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Abstract

A combination of Pareto and Rayleigh distributions considered for a new T-X probability model named as Pareto-Rayleigh distribution
(PR distribution). We have chosen a life time random variable X from PR distribution whose lots are to be decided for acceptance or
otherwise based on sample lifetimes drawn from the lot. A sampling scheme is developed in such way that the sample is divided into
different groups and experiment is terminated whenever the first failure noticed in each group. The theory of ordered statistics is applied
for the criterion of acceptance and is compared with the similar works proposed by other authors.

Keywords: Group sampling plan; PR - distribution; Reliability test plan; truncated life tests; T-X family.

1. Introduction

For assessing the time to failure of an item generally we carry out
life test experiment on sample products. The most general practice
in life testing experiments is to terminate the test at a prefixed time
and the number of failures in the time period will be observed or
when a prefixed number of failures are realized. The former ter-
mination is generally called truncated life tests/time censored life
test and the latter is called a failure censored life test.

A sampling plan in which the experimenter can decide to group
the test units into several groups and then conduct the life-tests on
all the groups simultaneously until the first failure in each group is
realized (Johnson 1964 [1]). Based on the recorded first failure
time in each group if a decision process of submitted lot regarding
the acceptance/rejection is developed, the procedure may be
named as Limited Failure Censored Life Test Sampling Plan
(LFCLTSP). Balasooriya (1995) [2] proposed a sampling plan for
the two-parameter exponential distribution. Wu and Tsai (2000)
[3], Wu et al. (2001) [4], Jun et al. (2006) [5] have proposed
LFCLTSP on Weibull distribution, with respective distinct ap-
proaches in working out the parameters of the sampling plan. Kan-
tam and Ravi Kumar (2016) [6] developed LFCLTSP for Burr
Type X distribution. Subba Rao et al. (2016) [7] worked on Eco-
nomic Reliability Sampling Plan with PR distribution.

The present paper dealt with a new transformed probability model,
Pareto-Rayleigh Distribution and attempt is made to develop
LFCLTSPs for Pareto-Rayleigh distribution on lines of Jun et al.
(2006) [5] in Section 2. We proposed a new criterion alternative to
that of Jun et al. (2006) [5] and is applied to Pareto-Rayleigh dis-
tribution to construct a new LFCLTSP in Section 3. The two
methods are compared through an illustration in Section 4.

2. Construction of Sampling Plan by Method |
(Suggested by Jun Et Al.)

The cumulative distribution function of the Transformed Trans-
former family of models proposed by Alzaatreh, et al. (2012) [8]
is given by

log[1-F (x)]

G =] r(t)dt @)
If a random variable T follows the Pareto distribution type IV with
parameter o and another random variable X follows the Rayleigh
distribution with parameter o then using equation (1), we get a
new Transformed Transformer family of distribution called Pare-
to-Rayleigh distribution (P-R distribution) and its CDF and PDF
are given as equations (2) and (3)

J—
G(x):l—{l+zxz} ; x>0,a>L0>0 @
o
[24 X2 ot (3)
g(x)=—x 1+ﬁ ; x>0,a>1,06>0
o (o}

Where a, o are respectively the shapes and scale parameter

Based on the number of available testers for experiment the total
number of products, say N, divided into groups of equal size so
that N = m x n where n is number items in each group and m is
number of groups. The items on different testers in each group are
tested identically and simultaneously. The first group of items is
run until the first failure noticed. At this point the surviving items
are suspended and removed from testing. An equal set of new
items numbering n is next tested until the first failure. This pro-
cess is repeated until one failure is generated from each of the m
groups. In the end, m failures are observed while (n —1)m items

O
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are suspended. When testing the original sample of N items, the
characteristics like number of testers m, groups size n and the
probability values p are considered parallel to that Jun et al.
(2006) [5] and developed LFCLTSP for Pareto-Rayleigh distribu-
tion (PR distribution) for various values of a.

In this paper, we assumed that X is a random variable follows
Pareto-Rayleigh distribution with a known shape parameter (a). L
is a lower specification limit (L) regarding the life time, p, is a
desirable lot quality level (proportion of non-conformities) at the
pre-specified producer’s risk a*. p; (> po) is an undesirable lot
quality level (proportion of non-conformities) at the pre-specified
consumer’s risk # and c is acceptance number.

