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Abstract

In this paper, we obtained a unique common coupled fixed point theorem using Caristi type contraction in modular metric spaces. Also

furnished an example to support our main results.
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1. Introduction

Fixed point theory is one of the very popular tools in various
fields. Since Banach introduced this theory in 1922 [1], it has been
extended and generalized by several authors. Caristi type fixed
point theorem is one of these generalizations. It is modification of
& — variational principle of Ekeland [6]. It is crucial in nonlinear
analysis, in particular, optimization, variational inequalities,
differential equations and control theory. The notion of modular
space was introduced by Nakano and was intensively developed
by Koshi, Shimogaki, Yamamuru [16] and others. A lot of
mathematicians are interested in fixed point of modular space. In
2008, Chistyakov introduced the notion of modular metric space
generated by F — modular and developed the theory of this space.
In this section, we will give some basic concepts and definitions
about modular metric spaces.

Definition 1.1 [4] Let X be a nonempty set, a function
W: (0,00) X X X X = [0, o] is said to be a metric modular on X if
it satisfying, for all x,y,z € X the following conditions holds

I Wy(x,y)=0forallA >0 x=y;

(i) Wa (x,y) = Wy (y,x) forall A > 0;

(iii)) Wy + u(x,y) < Wy (x,2) + W, (z,y) forall A, u > 0.

If instead of (i), we have only the condition

(i) Wo(X,X) = 0 for all A > 0, then W is said to be a (metric)
pseudo modular on X. The main property of a metric modular [9]
W on a set X is the following: given x,y € X, the function
0 <A Wy (xy) €[0,00] is non increasing on (0, o). In fact, if
0 < p < A, then (iii), (i) and (ii) imply

Wi(xy) © Wi, (xx) + W, (x,y) = W, (x,y). It follows that at
each point A > 0 the right limit W, ,(x,y) = ul_g‘r}rowu(x, y) and

the left limit
W_o(xy) = lirpowx_s(x,y) exist in [0,o] and the following
€

two inequalities hold: Wy, (%, y¥) © Wy (x,y) © Wh_o(X,¥).

Theorem 1.2 [7] Let Xy be a complete modular metric space
and T a contraction on X,,. Then, the sequence (Tx), € N
converges to the unique fixed point of T in X, for any initial
X € Xy-
Now we give some definitions, which are useful for our main
results.

Definition 1.3 [4] Let X,, be a modular metric space. Then
following definitions exits:

(i) The sequence (x,)n € N in X,, is said to be convergent to
X € Xy If Wi (x,,X) = 0,850 - o0

(ii) The sequence (x,)n € N in X, is said to be Cauchy if

W1 (Xm, Xp) = 0,85 m,n - o

(iii) A subset C of X,, is said to be closed if the limit of a
convergent sequence of C always belong to C.

(iv) A subset C of X,, is said to be complete if any Cauchy
sequence in C is a convergent sequence and its limit is in C.

Definition 1.4 [4] An element (x,y) € X X X is called a coupled
fixed point of a mapping F: X X X - X if F(x,y) = xand F(y,x) =
y.

Definition 1.5 [4] An element (x,y) € X X X is called

(i) a coupled coincident point of mappings F:X x X — X and
f: X —» Xif fx = F(x,y) and fy = F(y, x).

(if) a common coupled fixed point of mappings F: X x X — X and
f: X > Xifx =fx = F(x,y) andy = fy = F(y, x).

Definition 1.6 [4] The mappings F:X x X - X and f: X — X are
called w - compatible if f(F(x,y)) = F(fx, fy) and f(F(y,x)) =
F(fy, fx) whenever fx = F(x,y) and fy = F(y, x).

Introduction to Caristi fixed point theorems.

In 1976, Caristi proved the following famous fixed point theorem.
Theorem 1.7 [7] Let (X,d) be complete metric space and
f: X - R be lower semi continuous function and bounded below
function. A mapping T: X — X is said to be Caristi type map on X
dominated by f if T satisfies d(x, Tx) < f(x) — f(Tx) for each
x € X. Then T has a fixed point.
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It is well-known that the Caristi’s fixed point theorem is one of the
most valuable generalization of the Banach contraction principle.

