
 
Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestrict-

ed use, distribution, and reproduction in any medium, provided the original work is properly cited. 
 

 

International Journal of Engineering & Technology, 7 (3.2) (2018) 567-574 
 

International Journal of Engineering & Technology 
 

Website: www.sciencepubco.com/index.php/IJET  

 

Research paper 
 

 

 

 

Construction and Calculation of Reinforced Concrete Overlap 

with A High Spatial Work Effect 
 

Taliat Azizov
1
*, Anna Azizova

2
, Sakr Al Ghadban

3
 

 
1 Pavlo Tychyna Uman State Pedagogical University, Ukraine 

2Poltava National Technical Yuri Kondratyuk University, Ukraine 
3Odessa State Academy of Civil Engineering and Architecture, Ukraine 

*Corresponding author E-mail: taljat999@gmail.com 

 

 

Abstract 
 

The article proposes the construction of a prefabricated monolithic reinforced concrete overlap consisting of beams hollow triangular 

section. It is shown that in such overlap the effect of spatial work is much higher than the analogous effect in traditional overlap that 

consists of U-shaped or T-beams and slabs. The technique of determining the forces of interaction of individual beams in the composi-

tion of the overlap is given. The technique is based on a discrete-continual method developed by the author, which is adapted to the cal-

culation of overlaps that consist of considered beams. The technique of determining the effort between the shelf and the ribs of a beam 

during its bending is presented. It is based on the theory of compound rods. The algorithm of calculation taking into account the spatial 

work is presented as well as the principles of constructing overlaps consisting of beams hollow triangular section, taking into account the 

change in their rigidity as a result of cracks formation. An approach to the determination of the rigidity of beams with normal torsion 

fractures is given, based on the approximation of numerical experimental data. 
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1. Statement of the Problem 

Reinforced concrete overlaps, regardless of the method of their 

manufacture, are usually calculated taking into account the spatial 

work, which means the presence of forces and displacements 

along the direction of all three axes of coordinates in space. The 

forces between its individual elements are redistributed due to the 

work of the overlap [2, 4, 5, 11, 12]. This is particularly noticeable 

when local loads act on overlaps. Local loads distribute only to 

some part of the overlap. Such loads can be loads from equipment, 

internal partitions, premises for various purposes, etc. 

Studies of many scientists have shown [4, 5] that the more spatial 

work is manifested, the more efficient the individual elements of 

the overlap are used and the more economical and reliable the 

overlap is. There are various ways of constructing overlaps to 

increase the effect of spatial work. It has been shown in various 

works that the spatial work of overlaps depends on the flexural 

and torsional rigidity of their elements, and also on the ratio of 

these rigidities. The use slabs or beams in overlaps, in which a 

large flexural rigidity, but low torsional rigidity leads to a decrease 

in the effect of spatial work. Very common plates of T-shaped and 

U-shaped sections have rather a high bending rigidity and strength, 

but low torsional stiffness. As a consequence, the overlap of such 

slabs has a low effect on spatial work. 

The author of this paper [4] proposed to use hollow triangular 

section beams (slabs) that have the flexural rigidity almost equal 

rigidity of T-shaped or U-shaped section, but they have torsion 

rigidity tens of times higher rigidity of the mentioned beams 

(slabs). The disadvantage of such beams is a relatively complex 

manufacture in view of their closed section. In this regard, in work 

[4] a method of producing a hollow triangular section beams in a 

prefabricated monolithic variant, when the main part of the beam 

in a planar form concreted on manufactory floor and then trans-

formed into their spatial hollow triangular section beam. However, 

in view of the inhomogeneity of such design, its calculation of the 

action of bending and torsion moments has its own characteristics, 

which must be investigated. In addition, in the above-mentioned 

studies, there are no mentions of constructing an overlap that con-

sists of beams hollow triangular section and also a technique for 

calculating such overlaps. 

In connection with the foregoing, the purpose of this article is to 

develop a method for calculating overlaps consisting of beams 

hollow triangular section, the principles of calculating such beams 

for bending and torsion, methods for constructing overlaps con-

sisting of such beams, and also a technique for determining the 

torsional rigidity of the mentioned beams with normal cracks. 

