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Abstract 
 
In this paper, the problem of mathematical modeling of the stage of diffusion of sugar production is considered. To build the model, a 
combined approach is used: the structural identification based on the relational neighborhood scheme is refined with the help of the phys-
ical equation of the heat balance and then the parametric identification of the coefficients is performed using standard regression methods. 

The resulting model is bilinear.  The corresponding model, resolved with respect to critically important temperature parameters, is frac-
tional-bilinear. Parametric identification of the model is based on seasonal sampling of production data, the sample size is more than 
10000. 
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1. Introduction 

Neighborhood systems or neighborhood models are static or dis-
crete dynamical systems of equations on a graph [1].  The equa-
tions of a neighborhood system can correspond to either the verti-

ces of the graph or its edges. In the first case, we call a neighbor-
hood system a vertex-type system, in the second - a relational-type 
system [2]. The equations of the neighborhood system are struc-
turally identified by the sets of variables entering into them [3,4]: 
this level of identification is given by the graph. In the problems 
of managing production processes, such systems arise at the stage 
of transition from the production scheme (graph) to the mathemat-
ical model. The corresponding equations, even under the assump-

tion of linearity, usually contain a large number of parameters. 
Screening of superfluous parameters can be made on the basis of 
their statistical significance, but the results of such a formal excep-
tion are not always reliable. Quite often simple physical considera-
tions make it possible to reduce the number of model coefficients 
even before the parametric identification stage. In this article, we 
apply the described scheme for mathematical modeling of the 
stage of diffusion of sugar production, while the thermal balance 

equation is used as a physical component. For parametric identifi-
cation of the model, a seasonal sampling of the production data of 
the JV "Borinsky Sugar Plant" is used, the sample size is more 
than 10000.  

2. Technological  Diagram  for  Producing  

Diffusion  Juice 

 At the stage of diffusion of sugar production, the sugar is extract-
ed from the beet shavings. The final product at this stage of pro-
duction is diffusion juice [5]. The main units of process equipment 
at this stage are scalding and diffusion columns. The heater is an 

auxiliary equipment used to heat the diffusion juice to the speci-
fied temperatures. Figure 1 shows a technological block diagram 
for  obtaining the diffusion juice. The arrows indicate the move-
ment of substances. In the separate boxes  the parameters on the 
diagram are placed, which correspond to the control variables for 
the on the scalding machine, the diffusion column and the heater. 
The regulation of the temperature of the feed water takes place at a 

separate stage from the diffusion stage of the water treatment.  The 
temperature of the juice entering the stirrer is heated by means of 
the returnable steam.  The regulation of the expenditure of sub-
stances is carried out by varying the degree of opening of the regu-
lating flap.  

 
Figure 1. Technological block diagram of obtaining the diffusion juice 

 where  

    –  shavings  consumption;    
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   –  temperature of  the shavings; 

    –  consumption of the juice-based mixture;     

   –  temperature of the  juice-based mixture;   

      –  consumption of the  pulp;    

     –  temperature of  the pulp;    

   –  feedwater flow rate;   

  –  feedwater temperature;  

    –   supply of diffusion juice to the scalding machine shaft;  

     –   temperature of the diffusion juice;  

   –   supply of diffusion juice to the scalding machine mixer; 

  –   temperature of the diffusion juice entering the scalding 

mixer before being fed to   

               the preheater,   ;  

   –   temperature of the diffusion juice entering the scalding 

mixer  after the preheater;  

     –   расход ретурного пара;  

  –   flow of diffusion juice from the scalding machine;  

  –   temperature of the output diffusion juice from the 

scalding machine.  

