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Abstract

Inverse problem in Electrocardiography (ECG) is the mathematical formulation of the electrical activity of the heart surface from the
measured body surface potential. This paper presents a state of art review of the inverse problem in ECG and the recent development in

the solution of the mathematical model.
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1. Introduction

Heart disease is the major cause of death in United States, United
Kingdom, Canada and Australia [2]. It is the main organ of a hu-
man body which is responsible to stay alive. Any abnormalities in
the heart may lead to heart attack. To increase the survival rate in
heart attack it is very important to detect early the typical sign of
abnormalities. An electrocardiogram (ECG) is a machine used for
finding anomalies in the heart. It uses electrodes on the body sur-
face and reconstructs the electric potential on the heart from the
measured body surface potential. Using ECG a well trained doctor
read the body surface signal and can detect and analyze certain
cardiac arrhythmia. ECG is crucial for people who have high
blood pressure or heart disease in order to prevent heart attack.

Inverse problem in ECG finds the electric potential on the heart
surface from the electric potential on the body surface. It is a non
invasive process. Solving the inverse problem in ECG requires
mathematically solving the forward and inverse problem of the
electric potential which is the main process in correctly diagnosing
heart disease. Many mathematical and computational techniques
are applied to the forward and inverse problem of ECG. The in-
verse problem is ill-posed problem in the sense of Hadamard
whereas forward problem is well posed. Ill-posed means small
error in the input data gives large error in the inverse solution.

ECG signal measured the electric potential on the body surfaces.
ECG suffers from low resolution and inadequate sensitivity and
specificity [8]. ECG inverse problem or Electrocardiographic Im-
aging (ECGI) is the process of simulating the electrical activity of
the heart which helps the doctor in understanding the relationship
between the ECG signal and the electrical activity of the heart.

The objective of forward and inverse problem in ECG is to accu-
rately determine the anomalies on the heart surface. For this pur-
pose experiment has to be performed on equivalent source similar
to torso. The forward problem calculates the electric potential on
the body surface due to the presence of selected equivalent source
inside the conductor. Mathematically solving an inverse problem
does not give a unique mathematical solution. The main difficulty
faced in solving the inverse problem is its ill-posedness. Much
research work has been done in finding a clinically acceptable
solution to the inverse problem of ECG by using different compu-

tational and mathematical techniques. This paper presents a re-
view of the mathematical model of the inverse problem in ECG
and the recent development in the solution of the mathematical
model.

2. ECG inverse problem

ECG Inverse problem is the construction of the electric potential
on the heart from the body surface potential. The inverse problem
is solved based on the ECG information on the body surface and
volume conductor that surround the heart. Formulation of an ECG
inverse problem requires quantitative description of the sources,
the geometry of the volume conductor and the equations associat-
ed with the geometry of the volume conductor and the heart. To
formulate the mathematical model a set of model equation is se-
lected that mathematically articulate the biophysical process of the
electrical potential [29], [35] on the torso volume. The model
equations are then discretized using mathematical techniques
which is in the form of numerical system and then solved to ap-
proximate the true solution of the inverse problem.
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Fig. 1: Simulation Pipeline of an Inverse Problem.

The simulation strategy of an inverse problem is followed by first
solving the forward problem is which obtain the electric potential
on the body surface from the electric potential on the epicardium,
and using the transfer matrix of the forward solution the electric
potential on the heart surface is reconstructed which solved the
inverse problem. Figure 1 shows the simulation pipeline of an
inverse problem.
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Inverse problem in electrocardiography is the mathematical for-
mulation of the electrical activity of the heart surface from the
measured body surface potential. Inverse problem is solved using
the solution of the forward problem which mathematically deter-
mines the potential on the body surface using the measured poten-
tial on the heart surface or the epicardium.
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Fig. 2: Source Model (A) Epicardial Potential and (B) Activation Time.

The inverse problem has two different source models as shown in
figure 2. The first source model is potential based approaches
which reconstruct the epicardial potential, electrograms and iso-

chrones from the measured body surface electrocardiographic data.

The source model has two parts the forward problem and the in-
verse problem which is in a form of partial differential equations
with cauchy boundary conditions. Figure 3 illustrates the different
boundary condition. From the figure H denote the heart, B repre-
sent the open domain of the human body which has two boundary
OH represent the inner boundary which is the heart surface and 0B
represent the outer boundary which is the body surface. The for-
ward or direct problem is the determination of the electric poten-
tial from the heart potential.

The forward problem is well posed i.e. the problem gives a unique
solution. A number of different source formulations of the mathe-
matical model are possible. In the literature it has been found that
two source formulations are frequently used by researchers for
finding inverse ECG Problem. The first one represents the entire
cardiac activity by the potential distribution on a closed surface
that enclosed the heart. This formulation gives a unique inverse
solution but it is not a true representation of the underlying mech-
anism of the heart. If the enclosing surface is the epicardial surface
of the heart that the electric potential on the body surface can be
measured and validate the solution [13]. The mathematical form of
this kind of formulation in terms of the forward or direct problem
is,

V.(aVu) = 0,u(x,y) €B
)

n.Vu = 0,u(x,y) € 0B
(2)

Uy = g,u(x, Y) €0 (3)

Where, n denote the outward unit normal on the body surface, ct is
the conductivity tensor and g is the known potential on the heart
surface. The solution of equation (1) (2) and (3) is the electric
potential u(x, y)on the body.

