel}
= (Ur)(o) forsomeiel = z(w).
Therefore z(kyvs0) = 7(0) and hence 7 = U 7; is a L- fuzzy

iel

TT -ideal of Q. Similarly, prove the other parts.
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Th 3.16: Let P(#@) be a subset of a TI'-semiring Q and m; be
the characteristic function of I, then | is a L(La, R) TT-ideal of
Q iff 4 is a fuzzy L(La, R) TI-ideal of Q.

Proof: Let P be a L-TI-ideal of a TT'-semi ring Q. Letx,y,z€ Q
and p, JET, thenx+y e land xpydz € lifz € I. It follows that
X\(x + y) =1andX\(xpydz) = 1= X\(2). Ify ¢ I, then X(z) = 0.
In this case X\(Xxpyd) > 0 = X(z). Therefore X, is a fuzzy L-TT-
ideal of Q.

Conversely, suppose that X be a fuzzy left I'-ideal of S. Let x, y
€l thenif x,yel, thenX,(x) = Xy(yy=1and X\(X + y) =
min{ X,(x), X;(y)} = min {1, 1} = 1. Thusx+y e l. X (X) =
Xi(y)=1 Nowletxelands teQ, , §€T. Then X|(x) = 1.
Also X\ (sptdx) = X\(x) =1. Thussptdk € 1. So lisa L-Tr-ideal
of Q.

In the similar manner one can prove remaining two parts.

Th 3.17: Suppose X be a L(La, R) TTr-ideal of a TI'-semi ring
V and < 8+ 0 be any 2 elements in [0, 1], then the fuzzy sub-

Oifxel
set zz of X, defined by z(x) = is a fuzzy L(La, R)
¥ otherwise

Tr-ideal of X.

Proof: Let X be a L-TT'-ideal of a TT-semi ring V and «, £ € [0,1].
Lets, t,x,yeTand p, SET. Ifx,x+y € |, Z(x +y) = min {z(x),
uX)}=a=>a<upux+y) andifxe¢l,x+yel, then &= pu(x +
y) = min {7(x), 7(x)} = a. Therefore, z(x + y) = min { 7(x),
z#(X)}. Now x € X, then sptdk € X and z(X) = & = #(SytdX).
Therefore 7z(x) = zZ(sytdx). If x € X then u(x) = y <8 = m(Sytdx)
and then 7z(sytdx)= 7z(x). Thus z(sptdk)= 7z(x) Vs, t, x € V and
7, JE€T. Hence zis a fuzzy L-TT-ideal of V. Similarly, prove
the other parts.

Th 3.18: Let V be a TI'-semi ring and zz be a non-empty fuzzy
subset of V, then zis a fuzzy L(La. R) TrI-ideal of V if and
only if my’s are L(La. R) TT-ideal of V for all t € Im(z) where
m={XEV :ux)=>t}.

Proof: Let 7 be a fuzzy L-TI-ideal of V. Lett € Im(m), then 3 &
€V z(a)=tandso «€ 7. Thus z#@. Leta,q€ mthena+q
> timplies that 7z(a + ) = min {#(a), #z(q)} =t and hence #(a +
p) =t. Thereforea+q€ 7 . Now leta € 7 then z(a)>t. Again
lets,teV,e€ mand p, SE€T. Now z(sptde) = 7n(e) = t.
Therefore, sytde € 7. Thus 7 is a L-TT-ideal of V.

Conversely, suppose that 7’s are L-TI-ideals of V for all t €
Im(z). Againleta,qeV,s,teVand p, JE€T, then z(a) = 7(q)
=t. Since 7 is a L-TT-ideal of V and hence a + q, sptda € 7.
Therefore 7 7z(a + ) = min {#z(a), #(q)} =t and 7(Sytda) >t=
7z(a). Hence 7 is a fuzzy L-TT-ideal of V. Similarly, prove the
other parts.

Def 3.19: Let V be a TI-semi ring and 7 be a fuzzy L(La, R) TT-
ideal of a TI'-semi ring V. Then the TTT-ideals z’s are know as
level L(La, R) T/-ideal of zwhere t € Im(7).

Th 3.20: Let 7z be a fuzzy L(La, R) TT-ideal of a TI'-semiring
Vand t; > t,. Then i, =7, where t;, t; € Im(z), equality oc-

cursiff thereisnox € Vot < g7(x) <t,.

Proof. The 1% section of the theorem follows easily. Now let 7 be
a fuzzy L-TI-ideal of V 37, =17, . If possible 3u € V3 t; < /(X)

<t,. Thenx € », butx &z, , itis contradiction. So3nox €V 3

t <7Mx) <t..
Conversely, Let 7is a fuzzy L-TT-ideal of V 3 there does not exist
X € Vwith t; < 7AX) < tp. =ty < t;, then 5, <, (by Definition

3.15). If possible 7, =7, . Thenthereissomey € V3ye€ 5, but
Y&, ie Ay) Ztibut Ay) <t i.e, ty < Ay) <ty itis a contra-

diction to our assumption. Hence, 7, =7, . Similarly, prove the

other sections of the statement.

Th 3.21 : Suppose V be a TT-semi ring. Every L(R)-T-ideal of
V is two-sided iff every fuzzy L(R)-T-ideal of V is fuzzy two-
sided.

Th 3.22: Let ¢be a fuzzy subset of a TI-semi ring M. Then ¢
is a fuzzy TT-ideal of M iff v t € [0, 1], if ¢ # @, then ¢’ isa
Tr-ideal of M.

Proof : Assume ¢is a fuzzy TT-ideal of M. Then ¢(a+p) = A{¢(a),
¢(p)} and ¢(aypow) = ¢(a) VvV G(p) vs(w) for any a, p, w € M
and p, SeT. Thus ¢(a) >t. Since ¢is a fuzzy TT-ideal of M, ¢(a
+p) = min{ ¢(a), ¢(p)} >tand

s(aypow) =¢(a) vV G(p) ve(w) = ¢(a) > t.

Therefore, a + p, aypdweg’ .

Similarly, a + p, aypoweg’and a + p, aypdweg’ = ¢’ isa
TTT-ideal of M.

Conversely, suppose that for all t € [0, 1], if ¢ # @, then ¢} isa
Tr-ideal of M. Let a,p,we Mand p, SE€T.

Case 1: g(@)>¢g(p)=&(w). Thus aeg’ Vi<g(a).

By our supposition, we have ¢° is a TT-ideal of M V t<¢(a) .
So aypsweg’ Vi<g(a).

Then ¢(aypsw) >t V t<g(a).

Then ¢(aypow) =¢(a) = ¢(a) V G(p) ve(w) .

Case 2: g(@)<g(p)<g(w). Then, peg’ Vit<g(Ww).

By our supposition, we have ¢’ is a TT-ideal V t < g(w) .

So aypsweg’ Vi<g(Ww).

Then, ¢(aypow) >t Vt<g(w).

Then g(aypow) =g(w) = ¢(a) V G(p) v s(w) .

Therefore ¢is a fuzzy TT-ideal of M.

4. Conclusion

many of the researchers were studied about fuzzy ideals in semi-
groups, y-semigroups, ternary semigroups, semirings and near
rings. here, we extended those concepts to fuzzy ty-ideals in ter-
nary y-semirings.
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