Definition 1.8 Let (X,d) be metric space. An extended real
valued function f:X — (—oo,+o0] is called a lower semi
continuous function at w € X if for any sequence in {x,} in X with
X, = wasn — oo, we have f(w) < liminf;,_,,f(x,). The function
fis called a lower semi continuous functions on X is f is lower
semi continuous at every point of X.

2.Main Results

Theorem 2.1 Let X be a modular metric space and let

SST:XxX—-Xandf g X — X. Define W: (0,00) X X X X = [0, ]

as

(2.1.1) W;\(S(X, y), T(u, V)) < (fx,gu) — L|J(S(X, y), T(u, v))
+o(1y, gv) — ¢Sy, %), T(v, u))

where s, ¢: X X X —= [0, ) are lower semi continuous functions

(2.1.2) SXx X) € g(X) and T(X x X) < f(X)

(2.1.3) (S,f) and (T, g) are w-compatible

(2.1.4) either f(X) or g(X) is complete. Then S, T, f, g have unique

common coupled fixed point.

Proof: Let x,,y, be arbitrary points in X. From (2.1.2), there
exist sequences {Xon}, {V2n}{Z2n} and {w,,} in X such that

Zyn = 8%zn+1 = S(Xzn, Yan)s

Won = 8Y2n+1 = S(Yzn X2n)s

Zon+1 = Xonyz = T(Xon+1 Yans1)s

Wont+1 = Vaniz2 = T(Van+ 1 X2ns1)s n=012,--

Choose A = 1.
If Zyn = Zynyq @nd Wy, = Wy, then the results is proved.

Suppose Z,, # Zzntq ANd W # Wangq
Now
0 < W (Zzn, Zan+1)
= Wi (SXzn Y2n) T(Xz2n+1,Y2n+1))
< Y(fxzn, gXan-1) — lIJ(S(XZn' Yan) T(X2n+1ly2n+1))
+&(fy2n, 8Y2n4+1) — ¢(S(y2n1X2n); T(Yzn+1s X2n+1))
< U(Z2n-1,Z2n) — W(Z2n, Zon+1) + G(Wan_1, Wap)
— &(Wan, Wany1)-

Therefore

U(Zzn) Zans1) + G(Wan, Wany1)
< Y(Z2n-1,Z2n) + G(Wan_1, Wap).

This shows that the sequences {W(zyn, Z2ns1)} and
{d(Wan, Wani1)} are a non-increasing sequence of non-negative
real numbers. So it must converges to k,, k, = 0 respectively.
Suppose k; > 0 ork, > 0.

Letting n — oo in the above relation, we get a contradiction.
Therefore

lim Y(Zan, Z2n41) = lim G(wWap, Wopyq) = 0.
n—oo n—.coo
Now consider

2%?:1 Wi (Z2n, Z2n+1)
=Wy (z1,22) + Wi(25,23) + -+ Wi (Zom, Zoms1)
< U(Zo,21) — W(zy1,22) + d(wo, wi) — d(wy, wy)
(21, 22) — Y(z2,23) + d(wy, wy) — d(wp, wg) + -
+ U(Z2m-1,Zam) — W(Zz2m) Zom+1)
+ d(Wam-1, Wom) — &(Wom, Womi1)
< W(z0,21) + d(wo, w1) — U(Zom, Zom+1) — P(Wom, Wams1)
< IIJ(ZO! Zl) + ¢(W0! Wl)-
This shows that Y2, W (z,n, Zons1) IS @ CONVergent series.
Now for any positive integers n and m with m > n
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asn — oo
2m
W, (7, 7om) € D Wh (@ 741).
i=2n

This shows {z,,} is a Cauchy sequence in X.
Similarly, we can prove that {w,,} is a Cauchy sequence in X.
Therefore limy, 1,00 Wi (Z2n, Zom) = 0 and

limy, 00 Wi (Wop, Wor) = 0.
Since f(X) is a complete subspace of (X, W) so0 {z,,+1} € f(X) and
{wyns1} € f(X) are converges in the complete metric space
(f(X), p).
Therefore
limy, 00 Wy (Zon41,0) = 0 and
limy, 00 Wi (Wopn41,v) = 0, where u, v € f(X).
Since f:X - X and u,v e f(X) so there exists s,t € X such
that fs =uand ft =v.
Since {z,,} and {w,,} are Cauchy sequences and z,,,; — u and
Woneq — V, it follows that z,, - uand w,, — v.
Asn - o

