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Abstract 
 

A piecewise moving average is a model that is more flexible than the moving average model. If the piecewise moving average is used to 

model data, the model parameters are unknown. The model parameters include the number of models, model coefficients, and white 

noise variance. This paper discusses the parameter estimation of the piecewise moving average model. Parameter estimation is done us-

ing the hierarchical Bayesian approach. Bayes estimators are calculated using the reversible jump Markov chain Monte Carlo algorithm. 

The performance of the algorithm is tested using synthesis data. The results showed that the reversible jump Markov chain Monte Carlo 

algorithm can estimate the parameters of the piecewise moving average model well. 
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1. Introduction 

A moving average (MA) is a mathematical model that is widely 

used in many fields. The MA model is used to estimate the natural 

location of the bee colony [1]. The MA model is used as a noise in 

the non-linear-finite impulse response (IIR) [2]. If the MA model is 

fitted to the data, then the parameter of the MA model must be esti-

mated. Many authors have examined the estimation of the MA 

model parameter, for example Yule-Walker estimator is proposed to 

estimate the parameter of the MA model [3]. But in many applica-

tions, the data have a model that changes at one (several) unknown 

time. In other words, the model changes from one time interval to 

another time interval. So the combination of several mathematical 

models is needed to model this data. 

A piecewise function is a mathematical model developed to model 

the data that has a different pattern from one time interval to an-

other time interval. The piecewise model is widely used in many 

fields. The piecewise model is used to model longitudinal data [4]. 

The piecewise model is used to model the virus-immune system 

[5,6]. The piecewise model is used for the diversity of species in 

the river [7]. The piecewise model is used to calculate the energy 

expenditure (EE) in real time from the heart rate [8]. A piecewise 

linear model to model the degradation of railway geometry with 

the known breakpoints [9]. The piecewise regression model is 

used on semiconductors [10]. The piecewise regression model is 

used for clustering and segmentation [11]. The piecewise regres-

sion model is used to detect the divergence of trajectory in groups 

of children with different developmental phases [12]. 

In this paper, a piecewise MA model is proposed. Consider a data 

y = (y1, … , yn) where n is the number of observations. This data 

is modeled as an MA model if for t = 1, … , n it verifies the fol-

lowing equation:

  
yt = zt + ∑ ∅i,j,k

(qi,k)qi,k

j=1 zt−j,  for τi,k ≤ t < τi+1,k,                        (1)

  

Where the quantity of k (k = 0, … , kmax) represents the number 

of MA models. For i = 0, … , k, the quantity τi,k is the ith change-

time of the MA model with the usual convention τ0,k = 0 and 

τk+1,k = n . Similarly for i = 0, … , k , the quantity qi,k  and the 

quantity ∅
i,k

(qi,k)
= (∅

i,k,1

(qi,k)
, … , ∅

i,k,qi,k

(qi,k)
) ′  are the MA model order 

and the parameter of the MA model associated to this time inter-

val. For i = 0, … , k , the quantity zt  is the Gaussian noise with 

mean 0 and variance σi,k
2  associated with the MA model in this 

time interval. 

As shown in [13], for each the ith time interval (i = 0, … , k) the 

MA model of the order qi,k is invertible if ∅i,k

(qi,k)
 belongs to  

 

Iqi,k
 = {∅

i,k

(qi,k)
∈ Rqi,k|1 + ∅

i,k,1

(qi,k)
x + ⋯ + ∅

i,k,qi,k

(qi,k)
xqi,k ≠ 0, x ∈ C, ⌊x⌋ ≤ 1}.                                                                                                       

(2) 

 

The invertible region Iqi,k
 is difficult to be find if qi,k > 2. To 

solve this problem, a reparameterization of the MA (qi,k) model is 

adopted [13]. The notation MA (qi,k) refers to the MA model of 

order qi,k. For a MA(qi,k) model, there is a one-to-one transfor-

mation G: ρ
i,k

(qi,k)
∈ (−1,1)qi,k → ∅

i,k

(qi,k)
∈ Iqi,k

where ρ
i,k

(qi,k)
=

(ρi,k,1

(qi,k)
, … , ρi,k,qi,k

(qi,k)
) ′ is the vector of the first qi,k inverted partial 

autocorrelations of the MA(qi,k) model (see [13] for a definition 

of the vector ρi,k

(qi,k)
). This reparametrization changes the invertible 

region from the ∅i,k

(qi,k)
∈ Iqi,k

 becomes the ρi,k

(qi,k)
< 1  (i =

1, … , qi,k). 

