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Abstract

In this article, we considered an ecosystem with Crowley-Martin functional response. We verified mathematical peculiarities of the model
like boundedness, and positive invariance. Analysis of local and global stabilities of the system is also verified. Hopf bifurcation analysis
is also carried out by finding the nature of the periodic solution around interior steady state using Taylor’s series. We also studied the
diffusion analysis. Numerical simulations are carried out with the help of MATLB.
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1. Introduction:
To know the dynamical behavior of an ecological system, it is re-
quired to have many mathematical tools. For studying the relation-

ships between prey and predator, mathematical tools are very useful.

There are several renewable resources in the environment. Some of
them are agriculture, forestry and fishery etc. Out of these, fishery
is one important resource and which can be studied by many scien-
tists by using modelling technique. The general prey predator model

[1-3] is represented as m'(t)= mh,(m)—nh,(m) and
n'(t) = qnhl (m) —dn where m and 1 are densities of prey
and predator populations. hl (m) is the per capita growth rate of
the prey in the absence of predator; ¢ , (0 <g< 1) is a conver-

sion coefficient and d is mortality rate of predator. h2 (m)is the

functional response. If we assume that the consumption rate of prey
by a predator is proportional to the amount of prey available, then

h2 (m) = am , this is nothing but the law of linear mass action.

If we assume that predator’s handling time for prey is zero in the
law of linear mass action, then it has been observed that the feeding
rate of predator increases with prey density and, in conclusion, it
attains a saturated bound. This is type of interaction is described by
the Holling type II functional response, which is represented by

hz (m)=(am)/(b+m); a>0,b>0.1f we assume that

an increase of predator density then it implies that the decrease in
feeding rate of predator due to mutual interference among individ-
ual of predators then the predators do not interfere among them-
selves. Crowley and Martin [4] anticipated a predator dependent
functional response of the form

h,(m,n) =(am)/ (1+am+bn+abmn) |  where

a, a, b are positive parameters. The investigational remarks as-

sume that decrease in feeding rate of predators per unit consumer is
due to joint meddling among predators. This is a function of both

the species due to predator intrusion. Therefore, the effects of pred-
ator interference on feeding rate remain important all the time
whether an individual predator is handling or searching for a prey
at a given instant of time [5]. Depending on @ and b, we come

across the following circumstances as : (i) when a >0, b=0,
the Crowley—Martin type of functional response becomes Michae-
lis-Menten functional response;(ii) when ¢ =0, b > 0, which is
a saturation response; and (iii) when ¢ =0, b =0, the Crow-
ley—Martin type of functional response becomes a linear mass ac-
tion function response. Spatial summaries change the chronological
dynamics and steadiness properties of populace attentiveness at a
diversity of spatial scales, their consequences must be integrated in
ecological duplications that do not indicate space unambiguously.
And the spatial segment of bio collaborations has been renowned
as a substantial feature in how ecological civilizations are moulded
[6-7]. In a heterogeneous system, there is an identification that the
effects of convective collaborations on the firmness of two species
are deliberated [11], [8].The significance of diffusion on the spati-
otemporal prey predator model studied by many authors [9], [10].
Recently, the significance of self and cross-diffusions in diffusion
systems carried out by environmentalists. Balram Dubey et.al.[12],
motivated us to do this present work.

2. Mathematical model formulation

We consider an ecosystem with Crowley-Martin functional re-
sponse between prey and predator species. It is also assuming that
the prey and predator species interacting themselves. Also we ne-
glect the natural death rate of prey species. The following equations
represents mathematical model of anticipated system.

Bxy
l+ax+by+abxy
Boxy 2

'(t)= - —m
Y I+ ax+by+abxy Py 4

X'(t) = ax— Bx* —

O

Copyright © 2018 A. V. S. N. Murty et. al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://creativecommons.org/licenses/by/3.0/

4044

International Journal of Engineering & Technology

with initial conditions X(0) =0, y(0)=0 )

3. Positive invariance and boundedness

Viability of positivity studies that aim to quantitatively and ration-
ally uncover the asset of the anticipated ideal in the given location.
Biologically, positiveness assures that the population never become
negative and population always survive. The subsequent theorems
guarantee that the positivity and boundedness of the structure (1).