Let the life time of a product be given by Pareto-Rayleigh distri-
bution with shape parameter a so that cdf is given by the equation

(2). Let L denote the plh quantile of a Pareto-Rayleigh variate, we
can define equations (4) and (5) such that

GL)=p 4)
If p is given, the corresponding L is obtained from

-1
w=L= 2[(1— p)« —1} ®)

Product with life time less than L is considered nonconforming.
Suppose the producer and the consumer have an agreement that

lots with non-conforming fraction less than or equal to p, are

considered to be good and have to be accepted with probability of
at least 1 - a* Here a* is called producer’s risk. Furthermore,
suppose that lots with non-conforming fraction greater than p, (>
po) are not acceptable to the consumer and should be rejected with
a probability of at least 1- . Here f is called consumer’s risk.

If a random sample of N items grouped into m groups of size n

each is put to test, an LFCLTSP on lines of Jun et al. (2006) [5] an

LFCLTSP can be constructed with the following decision process.

o Observe Y; the time to the first failure in the i™ group (i = 1,
2, ..., m).

e Calculate the quantity. V = ZY.

i=1

e Accept the lotif V > cL and reject the lot otherwise

In order to get the plan parameters m and c, we need the percen-
tiles of the sampling distribution of V which is the sum of m i.i.d
observations on the first order statistic in a random sample of size

n modeled by Pareto-Rayleigh distribution with shape parameter .

In view of the mathematical structure of the Pareto-Rayleigh mod-
el the sampling distribution of V cannot be analytically tractable.
We therefore resorted to the empirical sampling distribution of V
for various known values of the shape parameter « are calculated
(o =2, 3 and 4) and tabulated the percentiles of V in Tables 1
through 3 for o = 2, 3, 4; m = 2(1)10; n = 5, 10.

If G(.) stands for the cdf of the random variable V, the percentiles
in Tables 1 through 3 are the values of G™(p) . If Gk**(q) stands
for the gth percentile of V with the shape parameter o. Considering
the inequalities of (6) and (7) are proposed Jun et al. (2006) [5].

G, (new,) <o’ ®)
G, (new,)>1- 3 @)
new, <G (1-a*) (8)
now, <G, (5), ©

which jointly lead to

.
w, _G (1-a%)

w G'(p)

Therefore, we can find m by choosing the smallest integer satisfy-
ing (10). The acceptability constant ¢ can be obtained from the
equality case in either of the expressions (8), (9). We have tabulat-
ed the values of m and c determined for the same combinations of

(10)

p,, p, as chosen by Jun et al. (2006) [5] and are presented in

Tables 4 through 6 for a = 2, 3, 4. It may be noted that m is
solved as integer values only and m, c depend on the shape
parameter a of the Pareto-Rayleigh distribution.

3. Construction of Sampling Plan by Method -
Il (Suggested by Kantam And Srinivasa
Rao)

The statistic V = )Y introduced for the decision process of the
sampling plan described in Sections - 2 seems to have been con-
sidered as the total test time to get the limited failure censored

sample - Y,Y ,...Y which are m first order statistics in m inde-
pendent random samples of size n each. If Z denotes the maximum
of Y,Y,,...Y it may also be viewed as the total test time / exper-

imental time as obtained by Kantam and Srinivasa Rao (2004) [9].
Hence, larger realized value of Z can be considered as an indica-
tion that the products in the submitted lot have longer life prompt-
ing one to consider the lot as a good lot for acceptability. In other
words, “Z > cL ” can be taken as a criterion of acceptance of the
lot. Thus, we propose the following decision rule in method I1.

(i) Draw a random sample of size N = mxn and allocate n items
to each of the m  groups.

(ii) Observe Y; the time to the first failure in the ith group (i=1,2,

(iii) Identify the quantity . Z = Max (Yl,Yz,...,Ym)

(iv) Acceptthe lotif Z > cL and reject the lot otherwise

Using the theory of order statistics, we can get the cdf of Z in a
closed form as long as the cdf of the base line distribution is in a
closed form. Hence the percentiles of Z can be used to get the
design parameters m, c analytically. For our focal distribution
namely Pareto-Rayleigh distribution with shape parameter o, the
following is the analytical procedure of calculating design parame-
ters of LFCLTSP by Method - I1.