2. Determination of the Forces of Interaction 

of Adjacent Beams in the Composition of the  

Overlap 

Consider the cell overlap consisting of beams (slabs) of a hollow 

triangular section (Fig. 1). 

In the general case, an overlap consisting of n beams is affected by 

an uneven load. On each beam with number i (i=1…n) will act 

defined load qi in this case. Various methods of spatial calculation 

can be applied to calculate the overlap taking into account the 

joint work of beams with each other. The most common method is 

the use of programs such as Ansys, Abacus, Lira, etc. The use of 

these programs is most acceptable when calculating in the elastic 

stage without taking into account the change in the rigidity  
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parameters in the result of the formation of various cracks.  

Discrete-continual methods are more convenient within calculat-

ing taking into account the change in the rigidity parameters. 

 
Fig.1. The overlap scheme of beams hollow triangular section 

 

A very convenient method is the discrete-continual method by the 

author of the article. The modified method [4] will be used to 

calculate the overlap consisting of beams hollow triangular section, 

in which not all the internal forces arising along the lines of dis-

section of the overlap into individual beams will take into account. 

They are vertical interaction effort Pi(x) on the left and Pi+1(x) on 

the right, transverse bending moments mi(x) on the left and mi+1(x) 

on the right, and external load qi(x). Acting along the edges of the 

beam, in general case, horizontal longitudinal forces Ni(x) and 

horizontal strut forces Hi(x) (in [4]) won`t be taked into account in 

view of the relatively low height of the beams.   In this case, the 

system of differential equations derived in [4] can be simplified 

without a noticeable decrease in the accuracy. The bending mo-

ments from the forces are denoted pi(x) through Mpi(x). These 

moments are connected with efforts pi(x) of known differential 

dependence Mpi
II(x)=pi(x).  Taking into account the above, the 

typical line of the system of differential equations for determining 

unknown moments Mpi(x) and mi(x) will looks (argument x is not 

shown for brevity): 
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In the expression (1):  Ri – distance from the center of gravity of 

the beam section to its edge; EIi, GIi – respectively, the bending 

and torsional rigidity of the beam; Mqi=Mqi(x) – function of bend-

ing moments from an external load qi. 

Equations (1) are written for each section between adjacent beams. 

That is, if there are n beams in the overlap, then the system of 

equations will contain 2n-1 differential equations. These equations 

are most conveniently solved using the expansion of unknown 

functions Mpi(x), mi(x), as well as the functions of moments from 

an external load Mqi(x) in the Fourier series of sines. 
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where α=π·n/l; l – span of a beam; Mpn, mn -  The unknown coef-

ficients of the expansion in the Fourier series of the functions 

Mp(x) and m(x); Mqn – known coefficients of the expansion of the 

external moment Mqi(x). 

Substituting (2) into (1), performing differentiation and contract-

ing by Sin (α · x), it is not difficult to obtain a system of algebraic 

equations for obtaining unknown coefficients of the expansion 

Mpn and mn. Than, taking into account the differential dependence 

Mpi
II(x)=pi(x) легко получить неизвестные вертикальные силы 

взаимодей it is easy to obtain unknown vertical forces of interac-

tion pi(x). 

After determining unknown forces along the edges of the beams, 

each beam should be counted as a separate beam element, on 

which its external load and forces along its edges are acted pi(x) 

and mi(x). 

Calculations show that in view of the high rigidity of the beams 

hollow triangular section in the transverse direction and also in the 

case where the beams are interconnected by welding of the em-

bedded parts the effect of transverse moments mi(x) can also be 

neglected. In this case for each beam separated from the i-th beam 

only vertical forces pi(x) will act, as shown in Fig. 2.  

 
Fig. 2. The scheme of the forces acting on the i-th beam that considered 

In this case, the system of differential equations will become even 

simpler, there will be only the unknown vertical forces of the in-

teraction of the beams with each other pi(x). The typical line of the 

system of differential equations will have the form: 
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where the notation is the same as in expression (1). 