3. Relational  Model and Balance   

Critical temperatures   and   should be maintained in 

certain fairly narrow limits by controlling the remaining variables 
of the model. The formal relational neighborhood model (metasys-
tem),  corresponding to the scheme in Fig. 1, has the form: 

(1) 

(2) 

We define the structure of the functions f and g (up to unknown 
coefficients subject to parametric identification) on the basis of the 

heat balance equations. The basis for drawing up the heat balance 
equations are the equations of material balance, which follow from 
the law of conservation of matter. Below are written the equations 
of material balance for the technological equipment of the diffu-
sion stage of sugar production: scalding machine (3) and diffusion 
column (4): 

;                                   (3) 

.                                               (4) 

Let us verify the fulfillment of equations (3) and (4) for the sample 
data. For the scalding machine and the diffusion column, Figures 1 
and 2 show diagrams of the deviations of the observed material 
balance from the theoretical ones, reduced to the average value of 
the chip consumption. All calculations were carried out, as already 

mentioned, on the basis of a seasonal samples of more than 10,000 
observations. In general, the equations of material balance for 
sample data are performed with good accuracy. The thermal bal-
ance of the technological process is compiled on the basis of the 
law of conservation of energy. The heat balance equations for the 
scalding machine (5) and the diffusion column (6) are: 

(5) 

 (6) 

where  , , , , , ,  – specific heats,   

– heat losses. For the scalding and the diffusion column, Figures 3 
and 4 show diagrams of the deviation of the observed heat balance 
from the theoretical, reduced to the average value of the heat ener-
gy of the juice-grinding mixture. When constructing the diagrams, 

the chip temperature  , the data for which is absent,  was 

assumed to be 20 ° C;  the heat losses were not taken into account. 
Deviations of the calculated heat balance for the sample data are 
within 20%. Thus, taking into account the unknown heat losses, 
the heat balance equations for sample data are performed with 
good accuracy.  

 
Figure 1. Diagram of deviations of the observed material balance of the 

scalding machine  from  

the theoretical one, reduced to the average value of the consump-

tion of  chips 

 
Figure 2. Diagram of deviations of the observed material balance of the 

diffusion column  from   

the theoretical one, reduced to the average value of the consump-
tion of  chips 
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Figure 3. Diagram of deviations of the observed   thermal balance of the 

scalding agent from the 

theoretical one, reduced to the average value of the thermal energy 
of the juice-based mixture 

 
Figure 4. Diagram of deviations of the observed heat balance of the diffu-

sion column from the  

theoretical one, reduced to the average value of the heat energy of 
the juice-based mixture 

4. Structural and  Parametric Identification of 

the Model 

On the basis of equations (5) and (6), the following bilinear reali-

zation of the metasystem (1) - (2) can be proposed: 

(5) 

(6) 

Equation (6) contains two terms with temperature  ;  it is 

necessary to combine these terms for reduction to the form (2) 
only after parametric identification. The results of parametric 
identification of the model are given below. The equations are 
written in natural units of measurement, that is, without normali-

zation. 

(7) 

(8) 

The coefficients of multiple correlation in both cases turned out to 

be 0.949. Equations (7) and (8) can be regarded as "regressionally 
refined" balance equations. To bring them into line with the meta-
system (1) - (2),  these equations can be rewritten in a fractional 

bilinear form with    and   on the left.  Figures 5 and 6 

show graphs of the error function (the difference between the left 
and right sides) for the pairs of equations (5), (7) and (6), (8). Er-

rors of the initial theoretical thermal balance model are shown in 
red, the errors of the regression-corrected model are blue. For 
clarity, the graphs of the errors in the heat balance model are shift-
ed by 5000 upwards. A significant reduction in the error amplitude 
of the refined model is noticeable in comparison with the initial 
theoretical model. 

 
Figure 5. Graphs of errors of the initial theoretical heat balance model (5) 

and the refined 

regression model (7) for scalding.  The errors of the model (5) are 
shifted by 5000 up 
            

 
Figure 6. Graphs of errors of the original theoretical heat balance model 

(6) and refined 

regression model (8) for scalding. The errors of the model (6) are 
shifted by 5000 upwards 
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5. Conclusion 

The problem of mathematical modeling of the stage of diffusion of 
sugar production is considered. Structural identification of the 
model was carried out on the basis of the heat balance equations 
for scalding machine and diffusion columns. For further paramet-

ric identification, a samples of data for a season of volume greater 
than 10,000 was used. The error of the refined regression model is 
on the average 3-4 times less than the error of the initial theoreti-
cal heat balance  model.  
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