Let X,X ,..X be a random sample of size n from Pareto-

Rayleigh distribution. The cdf of least of X , X ,...X is given by

F(n(x):l*[l*':(x)]n (11)

Fm(x)_l_[lm_z} @
20

Y.,Y,,...Y of the limited failure censored test are now a random

sample of size m from F (x) . Hence, the cdf of Z — the largest of

Y,

6., (2)=[F, ()] (13)

Y_ is given by
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G, (z)=91- 1+X—2
20

(14)

The design parameters m and ¢ of LFCLTSP are obtained with the
help of percentiles of G(m) (z)given in (14). If a* and /5 are

respectively the producer’s and consumer’s risks for desira-
ble/acceptable lot quality level py, undesirable/lot tolerance quality
level p; then m and c are the solutions of the following two ine-
qualities.

G (ow)<a* (15)
G, (cw)>1-p (16)
Where wy and w; are as defined in Section — 2.
The inequalities (15), (16) respectively imply
ow, <6 (1-a*) 17
-1

cw, =G, () (18)
Which jointly lead to

G'(1-a
W < M (19)
w,. G (p)

Therefore, we can find m by choosing the smallest integer satisfy-
ing (19). The acceptability constant ¢ can be obtained from the
equality case in either of the expressions (17) and (18). We have
tabulated the values of m and c analytically determined for the

same combinations of p_,p as chosen in Method I and are

presented in Table 4 through 6 for a = 2, 3, 4 along with the val-
ues of the design parameters of LFCLTSP of Method - I.

4. Illustration

From Jun et al. (2006) [5] we consider the following example in
which a sample of 6 groups of size 5 each are put to test and the
first failure times in each group are recorded as follows

Y =120, Y =200, Y =185, Y =55, Y =265 and Y =90

From Table 4, we consider the combination of po=0.01, p,; = 0.05,
o* = 0.05, = 0.1, shape parameter a = 2 and the number of test
positions (size of each group, n) =5 which give 5 subgroups (test-
ers) according to Method | and 6 subgroups (testers) according to
Method II.

Using equation (5), we get the value of L is 0.100377. The deci-
sion procedure as per method 1 is to accept or reject the lot accord-

ing as Z\( is less than or greater than or equal to cL here ¢ is

i-1

given in Table 4 namely 12.76334. That is, Z:Yi =825,

i=1

cL=1.28115. Since Y)Y > cL we conclude that the lot from
which the sample is drawn is to be rejected.

The decision procedure as per Method — Il is to accept or reject
the lot according as Max (Yl’YZ"”’Yﬁ) is less than or greater than or
equal to cL where c is acceptability constant.

For this situation MaX(Yl'YZ’""Ys) = 265 and CL =0.44079
Max(Y,.Y,,....Y, ) > cL

Since , we conclude that the lot from which
the sample is drawn is to be rejected

4. Conclusion

As per illustration we see that both the methods lead to the same
conclusion under the same parametric combinations like pg, p;, a*,
B. However, the conclusion based on Method — I is from the
simulated results, where as the conclusion based on  Method — I
is from exact results. This is already mentioned in the narration of
the methods separately. We may recall that Method — | requires
percentiles of sum of ordered statistics and Method — Il requires
percentiles of extreme ordered statistics. Generally, the latter is
theoretical, and the former is empirical. As theory suggest theoret-
ical results are more acceptable than empirical.