Comparison of the forces determined by solving the system of 

equations (1) and (3) with the forces determined by the finite ele-

ment method with using the Lira software package has shown a 

sufficiently high accuracy of the above technique. The advantage 

of the above approach to the spatial calculation of the overlap 

from the beams hollow triangular section is in next: it is possible 

to take into account the variation of the flexural and torsional ri-

gidities of the beams in a result of the formation of cracks [4], 

because in systems (1) and (3) of rigidities EJi and GJi each of the 

beams are taken into account separately.  

3. Determination of the Effort between the 

Shelf And The Inclined Ribs Within Bending 

the Beam of A Hollow Triangular Section 

The vertical forces that capable to tear off the shelf of the beams 

are arisen when the beams work in the composition of the overlap 

along the lines of joining adjacent plates. Let as a result of spatial 

calculation the forces of interaction of beams with each other are 

determined. Consider the selected individual beam (Figure 2). The 
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external load acts on the beam qi(x), and also the forces of interac-

tion with the adjacent beams on the left pi(x) and on the right 

pi+1(x). 

Various methods can be used to determine the stress-strain state of 

the shelf and beam edges including a technique based on the theo-

ry of compound rods. For this, imagine a beam of a hollow trian-

gular section in the form of a two-layer compound rod in which 

the upper rod imitates the work of the shelf, and the lower one - 

the work of inclined ribs. Here is an external load qi, load on the 

left edge pi and the load on the right edge pi+1 relative to the 

equivalent load acting on the upper face of the beam. The magni-

tude of this load q=qi-pi+pi+1 (Fig. 2). It should be had in mind the 

signs under efforts pi and pi+1. The result is a diagram of the com-

posite rod shown in Fig. 3. 

 
Fig. 3. Scheme for the calculation of a beam of a hollow triangular section 

with the application of the theory of composite rods 

In general, the linear tangents act on the cut plane T(x) and vertical 

S(x) efforts, which are distributed over two shelf joint lines with 

inclined ribs. 

A system of differential equations for a two-layer composite rod 

for unknown functions T(x) and S(x) is in [13]: 

 

{

   

 
            

     

 
            

                                                        (4) 

 

where g, i, g0, k and k0 – parameters associated with geometric 

characteristics and external loads on the component rods, deter-

mined by [13]; Ms=Ms(x) – bending moment function of lateral 

forces S(x); ,  – respectively, the rigidity coefficients of the 

transverse bonds and shear bonds, representing the ratio of the 

force in the connection to the corresponding deformation. In this 

case, it can be assumed that the cross-links are the layer of the 

beam, which height is equal to the thickness of the upper shelf. 

The coefficients  and  should be determined by [13].  

For a convenient solution of the system of differential equations 

(4), for any ratio of the rigidity of the upper and lower components 

of the rods, it is correct to use trigonometric Fourier series in sines, 

similarly to [3], since in this case the boundary conditions will be 

satisfied automatically. Then the solution for the unknown func-

tions T(x) and S(x) will look: 
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where also, as in (2), is denoted α=π·n/l.  

Substituting (5) into system (4), taking into account the depend-

ence MSII(x)=S(x) after appropriate transformations, expressions 

for the decomposition coefficients Tn and Sn are obtained: 
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where is denoted: 
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M1,n – coefficient of expansion of the bending moment from an 

external load into a Fourier series of sines; EJ1, EJ2 - bending 

rigidities of the upper composite rod (beam shelf) and the lower 

rod (inclined ribs); a, b – distance from the centers of gravity of 

the upper and lower rods respectively to the line of their conjuga-

tion. 

Substituting (6) and (7) into (5) the required functions T(x) and S(x) 

are obtained. 

After determining efforts T(x) and S(x) the upper component rod 

(shelf) should be considered as a beam on which the external load 

is applied q, and also efforts T(x) and S(x). The bottom rod (in-

clined V-shaped ribs) should be considered as a beam, on which 

only the forces T(x) and S(x) are acted.  

4. The Algorithm for Calculating the Overlap 

of Beams in a Triangular Section, Taking Into  

Account the Spatial Work 

Let consider an algorithm for the complete calculation of an over-

lap consisting of beams hollow triangular section. 