The inverse problem assume that we have a given electric poten-
tial on the body surface B from the result of the direct problem
and determine the electric potential on the heart surface dH. The
mathematical formulation is,

V.(aVu) =0,u(x,y) €B 4)
Vu.n = 0,u(x,y) € B (5)
ug = d,u(x,y) € dH (6)
0 B— dH—> Y _H
B

Fig. 3: Geometry of Torso.

The goal of inverse problem is to calculate u that satisfies equa-
tion (4) (5) and (6). n represents the outward unit normal on the
body surface dB and d is the measured potential on the body sur-
face. An inverse problem is ill-posed according to Hadamard. 111-
posed means that a unique solution does not exist as a small varia-
tion on the measured body potential will lead to large changes in
the computed solution. This mathematical formulation has been
used in [1], [13].

The second source model is activation time approach which is a
bidomain model or a uniform dipole layer (UDL). The mathemati-
cal form of a bidomain model in terms of the forward problem is
given by [33],

Am(CmV, + Iion(v' W)) - V(O’iVV) = V(Givue) + Istim; inH (7)

—V((0; + 0¢)Vue) = V(o;Vv), in H (8)
w' +g(v,w) =0,inH 9)
o;Vv.n = —o;Vu,.n on dH (10)

Equation (7), (8), (9) and (10) is the equation in the heart domain
H. In equation (7) v and u, stands for the transmembrane potential
and extracellular potential. The constants A, and Cy, represents
membrane surface area per unit volume and capacitance of the
membrane, respectively. o;and o, are intracellular and extra cellu-
lar conductivity tensor. I;,, and Iy, are the stimulation and ionic
currents. w is a vector characterizing the state of the cell mem-
brane. The time derivative of v and w is denoted by v’ and w'.

In the torso domain B the electric potential is described by,

V(O'TVUT) =0inB (11)
orVur.n = 0,0n dB (12)

Where, ur represent electric potential on the torso domain and ot
represent the conductivity tensor of torso.



International Journal of Engineering & Technology

4821

Electric potential in the extracellular myocardial region and the
torso region is given by,
U = uf, on dH (13)
n. ((6; + 6¢)Vue) = n. (o1Vur) on 9B (14)

Equation (7) to (14) represents the cardiac electrical activity from
the heart to the body surface. The inverse problem is given by,

V. (UTVHT) =0 ) inB (15)
Vu.n =0andup =d,ondB (16)
u = Ue, 0N 0H a7

Equation (15) to (17) represents the equation in the body surface
domain.

3. Solving inverse problem

Solving inverse problem in ECG is the mathematical problem of
solving the forward and inverse problem. Forward problem is a
well posed problem i.e., it gives a unique solution. Solving the
inverse problem reconstruct the electric potential on the epicardi-
um. Due to its ill-posedness nature the electric potential on the
epicardium are not sufficiently accurate. This ill-posedness in the
inverse problem arises due to noise and measurement error in the
forward problem. Identification of the error is a complication in
the inverse problem, which has to be handled with great care.
Regularization techniques are used to reduce the error in the in-
verse solution. To obtain an improved solution of the inverse
problem many regularization techniques are developed and ana-
lyze. Some of the regularization techniques used so far in inverse
problem are: Tikhnov regularizations [22], [17], Truncated Singu-
lar Value Decomposition (TSVD) [34], Total Variation [15], and
Total Variation with Laplacian [15]. Tikhnov regularization tech-
nique is the most used regularization technique [22], [17].
Tikhnov regularization requires a prior knowledge about the solu-
tion which acts as a constraint of the problem. It also requires
regularization parameter which determines the level of constrained
to be applied. Determining the regularization parameter is also an
important research area. In [22] Tikhnov regularization is used to
impose constraint on the reconstructed potential or derivatives.
Accuracy of this method depends on the prior knowledge of the
solution and the regularization parameter. Many methods so far
have been developed to identify an accurate regularization param-
eter which is affected by the noise in data. Some of the method
developed to accurately identify regularization parameter are
composite residual and smoothing operator (CRESO) [9], L-curve,
and zero crossing [9].

In [17] the authors applied 13 regularization techniques in ECG
inverse problem. The regularization techniques are, (i) tikhnov
regularizations: zero order, and second order. (ii) iterative tech-
niques: truncated singular value decomposition(zero order, first
order and second order) [23], conjugate gradient [36] (zero order,
first order and second order), v-method [14], and MINRES meth-
od [7], (iii) non-quadratic techniques : total variation, and total
variation with Laplacian. Comparison in the solution of the differ-
ent regularization techniques is done in the source model of a
single dipole to triplet of dipoles and it is found that the perfor-
mance of non-quadratic technique and first order and second order
Tikhnov regularization gives better performance as compared to
the other regularization techniques.