Table 1: Percentiles of V = Y fora=2
\\
" \,}” 099865 0995 | 099 | 0975 | 085 | 08 | 01 | 005 | 0025 | 001 | 0005 |0.00135
\‘\
3 |5 |20 1891 | 171835 155887 5[ 125419 043419 [ 035260 | 0.28963 | 022788 | 019696 | 0.15207
10 | 134453 120736 | 113989 | L0738 7[0.65946 | 030850 | 025079 | 0.20670 | 015947 | 0.13243 | 0.10507
NE 46711 | 231179 211863 3] 177109 ] 076022 | 0.64903 [ 036103 | 046834
10 | 178602 | 164188 | 155379 | 142393 | 133141 053577 | 043969 | 039957 | 033204] 0295
o |5 330004 30507 265152 26311 | 246805 26247 108694 [ 095662 055442 078406 066500 | 05546
10 | 219081 | 200741 | 197384 | L801SS | 168708 | 136230 075511 | 067082 | 039697 | 04761 | 0.44220 | 037698
o |5 |38039 351275 338454] 316668 | 295621 | 273857 | 143522 | 128115 116326 | 101677 092961 081202
[0 1 230087 | 215383 | 203051 099370 | 089647 | 081817 | 0.72397 | 065465 | 0.36002
¢ |5 [43mme] 410341 | 59082 31| 17747 | 160382 | 146749 | 131866 | 122576 | 103733
10 | 294605 | 279591 | 268660 5| 124191 | 1.12914| 103985 | 092758 | 0.86509 | 0.76406
|5 [amer| e[ 445506 213974] 195572 | 178166 | 160222 | 148449 126059
S R B 148199 | 136445 | 126030 | L1370 107307 | 093489
NE 18377 498030 78 248183 | 220467 | 111338 | 192279 | 182745 | 133082
I 176 139250 | 148363 | 136801 | 129281 | L1974
NIE 369974 262720| 246088 | 228216 214904 | 185072
0] 3840 332080 185074 | 172275 | 138521 | 130112 | 140181
1o | 67| 623345 563601 7| 5.06455 | 320775 | 297636 | 278409 | 235852 | 241791 | 222800
10 | 432136 426440 | 407971 | 386711 | 369331 | 330200 | 224708 | 208718 | 196315 | 180061 | 169792 | 157047

Table 2: Percentiles of V = Z\( fora=3

m \N 099865 | 0995 | 099 | 0975 | 095 09 01 005 | 0.025 | 001 | 0.005 | 0.00135

5| 158900 | 143406 | 135599 | 1.23939 | 112357 | 100362 | 035332 | 028741 | 023620 | 0.1839 | 0.16074 | 0.12409
10| 1.07740 | 0.97072| 091397 [ 084472 73| 0.69505 | 0.25140 | 0.20446 | 0.16865 | 0.13014 | 0.10811 | 0.08577
5| 216063 | 194655 | 183163 | 1.68645 | 155888 | 141764 | 0.61770 | 0.52812 | 0.45707 | 038186 | 0.32816 | 0.24812
10| 142570 | 131726 | 125173 | 1.14762 | 1.07464 | 098717 | 0.43621 | 0.37450 | 032550 | 027097 | 0.24119 | 020307
5| 260983 | 241401 | 226557 | 2.09386 | 197006 | 1.81110 | 0.88192 | 0.77815 | 0.69549 | 0.60638 | 0.54146 | 045242
100 /175582 | 160943 | 154748 | 145272 | 136281 | 1.26305 | 0.61496 | 0.54632 | 048678 | 0.40391 | 0.36085 | 030764
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5 [487699 | 455140 | 435816 | 4.14038 | 3.93471 | 3.69484 | 229749 | 213045 | 199404 | 1.85526 | 174257 | 152936
10327708 | 3.10539| 3.0119 [ 284870 | 2.71469 | 257442 | 1.61209 | 1.50537 | 1.40204 | 128999 | 122275 | 114204
10 5 |5.19107 | 495988 | 477695 | 451155 | 430630 | 4.06246 | 259741 | 241270 | 225941 | 2.0754 | 196686 | 180922

10| 364620 | 343920| 329327 [3.12455 | 2.98640 | 2.83581 | 1.82873 | 1.69794 | 159664 | 1.46578 | 138364 | 127992
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Table 3: Percentiles of V = Z\( fora=4

Table 5: Design Parameters of LFCLTSP of Methods —I and Il for a =3,
a*=0.05and $=0.1

i=1 m [~
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0.2 1 7 1 7 | 154788 | 2.04874 | 1111654 | 1.43308
025 | 1 5 1 5 | 154788 | 177475 | 1111654 | 1.24867
03 | 1 4 1 4 | 154768 | 158771 | 11.11654| 1.11818
0.5 | 1 2 1 2 | 154768 | 0.89337 | an/a | 070130
01 | 02 | —
04 | 3 6 3 5 | 2.91060 | 133825 | 3.70551 | 0.8682%
0.5 | 2 4 2 4 | 197477 | 110405 | 555827 | 0.77755
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