Let θ = (k, τ(k), q(k), ∅(k), σ(k))′  be a parameter vector. Here 

τ(k) = (τ1, … , τk)′ , q(k) = (q0,k, … , qk,k)′ , ∅(k) =

(∅0,k

(qo,k)
, … , ∅k,k

(qk,k)
) ′ and σ(k) = (σ0,k, … , σk,k)′. If the piecewise 

MA model is used to model the data, the parameter θ must be 

estimated. Because the number of MA models is also a parameter, 
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the previous methods cannot be used to finding the parameter 

estimation. This paper proposes a reversible jump MCMC (Mar-

kov Chain Monte Carlo) algorithm in [14] to estimate the parame-

ter θ. The MCMC reversible jump algorithm has used for the se-

lection of mathematical models in which the number of mathemat-

ical models is assumed to be unknown, for example in [15,16]. 

The reversible jump MCMC algorithm is used to estimate ARMA 

(Autoregressive Moving Average) model parameters of unknown 

model order [15]. The MCMC reversible jump algorithm is im-

plemented to detect piecewise regression models where the num-

ber of change-points is unknown [16]. This paper consists of four 

sections. The first section describes the introduction. The second 

section presents the research method. The third section explains 

the results and discussion. The fourth section provides a conclu-

sion. 

2. Method 

The parameter estimation is done in a Bayesian framework. First, 

the likelihood function is determined. Second, the prior distribu-

tion for the parameter of the piecewise MA model is selected. 

Third, the posterior distribution is determined by using Bayes 

theorem. Fourth, since the Bayes estimator for parameters cannot 

be calculated analytically, the Bayes estimator for the parameter is 

calculated by using the reversible jump MCMC algorithm. The 

reversible jump MCMC algorithm is implemented in three stages: 

(a) The birth of the change-time, (b) the death of the change-time, 

and (c) the change in the change-time location. Furthermore, for 

the number of change-time and change-time location known there 

are three sub-stages, namely: the birth order MA model, the death 

order MA model, and the change in the value of the MA model 

coefficient. 

3. Results and analysis 

The following section describes the results related to likelihood 

function, Bayesian approach, reversible jump MCMC approach, 

and simulation. 

3.1. Likelihood function 

The entire document should be in Times New Roman. The font 

sizes to be used are specified in Table 1. In lieu of the exact likeli-

hood, an approximation to the likelihood is developed. Let qmax 

be the maximum number of MA model order. Because the noise 

has a normal distribution, the approximate likelihood takes a fol-

lowing form:  

 

f(s|θ) = ∏ (2πσi,k
2 )

−
1

2
(τi+1,k−τi,k)

exp −
1

2σi,k
2 ∑ (yt −

τi+1,k

t=τi,k+1
k
i=0

∑ G (ρ
i,k,j

(qi,k)
) ẑt−j

qi,k

j=1
)

2

                                                                  (3) 

 

Where 

 

s = (yqmax+1
, … , yn)′  

 

and  ẑ1 = ⋯ = ẑqmax
= 0. The tth  residual (t = qmax + 1, … , n) 

is calculated by 

 

ẑt = yt − ∑ G (ρi,k,j

(qi,k)
) ẑt−j,

qi,k

j=1   τi,k ≤ t < τi+1,k, i = 0, … , k.     (4) 

3.2. Bayesian approach 

A Bayesian approach is adopted in this work. It implies the choice 

of prior distribution for the parameter. Denote kmax as the maxi-

mum number of change-time. The k of the change-time location is 

drawn following a binomial distribution B(kmax, λ) with parame-

ter λ(0 ≤ λ ≤ 1) and kmax. 

For the k fixed, the change-time locations are distributed as the 

even numbered position of the order statistics of 2k+1 points uni-

formly drawn without repetition in {2...,n}. This choice avoids too 

small interval. The MA model order qi,k (i = 0, … , k) is assumed 

to follow the binomial distribution B(qmax, μ)  with parameter 

μ(0 ≤ μ ≤ 1) and qmax . For qi,k  fixed, the quantity of ρi,k,j

(qi,k)
 is 

assumed to follow the uniform distribution, i.e. ρi,k,j

(qi,k)
~U(−1,1). 

For qi,k  fixed, the quantity σi,k
2  is independent and distributed 

according to IG(
α

2
,

β

2
) where α > 0 and β > 0. In order to have the 

robust prior, we consider the hyper parameter vector (λ, μ, α, β) to 

be a random variable. The hyper parameters λ and μ are drawn 

following the uniform distribution on (0,1), i.e. λ~U(0,1)  and 

μ~U(0,1). Set α = 2. A Jeffreys prior distribution is selected for 

β. So, the prior distribution of the parameter for θ is given by: 

 

π(θ, ξ) =

π(k|λ)μ(τ(k)|k)π(q(k)|k)π(ρ(k)|k, q(k))π(σ(2k)|α, β, k)π(λ)μ(β)                                                                                                          

(5) 

 

Where 𝜉 = (𝜆, 𝜇, 𝛽). By the Bayes formula, the posterior distribu-

tion can be written by 𝜋(𝜃, 𝜉|𝑠) ∝ 𝑓(𝑠|𝜃) 𝜋(𝜃, 𝜉).  That is the 

product of the likelihood function in Eq. (3) and the prior distribu-

tion in Eq. (5). The Bayesian inference for parameter (𝜃, 𝜉)  is 

based on the posterior distribution. This posterior distribution is 

calculated by Eq. (4). In this case, it is not analytically possible to 

obtain this quantity. Then the reversible jump MCMC algorithm is 

applied. 