Many contributions has been made by many researchers in find-
ing a clinically acceptable solution for the inverse problem which
will allow us to detect, quantify and localized cardiac electrical
activity from body surface measurement. To find such solution we
have to first solve the associated forward problem. Some of the

mathematical methods used in finding solution to inverse problem
in ECG are: Numerical method such as Finite Elemant Method
(FEM) [4], Boundary Element method BEM [4], bidomain meth-
od [10] and domain decomposition method [25].

Finite Elemant Method (FEM) has been used by [29], [3] for find-
ing solution to the inverse problem of ECG. In [29] numerical
technique such as FEM is used in forward and inverse problem.
The objective of this paper is to develop discretization and refine-
ment strategies involving hybrid finite elements to minimize ap-
proximation errors. The strategy is applied on both a simplified
and realistic 2-D torso model. Much improvement has also been
done so far on finite element method. In [13] the authors improve
finite element method for solving both the forward and inverse
problem of ECG.

Boundary Element method is applied to the potential based meth-
od [28]. This method requires meshing the heart and torso surface
and optimizes the mesh which is done manually. A new BEM
called h-adaptive is developed [24] for finding the solution to the
forward and inverse problem. The simulation result shows that the
new method is more accurate and efficient than the traditional
BEM. BEM are commonly used in computation of ECGI [26],
[24]. In [26] the author used Boundary Element Method (BEM)
using the point collocation weighting and the constant or linear
basis function to reconstruct the epicardial potential. It is found
that the best optimal technique depends on the electrode potential
and chosen errors. In [24] the author used Adaptive BEM [36] and
compare to BEM.

Domain Decomposition method for finding solution to the inverse
problem is proposed by Zemzemi [33]. This method is used for
finding the activation time on epicardium and endocardium. The
method is applied in equation (7); the forward problem is solved
using finite element method. Domain decomposition is applied in
the ill-posed inverse problem by splitting it into two well posed
problems. The method is tested on the synthetic data generated
from the forward problem. Simulation is performed on the volume
between three concentric spheres. Experimental result shows that
the activation times on the heart are constructed with good accura-
cy.

In [1] the author used an approach which is called an admissible
solution set that reformulate the inverse problem, which allow the
use of multiple constraints. The solution of the problem is calcu-
lated based on iterative convex optimization and the ellipsoid
algorithm. In [32] the author solves the inverse problem using an
iterative Kozlov- Maz’ya-Fomin method on the synthetic data
generated by the bidomain method of [33].

In [22] ECGI image is used to study the normal and abnormal
cardiac electrophysiological activity during activation and repolar-
ization during canine experiment. In this paper the author pro-
posed a generalized minimal residual method (GMRes) to
smoothen the ill posed inverse problem of ECG. GMRes is an
iterative technique applied in experimental data during activa-
tion/repolarization of normal and infracted hearts. This technique
is compared to Tikhonov regularistion and experimental result
shows that the accuracy of both the methods is the same. But the
author found that GMRes recovered localized potential features
which are not there in the solution of the Tikhnov regularization
method. The authors conclude that both the method can be used if
a priori information about a patient condition is not known.
Successful employment of Mathematical techniques in solving the
Forward and inverse problem of ECG required the quantification
and minimization of approximate error in discretization process
[29]. Many researchers have used many different methods for
computing this epicardial potential such as finite element method,
boundary element method, domain decomposition method,
bidomain method, admissible solution set and GMRes method.
Numerical techniques such as BEM and FEM require mesh gener-
ation of the heart and torso surface which is time consuming. In
[28] the author used a meshless method called Method of Funda-
mental Solution (MFS) in ECGI. The method performance is then
compared with (BEM). Experiment result shows that both the
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methods have similar accuracy. And the following advantages of
MFS over BEM have been obtained: Elimination of meshing and
manual mesh optimization processes, thereby enhancing automa-
tion and speeding the ECGI procedure, elimination of mesh-
induced artifacts and complex singular integrals that must be care-
fully computed in BEM and simpler implementation [28].

Improvement in the inverse solution is associated with the input
noise. Input nose has to be reduced up to the certain level such that
the noise obscured the improvement. This noise may be due to
discretization of the body surface, heart surface, other organs and
volume conductor. To obtained an improved solution to the in-
verse problem volume refinement and discretize refinement is
necessary which also improves computational efficiency.

4. Conclusion

Goal of ECG inverse problem is the reconstruction of the electri-
cal activity of the heart from the body surface using an inverse
solution of the forward problem. Solving the inverse ECG prob-
lem is finding a numerical technique that gives the accurate solu-
tion to the electrocardiographic forward and inverse problems
when using realistic geometries. Descretization of the geometries
using numerical techniques such as BEM and FEM required mesh
generation of the organs and torso which is time consuming while
refining and descretizing the mesh structure to reduce nose due to
descretization. Introduction of the meshless technique MFS is an
important development in inverse problem of ECG which speed
up the ECGI procedure. This meshless method can further be ex-
tended by improving the ill-posedness and accuracy of the inverse
problem of ECG.
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