Wi (S(s,0),u) = WI(S(S t),Zan+1) + W1(22n+1,u)

= Wl(S(S 0, T(X2n+1rYZn+1)) + W1(Z2n+1: u)

SLIJ(fSrgXZnﬂ) lIJ(S(S,t),T(in+1vY2n+1))

+(ft, 8yan+1) — (S S), T(Yzn+1, X2n+1))
+ W%(szp u)

S Yuw) = P(S(s, 0, w) + ¢V, v) — d(S(t, ), v)
+Wi1(u, u)

< () + (v, v)
= 0.

Therefore W; (S(s,t),u) = 0 = S(s,t) = uand u = fs so we have
S(s,t) =u=fs.
Similarly we can prove that S(t,s) = v = fv.
Since (S, f) are w-compatible mappings so we have S(u,v) = fu
and S(v,u) = fv
Now to prove that fu = uand fv = v.
W, (fu, z3n) = Wi(S(u, v), T(X2n, Y2n))

< lll(fu, gXZn) - lIJ(S(u, V)! T(XZHIYZn))

+¢(fv! gYZn) - ¢’(S(V' u)' T(YZn' XZn))
< Y(fu, zzn-1) — W(fu, z3n) + SV, wan-q)
— &(fv, wap).

Letting n — oo, we have that
W; (fu,u) = Y(fu,u) — P(fu,u) + ¢(fv,v) —
Therefore fu = u.
Similarly we can prove fv = v. Therefore S(u,v) = fu=u and
S(v,u) =fv=v.
Since S(X x X) < g(X), so there exist a,b € X such that S(u,v) =
gaand S(v,u) =gb
Therefore u = S(u,v) = gaand v = S(u,v) = gb.
Wl(u,T(a,b)) = WI(S(u,v),T(a,b))

< y(uu) — ljJ(u,T(a, b))

TV, v) = ¢(v, T(b,a))

S Y(uu) + (v, v)

=0.
Therefore W; (u, T(a, b)) = 0.
Therefore u = T(a, b).
Similarly we can prove that v = T(b, a).
Since (T, g) are w - compatible mappings so we have
T(u,v) = guand T(v,u) = gv
Now to prove that gu = uand gv = v.
W;(u,gu) = W (S(u, v), T(u, v))

< Y(u,guw) — ¥(u, gu)
+¢(v,gv) — (v, gv)
=0.

Therefore W; (u, gu) = 0 which implies u = gu.

d(fv,v) = 0.
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Similarly we can prove that v = gv.

Sowe have u = gu = T(u,v) and v = gv = T(v, u).

This shows that (u, v) is the common coupled fixed point of the
functions S, T, f and g.

Now to prove the uniqueness of (u, v).

Suppose (u*, v*) be an another coupled fixed point of S, T, fand g.

fu =u=S(uv), u" =S, v") = fu’,
fv=v=S(v,u), v*=S(*u*) =fv,
gu=u=T(yv), u" =T v") =gu’,
gv=v="T(v,u), v¥=T(*u")=gv".

Now
W; (u,u*) = Wl(S(u,v),T(u*,v*))
< Y(fu,gu*) — l]J(S(u, v),T(u*,v*))
+o(fv, gv") — d(S(v,w), T(v", u"))
= llJ(u, U*) - llJ(u'U*) + (b(V: V*) - (b(vl V*)
= 0.
Therefore u = u”.
Similarly we can prove that v = v*.
Hence (u,v) = (u* v*). Therefore (u,v) is the unique common
fixed point of S, T, f and g.
Hence the results is proved.

Example 2.2 Let X = [0,1] and define
W:(0,0) X XX X —> R U{0} as W(x,y) = |x—y| and define
ST: XXX - Xas

{%(x—y) if XZy}
0 if X<y’

{i(x—y) if xzy}
0 if x<y

and define f,g: X » X as gx = %x, fx = x. Define a lower semi
continuous functions g, ¢: X X X — [0, ) as

Yab) =a+b, o(c,d) =c+5.