Theorem 1: All solutions of (X(2), V()) of the system (1) with

the initial condition (2) is positive for all £ > 0
Proof: From (1) it is observed that

dx _ B B By
v | @A) (+a,x)(1+b,y)

= $(x,»)

B By
A+a,x)1+b,y)

where ¢, (x, ) =[(t, ~ ]
Integrating in the region [0, z] we get

x(#) = x(0) exp( j @, (x, »)dt) >0 foral ¢

From (1), it is observed that

dy _ Bx e
y | Gramarby
:¢2(X,y)
where ¢2 (x, y) =
Brx _ _
(+ax)(1+by) Py —m

Integrating in the region [0, z] we get

¥(6)=3(0)exp([ ¢, (x, ¥)dt) > Otorall 1. Hence, al

solutions starting from interior of the first octant (In Rf ) remain

positive in it for future time.

Theorem 2: All the non-negative solutions of the model system (1)

that initiate in mi are uniformly bounded.

Proof: Let (X(Z), V(¢)) be any solution of the system (1)
dx
Since, from (1) E < x(ao - ﬁox) , we have

lim supx(t) < i)

t—0o0
0

Letf = x+ﬁy.Then

2
d d d
_éz_x+ﬁ_y )
At dr B, dt

Substituting the equation (1) in equation (*), we get

s
di

=x(ay = fyx) -

+6¢

Su

Applying Lemma on differential inequalities, we obtain

0<&(xy)< (,u/()(l—e’“)+(§(x(0),y(0))/e§’)and for

t —> 0 we have 0 < &(x, ) < (y/é’). Thus all solutions

of system (1-2) enter into the region

(x,y)eRf:OSxﬁﬁ,
= 0

0<&E<(u/¢)+e,Ye>0

4. Stability analysis
Our aim is check the stability of the system (1) at interior steady

state point A(x$,y$) where x® and y$ are the positive solu-
tions of the system (1) with x* = x* and
2 *
. d++d* —4x" (B, - a,)
25

For y* positive, it must be :Bo <a, “)

y ©)

* *
Whenever X is positive, ) is positive provided equation (4)
holds.
The Jacobean matrix of the given system is in the form of

A B
= C , where
A=—Bx+ Baxy
T LA+ ax)’ 1+ b,y)]
~ /ﬂx[1+cax]
 [+an+by) ]
_ By
[(1+ax)(+hy)]
. pa B,bxy
D= (a1 )]

The characteristic equation of the Jacobean matrix of the given sys-
tem (1) is in the form of
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A*—(A+D)A+(AD—-BC)=0 )

For locally asymptotic stable, it is required to have

A+, =4A+D <0 and

a X
2112 =AD - BC >0, provided & >—L and = >ﬁ
B b y b
(6)
$ 8y . .
Theorem 3: The steady state A(x , ) ) is globally asymptoti-

1 1+ax"
cally stable provided y > —and & < (—1)

1 o (+ bly*)
Proof: Let us consider a Lyapunov function
V :{x—x* —x ln( x*j:|

X
H|y=y =y ln[ y*j
Y

So, V'(¢)
=(x—x")| a,— Bx— by

(+ax)1+by)

. Box
+[(y— - —-d
=y ){(l+a1x)(l+b1y) by

1 1
By choosing, [, = —, V’(l‘) <0 provided y>—
2 |

B _(+ax)
B (1+b1y*)

Hence the theorem.
5. Hopf-Bifurcation analysis:

(N

and

®)

In this section, One of the cases of interest is the existence of a Hopf
bifurcation, this happens when an equilibrium changes its stability
letting the existence of a limit cycle around it. The Hopf bifurcation

*
occurs when the Jacobian matrix has at an equilibrium E .a pair

of pure imaginary eigenvalues, i.e., TI”(J(E ))20 and

det(J(E* )) >0. Let E" = (x*,y*) an equilibrium of

system, then its Jacobian matrix is given by

J( . *): ajp ag ©)
o Eblo boi
ax
where 4y, =—ﬂ0x+ lBl 21 Y
[(A+ax)" (1+5y)]
,le[1+a1x]
" [a+ax)+by) ]

4045
_ By

Y [A+ax)(+by) ]
na B,bxy

hn=h [(1+ax)(1+by)’]

To obtain a pair of pure imaginary eigenvalues of J (x* , y* ) we

ask for 0 =A+D= 5H and 07-BC > 0. To ensure the

existence of Hopf- bifurcation we need to verify the condition

d(1r(E"))
a(5)

bility of the limit cycle, we use a change of co-ordinates

| 8=0" =—1#0.n order to discuss the sta-

* *
U=X—XxX ,v=)—1Y) totransform the system (1) into

% = a,(u+x") = By ((u+x")")
~ LBu+xHv+y") (10)
(I+a,m+x)A+b(v+y"))
dv _ L u+xHv+y")
di  (I+a,u+x))1+b(v+y"))
—Bv+y )Y —m+y") an