1. Determine the initial rigidity characteristics of the section and 

beam reinforcement: torsional Dt and bending B rigidities of 

beams by the known formulas for the resistance of materials; the 

rigidities coefficients of the shear bonds and transverse bonds 

joining the shelf and the inclined edges of the beams, according to 

[13]. These coefficients depend on the reinforcement, thickness, 

and class of the concrete of the monolithic seam, as well as on the 

presence or absence of dowels.  

2. At zero external iteration, the overlap is calculated with the 

rigidity B and Dt of the beams taking into account the spatial work 

according to the methodology given above. The result is a force of 

interaction pi and pi+1 of beams with each other. 

3. Sequentially examine each beam separately with its own exter-

nal load and the interaction forces along the left and right edges 

(Fig. 2). 

4. Determine the equivalent load on the shelf, taking into account 

the signs (direction) of the interaction forces q=qi-pi+pi+1 and de-

termine the deflection of the beam f4 and angle of rotation φ4 at 

this stage of calculation in the middle of the span. 

5. Calculate each beam according to the theory of compound rods 

according to the technique given above, taking into account 

changes in the rigidity of the shelves and inclined edges from the 

formation of cracks. For this, at the zero internal iteration, it is 

assumed that the element works elastically. According to expres-

sion (5), taking into account (6) and (7), the forces T(x) and S(x) 

acting in the joint between the shelves and inclined ribs are deter-

mined. 

6. Any known method for calculating reinforced concrete ele-

ments (for example, according to [1, 7]) calculates the time of 

formation of cracks, rigidities in the absence of cracks and in the 

places where they exist and determine the deflection of each beam 

element separately (shelves and inclined ribs) in the middle of the 

span f(l/2) from efforts, acting directly on the shelf and on the in-

clined edges (this is most convenient to do in the form of a calcu-

lation progamm).  

7. Determine the equivalent bending rigidities of a conditionally 

elastic shelf      
  with constant rigidity and conditionally elastic 

inclined edges     
 . These rigidity is determined from the condi-

tion of equality of deflections f(l/2) in the middle of the span of a 

real element with cracks (as defined in paragraph 6) and deflection 

ff of a fictitious element with constant bending rigidity, i.e. from 

the condition: 
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The deflection of a fictitious beam with conditionally constant 

rigidity is determined from the known formula for the resistance 

of materials: 
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Then in view of the foregoing, equivalent rigidities    
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where Mi=Mi(x) – function of the bending moment in this element, 

which for the upper rod (shelves) is composed of an external load 

and forces T(x) and S(x), for the lower rod (inclined ribs) – only 

from efforts T(x) and S(x), defined by the expressions (5) with 

tacking into account (6) and (7). 

8. Substituting rigidities of (11) into characteristics of the shelves 

and the inclined ribs, an elastic calculation is again carried out 

from point 5 and new values of the equivalent (fictitious) rigidities 

of the beam elements     
  и     

  are obtained for the next itera-

tion. Iterations by paragraphs 5-8 are carried out until the rigidity 

at the last iteration coincides with the rigidities at the previous 

iteration with a predetermined error. As a result, the final rigidity 

is obtained for the bending of the beam as a whole. 

9. With the final rigidities determine the bending of the entire 

beam in the middle of the span f9 and the angle of rotation in the 

middle of the span φ9 by paragraph 8. 

10. Next, an equivalent bending     
    and equivalent torsional 

      
    rigidities of the entire beam are determined, considering it 

conditionally elastic with constant rigidity. These rigidities are 

determined from the condition of equality of the deflection f9 and 

angle of rotation φ9 in the middle of the span of the element with 

cracks in the deflection ff and angle of rotation φf of a fictitious 

element with constant bending rigidity     
    and constant torsional 

rigidity       
   , i.e. from the conditions by paragraph 9: 

 

       and                                                                        (12) 

 

The angle of rotation of a beam with constant rigidity is deter-

mined by the known formula of the resistance of materials: 
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where Mt – torsion moment in the beam in question, which con-

sists of the moments created by the efforts of the interaction of the 

beams with each other on the left pi(x) and on the right pi+1(x). 