Then clearly S, T, f, g satisfies all the conditions of Theorem 2.1
except the condition (2.1.1).

Then S, T, f and g have a unique common coupled fixed point if
they satisfies the condition (2.1.1) of Theorem 2.1. Now for any
(%,¥), (u,v) € X x X there are four cases arises.

Dx<yu<yv, ()x<yu=v,

(iDx=>y,u<v, (ivyx=y,u=v.

We need to verify the condition (i) of above theorem.

Case(i): suppose x < y,u < v

LH.S = W, (S(x ), T(u,v)) = W,(0,0) = 0.

RH.S = W(x 3w = W(0,0) + $(y,5v) = G ¢ =), (v — W)
=x+5u=0+y+2GV) ~ GO —x) ~2G V- w)

1 1 1 1 1
—X+Eu+y+v—5y+zx—gv+5u

S(xy) =

T(xy) =

=3xtu+ 1y +oy
2 2 2
> 0.
Therefore for all x,y,u,v € (0,1] we have LH.S <R.H.S.

Case(ii): Supposex < y,u=v
LH.S= W;\(S(x, y), T(y, v))

1
=W, <0,Z(u - v))

~|p-30-v)
—1 41,1 \%

=Z(u—v).

RH.S = §(x30) = (0,5 (= V) +6@,5v) ~ bG (v —.0)
=X+ u=0- U=V +y+2GV) - GO -) -0

- Ty-ty4l N
—)3<+2111 4111+4;/+y+v 2y+2x
=-X+-u+z-y+-v.
2 4 2 4 5
Clearly%(u -v) < §x+iu+%y+zv, forall x,y,u,v € (0,1].
Therefore we have L.H.S < R.H.S
Case(iii): suppose x = y,u < v
LHS = W;L(S(x,y),T(u,V))
= lix—v) —
—V\?(z(x y)—0)
“fe--
1
=;(x-y).
1 1 1 1
RH.S = Y(x 5w — UG K= ).0) + d(y,5V) — 60,7 (v - 0))
1 1 1 1
=X+Ju—c(x-y) - 0+y+2GV) -2 (v-uw) -0
=x+%u—%x+%y+y+v—%v+%u
=1 3y41
—12x+u+2}17+zv. ) )
Clearly E(X—y) <gxtu+sy+ov, forall x,y,u,v € (0,1].
Therefore we have L.H.S < R.H.S
Case(iv): suppose x = y,u = v
LHS = W;\(S(x,y),T(u,v))
1 1
AR EHCE)
1 1
=l;&=y)—;@@=-v)|
1 1 1 1
RHS = Y(xu) — G (x = y),5 (W= V) + d(¥,5v) — $(0,0)
=x+%u—%(x—y)—%(v—u)+y+2(%v)—0
:x+%u—%x+%y—%u+%v+y+v
1 1 3 5
=-X+-u+-y+-v.
2 4 2 4
Clearly |fx—y)—2@u-v)| <ix+iu+3y+3, for all
y 2 y 4 2 4 2V Ta o
x,y,u,v € (0,1].
Therefore we have L.H.S < R.H.S
Clearly from case (i), case (ii), case (iii) and case (iv) S, T,fand g
have a unique common coupled fixed point.

Corollary 1: Let (X,W) be a modular metric space and let

T: X x X - X and f: X — X be mappings satisfies

AL DHWA(T(x,y), T(u,v)) < Y(tx, fu) = Y(T(x,y), T(u, v))
+o(ty, fv) — ¢(T(y, x), T(v, u))

where s, ¢: X X X = [0, ) are lower semi continuous functions

and

(1.2) TX x X) € f(X)

(1.3) (T, f) are w-compatible

(1.4) suppose f(X) is complete. Then T, f have unique common

coupled fixed point.

3. Conclusion

In this article, the new Caristi type contraction in a modular metric
space has been introduced and a fixed point theorem for four maps
has been established with help of the new contraction. Our results
is unified in the literature. The results discussed in this paper are
mainly concerned with the fixed points in Modular metric space.
The study of uniqueness of the fixed points in the current context
would be an interesting topic for future study.
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