3.3. Reversible jump MCMC 

The key idea of the reversible jump MCMC is to build an ergodic 

Markov chain (𝜃1 , 𝜉1), …, (𝜃𝑀 , 𝜉𝑀) whose equilibrium distribu-

tion is the posterior distribution 𝜋(𝜃, 𝜉|𝑠). This sample generated 

by the reversible jump Markov chain can be used to estimate all 

posterior features of interest. 

If the value of k and the value of the MA model order 𝑞(𝑘) are 

known, then the Metropolis-Hasting algorithm can be used to 

simulate a Markov chain according to this posterior distribution. 

In this case, because both the value of 𝑘 and the value of 𝑞(𝑘) are 

unknown, the Markov chain must jump from a model (𝑘, 𝑞(𝑘)) 

with parameter (𝜏(𝑘), 𝜌(𝑘), 𝜎(2𝑘))  to a another model (𝑘′, 𝑞(𝑘′)) 

with parameter (𝜏(𝑘′), 𝜌(𝑘′), 𝜎(2𝑘′)). A solution to this problem of 

the model selection is proposed in [14]. This model selection is 

done in two stages: First stage, the reversible jump MCMC algo-

rithm is used to define a transformation so that the Markov chain 

can jump between the models of different dimension in term of the 

number of change-time k. In this work, there are 3 transformations, 

namely: the birth of a change-time, the death of a change-time and 

the change of the change-time position. The second stage, for the 

k fixed the reversible jump MCMC algorithm is used to define the 

jump between models of a different dimension, but in term of the 

order 𝑞𝑖,𝑘 (𝑖 = 0, … , 𝑘). For this, there are three transformations, 

namely: the birth of the MA model coefficient, the death of the 

MA model coefficient, and the change of the MA model coeffi-

cient. 

To find the parameter estimation, the reversible jump MCMC is 

used to simulate a Markov chain distributed according to the pos-

terior distribution  𝜋(𝜃, 𝜉|𝑠) . The samples 𝑘𝑗  (𝑗 = 1, … , 𝑀)  from 

the joint posterior distribution 𝜋(𝜃, 𝜉|𝑠) are collected after a burn-

in period. This method provides the marginal distribution of the 

number of change-time 𝑘. The marginal maximum posterior esti-

mator of k can be determined as follows: 

 

𝑘̂ = 𝑎𝑟𝑔𝑚𝑎𝑥  𝑝̂(𝑘𝑗|𝑠), 𝑘𝑗 ∈ {0, … , 𝑘𝑚𝑎𝑥}           (6) 

 

If the parameter 𝑘 has been estimated, then the change-time loca-

tion and the order can be estimated as follows: 
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𝜏𝑘̂ = 𝑎𝑟𝑔𝑚𝑎𝑥  𝑝̂ (𝜏𝑗
(𝑘)

|𝑘 = 𝑘̂, 𝑠) , 𝜏𝑗
(𝑘)

∈ {2, … , 𝑛 − 1}                                                                                                                                 

(7) 

 

and 

 

𝑞̂𝑖,𝑘 = 𝑎𝑟𝑔𝑚𝑎𝑥  𝑝̂ (𝑞𝑖,𝑘𝑗
|𝑘 = 𝑘̂, 𝑠) , 𝑞𝑖,𝑘𝑗

∈ {0, … , 𝑞𝑚𝑎𝑥}                                                                                                                              

(8) 

 

Finally, for 𝑘 = 𝑘̂  and 𝑞𝑖,𝑘 = 𝑞̂𝑖,𝑘 (𝑖 = 1, … , 𝑘̂) , the MA model 

coefficient and the noise variance associated are estimated by the 

same way (using marginal maximum posterior). 

3.4. Simulation 

The simulation results are presented for a synthetic signal. The 

250 samples of the synthetic signal are generated according to the 

piecewise MA model in Eq. (1). The value of the number of MA 

model 𝑘 = 1 . The change-time location 𝜏(1) = 125 . The MA 

model order, the MA coefficient and the noise variance for each 

time interval are summarized in Table 1. 