The deflection of a beam with constant rigidity is also determined 

by a known formula analogous to (10). 

Taking this into account, the equivalent rigidity of the beam as a 

whole will be determined from the expressions: 
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Substituting rigidities according to (14) and (15) as new character-

istics of the beams of the overlap B and Dt and repeat the calcula-

tion from paragraph 2. External iterations from paragraphs 2-10 

are repeated until the rigidities at the last and the previous iteration 

match with the predetermined accuracy. 

5. The Construction of A Prefabricated  

Monolithic Overlap Consisting of Beams Hol-

low Triangular Section 

Let us now consider methods for constructing overlaps consisting 

of beams hollow triangular section. In view of the complexity of 

the concreting of such beams in a monolithic variant, they fabrica-

tion was proposed in [4] in two stages. At the first stage (Fig. 4), 

the bottom wooden pads with 1 thickness equal to half the thick-

ness of the wall of the hollow beam are laid on a concrete surface. 

The width of the pads can be 50-120 mm depending on the thick-

ness of the beam wall. The distance between the pads is selected 

depending on the length of the beam bay. Then the reinforcement 

grid 2 is laid on the pads. 

 

Fig. 4. The scheme of concreting the beam of a hollow  

triangular section 

 

The diameter of the reinforcement grid (3-8 mm) is selected by 

calculating the strength of the inclined sections of the reinforced 

concrete beam. After that, lay the upper wooden pads 3 and the 

end-type board 4 are laid (its width is equal to the thickness of the 

beam wall). Then, between the pads, the concrete of the beam 

structure is laid in sections 5, 6 and 7. The lengths of the sections 

can be any, depending on the required cross-sectional dimensions 

of the hollow triangular beam. After the strength of the concrete is 

reached, the end-type board 4 and the upper pads 3 are removed. 

The extreme sections of the joists 5 and 7 are raised to the top. In 

the result, a hollow triangle is formed (Fig. 5). The extremes of the 

grid are overturned and tied with knitting wire. Then in the re-

quired corner of the formed triangle, the working reinforcement 8 

of the beam is laid (the reinforcement is laid in the place where the 

stretched beam zone will be in working condition). The areas of an 

intersection of sections in the corners of triangle 9 are concreted 

with the help of tie formwork (from separate boards).  

 
Fig. 5. Section of a prefabricated monolith reinforced concrete beam of 

hollow triangular shape 

 

After the strength of the concrete sections and monolithic areas 9 

is set, the beam is ready for use. The beam is turned into working 

position in such a way that the working reinforcement is in the 

stretched zone. 

The section of the stretched reinforcement 8, laid before the con-

creting of the monolithic sections 9, and also the thickness of the 

compressed shelf (item 6 in Figure 5) is selected from the condi-

tion of the required strength and rigidity of the beam in the normal 

section. For ease of installation, it can be arranged the supporting 

diaphragms on the beam supports in the ribs. 

Taking into account that the prefabricated monolithic beams of the 

hollow triangular cross section have their own specifics of manu-

facturing, it is necessary to separately consider the construction of 

such beams. For the production of a beam in a flat form, it is nec-
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essary to lay the reinforcing grid (Fig. 4). This grid on the one 

hand makes it possible to create a unified structure, and on the 

other hand it plays the role of connections that unite the beam 

shelf with its ribs when the beam is operating under load.  

The calculations according to the authors with using the theory of 

compound rods by the method given above show that for a certain 

rigidity of a monolithic seam the beam can be calculated as com-

pletely monolithic. In other words, if the diameter of the trans-

verse reinforcement grid is selected in a certain way then the beam 

can be considered monolithic. On the other hand, a thoughtless 

increase in the diameter of the transverse rods of the grid will lead 

to an increase in the amount of reinforcement and, corresponding-

ly, a rise in the structure cost. In addition, the transverse rein-

forcement grid plays the role of clamps in calculating the strength 

of the beam along incline sections, and also in calculating the 

strength for the action of torsion moments. 