Using the Taylor Expansion around (0, 0) then the system above is
re written as

du _ 2 3
A a, i +ayv+a,u +auv+a,u

+a21“2V +0,((x, 1))

dv 2 2 3
Z =bu+byv+bu” +b,v +buv+byu

+b21u2v+b12uv2 +0,(x,y) (12)

where Q, Ay, blO’ b01 are given by the Jacobian matrix
J(E*) in 9), 0,0, are polynomials in xi,y-’ with

i+j2>4 and

pay | 1-ax
(A+b,) (1+a1x)3

o ==Fo+

_ pay(1-ax) 1
(1+ alx)3 (1 + bly)2

21
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2
_ Bay|2a’x—4aq, Fe 215+a30 Yf+ﬂ
30 1+b1y (1+a1x)4 aOl aOl
1 a, o a, wYY,
4, = bax 2 2 | @y — = | (13)
(1+a1x) (1+b1y) ay Ay
— _ﬂzybl bS b 52
11
(1+a1x)2 (lerly)2 G=| -2+ —+p, |,
23 o, o,
ya
20 — é 1
(I+ax) (1+by) b,w 2b,0m vy
2 142
_6ﬁ2a12y 1 o, oy
30 = 4
I+by | (1+4x) b b.5> b, Y?*Y,
+ =L 4 p 02 y2 12 172
by, =P, — pbx  1-by) 2 * aél ’ aél
T ey drhyy bow 20,00 B @’Y
11 022 YIYZ 02 - 1 (14)
_ﬁ (l_by) 1 aOl aOI aOI
— 2 1
" (1 + bly)3 (1 +a, x)z Using theorem from (5), we define the following coefficient
Therefore using matrix notation, system (12) can be expressed as — 4@ _,_blza)2 _3b215 +3b1252 +3b30
8a,  8ag 8a,, 8ag, 8
du
dr N 2a,,6
di :J(E )[ j+L(u,v) a“w(2a20— u j—
@ v Ay Ay,
dt 1 2b,°  2b,5
2
with 16w b,o 2b,dw ) Ay,
by, agl 2b0252 2b
azouz + a“uv+ a3ou3 + a21u2v+ Q1 (X,y) a2 20
01
2 2 3 2
L=|byu” +buv+b,v +byu +b,uv 1 2b”§+2b02§2
2 —
oy’ +0,(x, ) e (Zazo— anj ay, g,
@ Yo Lop
20
At 0= §H , matrix J (E *)has a pair of pure imaginary eigen-
15)

values, so &, = b01 Letw = det(J(E*)) > 0, we make

- Yz obtain-
a,

the change of coordinates 4 = YZV, V= WY1

ing the following equivalent system

av,
dt :(0 _Wj+ F(%.Y,)+0,
ar, ["lw o Sla(rn)re,
dt

with O;, 0, functions in Ylinj for [+ ]2 4 and

Theorem 4:

Suppose the system (1) has an interior equilibrium point E”
which satisfy and assume 77 # 0 with 77 defined in (15), then
system undergoes a Hopf bifurcation around E , which implies the

existence of periodic solution on around £ . Moreover, the peri-
odic solution are stable cycle if 77 > 0 and repelling if n< 0

6. Mathematical model with diffusion: Discussion of diffusive
instability

In 1952, Turing anticipated the diffusion concept on the foundation

of famous renowned rules. Some ideas have been applied to the
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concept of environmental system to comprehend the dynamics of
eco dealings. For progress of environment with diffusion, it is as-
sumed that the species are experiencing with spatial dispersion.
Now a days, the study of prey predator systems with diffusion, is
developing noticeably. In this, investigation of local and global
steadiness of an ecological system is carried out under the impact
of diffusion. One dimensional diffusive ecological system which is
analogous to the structure (1) will be categorised by the system of

partial differential equations.

¥ =y -
I+ ax+by+abxy
2
+ D, 6_);
os
' ﬂzxy 2
t)= — By —m
Yo l+ax+by+abxy Py Y
2
+0, 2L
Os

(16)
X; (S . ) ,I =1,2 are the concentrations of prey and predator re-

spectively at a position s at the time ¢ ;D1 , D2 are prey predator

diffusive coefficients. To analyse the diffusive instability, consider
the effect of minor inhomogeneous perturbation of the common

*
steady coexisting state E and the perturbations that are amplified
by the combined force of reaction and diffusion in the system of Eq.