 
Table 1: Parameter of the Synthetic Signal 

𝑖𝑡ℎ segment 𝜎𝑖,1 𝑞𝑖,1  ∅𝑖,1

(𝑞𝑖,1)
 

0 0.5 1 0.7826 

1 1.5 3 (0.52, -0.08, -0.96) 

 

Based on this synthetic signal, the reversible jump MCMC is im-

plemented to find the parameter estimation of the synthetic signal. 

The MCMC simulation is run for 60.000 iterations, after a burn-in 

period of 10.000 iterations (𝑘𝑚𝑎𝑥 = 10, 𝑞𝑚𝑎𝑥=15). The following 

is the output of the simulation. The histogram of the marginal a 

posteriori distribution 𝑘 is plotted in the Fig. 1. 

 

 
Fig. 1: Histogram of Marginal Posterior Distribution For 𝑘. 

 

The estimation of k is the value in {0, 1, … , 10} at which the fre-

quency is a maximum. Fig. 1 shows that the estimation of the 

number of the MA models 𝑘 is 𝑘̂ = 1. 

For 𝑘̂ = 1 fixed, the histogram of the conditional marginal poste-

rior distribution of 𝜏(1) is given in Fig. 2. 

 

 
Fig. 2: Histogram of Conditional Marginal Posterior Distribution for 𝜏(1). 

 

The estimation of the change-time 𝜏(1)  in {2, 3, … , n − 1}  is at 

which the frequency is a maximum. Fig. 2 shows that the estima-

tion of the change-time τ(1) is τ̂(1) = 127. The estimation of the 

change-time and the synthetic signal are plotted in Fig. 3. 

 

 
Fig. 3: Estimation of Change-Time and Synthetic Signal. 

 

From Fig. 3, it can see that this synthetic signal is composed of 

two different MA models. 

For k̂ = 1 fixed, the histogram of the conditional marginal poste-

rior distribution for the MA order q0,1 and the order q1,1 are given 

in the Fig. 4 and the Fig. 5 respectively. 

 

 
Fig. 4: Histogram of Conditional Marginal Posterior Distribution for Q0,1. 

 

The estimation of the MA order q0,1 in {0, 1, … , 15} is at which 

the frequency is a maximum. Fig. 4 shows that the estimation of 

MA order q0,1 is q̂0,1 = 1. 
 

0 1 2 3 4 5 6 7 8 9 10

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Changepoint Number

F
re

q
u
e

n
c
y

50 100 150 200 250

0

0.05

0.1

0.15

0.2

0.25

0.3

Changepoint Position

F
re

q
u
e

n
c
y

0 2 4 6 8 10 12 14 16

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Model Order

F
re

q
u
e

n
c
y



International Journal of Engineering & Technology 6165 

 

 
Fig. 5: Histogram of Conditional Marginal Posterior Distribution for Q1,1. 

 

The estimation of the MA order q1,1 in {0, 1, … , 15} is at which 

the frequency is a maximum. Fig. 5 shows that the estimation of 

MA order q0,1 is q̂1,1 = 3. 

For k̂ = 1 and q̂0,1 = 1fixed, the Curve a (Fig. 6) shows the con-

ditional marginal posterior distribution of ∅0,1,1

(q0,1)
 by using the 

Gaussian kernel with the standard deviation 0.2. Similarly for k̂ =
1 and q̂1,1 = 3, in the same Fig. 6 (Curve b, Curve c, and Curve d) 

shows the conditional marginal posterior distribution of ∅1,1,1

(q1,1)
, 

∅1,1,2

(q1,1)
and ∅1,1,3

(q1,1)
 by using the same Gaussian kernel with the 

standard deviation 0.2. 

 

 
Fig. 6: Histogram of Conditional Marginal Posterior Distribution for the 

Coefficient of the MA Models. 

 

Finally, for k̂ = 1, the histogram of the marginal posterior distri-

bution of σ0,1 
and σ1,1 are given in Fig. 7 and Fig. 8. 

 

 
Fig. 7: Histogram of Conditional Marginal Posterior Distribution for Σ0,1. 

 
Fig. 8: Histogram of Conditional Marginal Posterior Distribution for Σ1,1. 

4. Conclusion 

This paper extends the moving average model into a piecewise 

moving average model. Bayesian approach is used to estimate 

model parameters. Because the Bayes estimator cannot be calcu-

lated analytically, the MCMC reversible jump algorithm is pro-

posed to calculate the Bayes estimator. This algorithm can esti-

mate the model parameters well. The model parameters include 

the number of models, model coefficients, and white noise vari-

ance can be calculated simultaneously. The advantage of this algo-

rithm is that the resulting piecewise moving average model is 

invertible. 
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