Longitudinal reinforcement grid on the one side unites the grid 

into a single whole, and on the other hand, it plays the role of ad-

ditional working reinforcement. Therefore, the pitch of the longi-

tudinal reinforcement should be assigned unequally, concentrating 

it at the ends of the edges located at the main working reinforce-

ment and diluting at the level of the beam shelf. 

In connection with the above, when assigning the diameter and 

pitch of the transverse and longitudinal reinforcement grid, the 

following should be considered: 

1. With a known total load on the beam (hence, the maximum 

bending moment is known), the required amount of longitudinal 

working reinforcement (including both the main and longitudinal 

rods of the grid) must first be calculated. 

2. Efforts in the seam between the upper shelf and the inclined 

side ribs are determined by the technique given above as a compo-

site double-layer rod, the upper component of which is the stern of 

the beam and the lower one is inclined ribs. The monolithic suture 

is modeled by cross-links and shear links. The total shear strength 

of the transverse reinforcement of the mesh should not be less than 

the strength of the working reinforcement. This is due to the fact 

that the external bending moment is perceived by a pair of forces, 

one of which is the compression force in the shelf, and the second 

is the effort in the working stretched reinforcement. The strength 

of the shear bonds should be sufficient to perceive the force in the 

compressed shelf. 

Given that the most rational is the beam structure in which the 

ultimate limit state is the thickness of the shelf height of the com-

pressed zone, the combined force Ts, perceived by the transverse 

reinforcement, connecting the shelf with the ribs, should be not 

less than: 

 

            ,                                                                           (16) 

 

where fck – design resistance of concrete; bf, hf - respectively, the 

width and thickness of the beam shelf. 

If the section of the working reinforcement is less than the limiting 

force, perceived by shelf, the force should not be less than: 

 

         ,                                                                                (17) 

 

where fy, As – respectively, the design resistance and the area of 

the working reinforcement.  

3. To reduce the amount of transverse reinforcement of the grid, it 

is possible to device the dowels on the dowels of the beam during 

concreting. In this case, the dowels can be formed by inserting 

scraps of a wooden beam. The step and proportions of the dowels 

can be determined by the known method of designing reinforced 

concrete prefabricated monolithic structures [1, 7]. 

4. Calculate the strength of the inclined beam sections for the ac-

tion of the bending moment and shear force. The diameter and 

step of the transverse reinforcement grid must satisfy the strength 

conditions for the inclined sections.  

5. The diameter and pitch of the transverse reinforcement must 

satisfy the conditions for the strength of the spatial sections for the 

action of the torsion moment. 

The step of the transverse reinforcement should be the smallest of 

all possible, taken according to points 1-5. For strength calcula-

tions of inclined and spatial sections are recommended to use 

known methods, including normative [1, 6, 7, 9, 14]. 

Beams hollow triangular section have a high torsional rigidity. 

This fact makes the overlap of such beams competitive in compar-

ison with other types of overlap. The beam of a hollow triangular 

section carries the functions of a beam and a plate at the same time. 

The width of the compressed shelf can be quite large and can be 

the same proportions as the width of the hollow or U-shaped pre-

fabricated plates. At the same time, such beams have their own 

specifics in the arrangement of overlapping. The design of the 

beam means to lay a separate beam without special tools is rather 

difficult because in the working position the beam is laid on the 

corner of the triangle. However, two or more beams, connected 

together, are already quite a stable system. For this purpose, in the 

arrangement overlap before laying the first beam before the se-

cond beam must be liberated temporary braces, just as it is done 

when installing the reflection beams or trusses. 

Combining all the beams of the overlap into a single disk can be 

done in several ways. The first option, when all three monolithic 

sections of the beams are concreted before they are installed in the 

overlap. Then the integration into the overlapping disk can be 

carried out by welding the embedded parts laid in advance. In this 

case, there is an increase in the cost of overlap, because at the 

same time, the costs of the metal of the embedded parts and the 

elements that unite them are increasing. 