(16) are considerable. Let 72, (S, t) = 1, 2 are the perturbations

«
given to the general steady state equilibrium point E where
n n, adequately minor quantities are

x (s,0)=x +n,(s,1)

X, (s,t)=x;+n1 (S,t) a7
By substituting (17) in the system (16) we get
on o’n
—L =c,m +c,n, + D —+
ot os
on o’n
L= Cyly +Cyony + D, 22 (18)
ot os

where ¢, =, —2B,x" — By (1+by" ) (1+ax")”
c, =—Bx (+ax)"'(1+by")”

ey =By (I+ bly*)_l (1+a, x")72,

cy, = Bx (I +ax) ' (1+by ) > =28y —m

Clearly, (18) are linear in time & space variables. Let the solution
of (18) is in the form 7; (S, t) = aie/llt cos (MS) where

i=12 . A
t; a, ,a, are the amplitudes at time? and M = (m7r)/d .

is the growing rate of perturbation at time

The characteristic equation is given by

A? Jrﬂ,{(Dl2 +D} )M* (¢, +022)}

+(611 _M2D1)<022 _MzDz)_czlclz =0

(19)
A 42T (M) +G(M?)=0
where G(Mz) = (Cll —MZD1 )(022 —]V[zDz)—CZIC12 ;
L(M*)=(D} +D} )M* —(c;, +cy,)
Theorem 5. The interior equilibrium point under the influence of

diffusion is stable whenever G(M*)>0and L(M*)>0
also stability holds. When AG(M 2)<O Y M? . when
AG(M*)>0 ¥V M*g[M).M)]|
AG(M?)=0 ¥ M? =M where M, M are zeros

when
of G(M?)and G(M?)=D,D,(M*~M?) .
Proof: G(Mz) >0 and L(Mz) > (0 imply that the ei-

genvalues of (13) are both negative and hence the interior equilib-
rium under the effect of diffusion is stable further discriminant of

G(]\l2 ), AG(Mz) is negative and then G(M2) takes

2
positive values for all values of M-,

(i) When AG(M 2) > 0, there exist two zeros ofA(M 2)say
M and M (0<M;<M})

and G(M*)<0,M> e[M;,M;]

(ii) when AG(M 2) =0 then there exist M such that
G(M*)=DD,(M*~M?)

and G(M*)>0 vV M’ #M;

Theorem 6: When G(M*)<0 or when G(M?)> 0 and

L (M 2 ) < (. The interior equilibrium point under the effect of

diffusion is unstable.
Proof: When AG (M 2) < 0 at least one of the eigenvalues of

(19) is positive. When and L (Mz) < 0 0 both the eigenvalues
of (19) is positive
7. Numerical simulations and remarks:

Example (1): For the set of parameters

a,=0.5;5,=009; B =12; a,=2.8; B, =84;
ﬂo =0.001; ,33 =0.24; m, = 0.0005 ; with initial values
10,2
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Example (3) For the set of parameters
a,=0.5 b =09; B =12 a,=28; B, =8.4;

B,=0.001; B,=024; m, =0.0005; D, =0.1;

D, = 0.2 with initial values 15, 2
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Example (4) For the set of parameters
a,=0.5;b,=0.9; B =12; a,=2.8; B, =8.4;
B, =0.001; B, =024; m, =0.0005;

D, =0.001; D, = 0.002 with initial values 15, 2
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5
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Figure-7
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5 05
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10 15
10
5 5
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8. Observations/Remarks:

In this article, we proposed a C-M functional response oriented prey
predator model. It is verified that the positive variance and bound-
edness of the system (1). Also, local and global stabilities are found
with the help of R-H Criteria and a suitable Lyapunov functions
respectively. It is also found that Hopf bifurcation occurs around

*

interior steady state /£ using Taylor’s series, whenever the exist-
*

ence of stable periodic solution around £ provided the periodic

solution is stable cycle if 7] > 0 and repelling if n> 0. 1tis ob-

served that the figures (1-4) shows the variation of species against
time and phase portrait diagrams for the parameters mentioned in
examples 1 and 2. Again, from examples 3 and 4, it is see that the
figures (5-8) shows that the variation of species against time and
space variables with a suitable set of diffusion coefficients.
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