Second option. When concreting monolithic sections of beams in 

them, it should be arranged dowels with a certain step. After 

mounting the beams in the locations of the dowels, the cross bars 

of the meshes of the adjacent beams are combined with reinforc-

ing steel clamps and the cobs are concreted. The step of the dow-

els and the diameter of the connecting clamps should be selected 

from the calculation of the overlap, taking into account the spatial 

work. In the case when the overlap is designed without taking into 

account the spatial work, the dowels and joining clamps can be 

located for constructive reasons. 

Third option. In the manufacture of beams concreted only a mono-

lithic section located at the lower edge (in working position) of the 

beam where the working armature is located. This, in addition, 

will make it easier to manufacture the beam, because immediately 

after the transformation of the beam from a flat state (position on 

the floor), the lower monolithic areas are not concreted into the 

position of the finished beam form (Figure 6). 

 
Fig. 6. Scheme concreting monolithic sections of the beam for post-
erection installation 

 

In this form, the beams are transported (in the case of manufactur-

ing at the factory) and installed (Figure 7). The closed contour of 

the beam is quite rigid and, therefore, allows the transport and 

installation of the beams in this state. 

After the installation of all the beams, the grids of adjacent beams 

are combined with reinforcing steel straps and the monolithic 

sections are concreted. Concreting of monolithic sections unites 

both the upper shelf of each beam with its inclined edges and all 

the beams into a single overlapping disk. 

 
Fig. 7. The option of combining the beams in the overlap joint concreting 

the upper nodes of the beams: 1 – basic elements of beams; 2 – overlap 

areas to be concreted; 3 – clamps for combining grids of adjacent beams 
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The most acceptable of the options discussed above is obviously 

the third option, because while the cheapest (from the point of 

view of steel consumption) is obtained and at the same time the 

most reliable way to combine overlapping into a single disk. 

6. Determination of Rigidity in Torsion Beams 

Hollow Triangular Section in the Presence of 

Normal Cracks 

Consider a method for determining the torsional rigidity of beams 

hollow triangular section. 

In [4, 11, 5, 12], the local load redistribution depends substantially 

on the same manner as from a flexural and torsional rigidities of 

the individual elements. This dependence is significant. Conse-

quently, the definition of flexural and torsional rigidities is an 

important and urgent problem. 

Despite this, most calculations for the design of various structures, 

including well-known powerful program complexes, such as An-

sys, Abacus, Lira, are carried out without taking into account the 

change in torsional rigidity in result from the formation of normal 

cracks. 

When calculating the overlap consisting of a large number of 

beams, modeling each beam from the volume finite elements with 

the inclusion of reinforcement elements is very much laborious. 

For today, there is very little research on the torsional rigidity of 

reinforced concrete elements with normal cracks. Most of the 

studies on torsion in reinforced concrete are devoted to the study 

of the strength of such elements. Existing methods for determining 

deformations in torsion [6, 7, 9, 10, 14] concern only reinforced 

concrete elements with spatial (spiral) cracks, although experi-

mental studies have established a significant effect of normal 

cracks on the torsional rigidity of reinforced concrete elements [2, 

4]. In works devoted to the investigation of the torsional rigidity 

of reinforced concrete elements with normal cracks [2], simple 

types of sections are considered: a rectangle with the symmetrical 

reinforcement, a ring, cylindrical elements.  

The resistance to movement from torsion in the section with a 

crack is exerted by longitudinal reinforcement. To find the pinning 

force in the longitudinal armature, it should be conventionally cut 

and a pinning force at the center of gravity of the reinforcing bar 

on both sides of the conditional section, oppositely directed to 

each other. Then, from the condition of compatibility of defor-

mations in the cut reinforcement, determine the required pinning 

force of reinforcement resistance by rotating the beam section in a 

normal crack. 

The integral evaluation of the displacement in a crack, taking into 

account the factors of the element's torsional rigidity (the distance 

between the cracks, the height of the concrete zone above the 

crack, the geometry of the section), is the displacement from the 

action of the external torque Mt. It is transferred between blocks of 

the element with cracks through the height of the concrete section 

above the cracks (Figure 8). 

The most difficult part of the problem is to determine the dis-

placements of adjacent points separated by a crack (points C and 

CI on Fig. 8). In the presence of a solution to this basic problem, 

the further determination of the torsional rigidity of a reinforced 

concrete element with a crack is not difficult. 

 
Fig. 8. The scheme of a hollow triangular section element with a normal 
crack 

 

This problem can be solved both in an approximate way [2, 4], 

and with the use of the finite element method. One of the draw-

backs of solving this problem, as mentioned above, is the condi-

tion of using a large number of volumetric finite elements, which 

complicates both the creation of the calculation scheme and analy-

sis of the calculation results, especially since this is only part of 

the solution of the general problem of stress-strain state reinforced 

concrete element with normal torsional fractures [2]. The use of an 

elasticity theory solutions is possible not in all cases of the prob-

lem under consideration [2]. 

One of the ways to solve the problem of determining the dis-

placement of crack fractured edges is as follows. 

Calculations with the use of volume finite elements established 

that the mutual movement of the shores of the crack is a clear 

function of the height of the compressed zone, the height, and 

width of the beam section and the distance between the cracks. In 

this case, it is possible to obtain a formula approximating such a 

function. 

So, for example, when the height of the compressed zone is equal 

to the thickness of the beam shelf of a hollow triangular section, 

the displacement of the crack sides (the angle of mutual rotation of 

the two blocks separated by a normal crack) will be a function of 

five variables (Figure 8): 

 

Δ=f(a,b1,b2,h,t).                                                                            (18) 

 

where (Figure. 8): a – the distance between the cracks; b1, b2 – the 

width of the upper flange and the lower beam edge, respectively; h 

– beam height; t – thickness of plates forming a beam hollow tri-

angular section. 

Approximation of such a function of five variables can be carried 

out by any of the known methods, for example, by the method 

proposed in [8]. 

It should be noted that the entire database of approximation data 

can be obtained for specific values of the elasticity modulus E and 

shear modulus G of concrete. Considering that this problem is 

linear, to obtain displacements in an element with other values of 

the elasticity and shear modulus, it is easy to multiply them by the 

ratio of the corresponding parameters of the considered construc-

tion (or the corresponding iteration step in the nonlinear calcula-

tion) to the parameters given in the database. 

If the height of the compressed zone also needs to change, then the 

function (18) will contain not five variables, but six, including the 

height of the compressed zone (the zone through which the torsion 

moment is transmitted from one block to another). But in any case, 

obtained once (although on the basis of a fairly complex set of 

data from a numerical experiment), this function can be used in 

design practice as many times as necessary. 

Thus, having an instrument for determining the torsional rigidity 

of a reinforced concrete element with normal cracks, introducing it 

as one calculation block in the calculation programs, it is possible 

to calculate complexly repeatedly statically indeterminate systems 

(overlaps, bridges, etc.) with allowance for the effect of torsional 

rigidity on the redistribution of forces between individual elements 

of the system.  

To obtain approximation functions of the type (18), a sufficiently 

large but finite number of calculations must be performed using 

software complexes in which the finite element method is imple-

mented using volume finite elements (programs Ansys, Abacus, 

Lira, etc.). At first glance, this may seem complicated, but the 

advantage of this approach is obvious, because once obtained such 

dependencies can be used by designers and engineers as much as 

necessary in solving specific problems in the manner described 

above. The creation of a library of such approximation functions 

will make it possible to simplify considerably the solution of 

many complex problems, where the number of such elements 

would be much smaller than the number of finite elements using 

the traditional finite element method. This approach is acceptable 

not only for calculating the rigidity of beams hollow triangular 

section but also for the rigidity of elements with any cross-

sectional shape. This is the advantage of the proposed approach. 
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7. Comparison of the Spatial Work of  

the Proposed and Traditional Overlaps 

To compare the effect of the spatial work of overlaps consisting of 

beams (slabs) of a hollow triangular section and U-shaped slabs, 

calculations were carried out for two different overlapping frag-

ments. For correctness of comparison, the width and thickness of 

the compressed shelf in both variants was adopted the same (from 

the point of view of the same load-bearing capacity of the rein-

forced concrete element for the action of the vertical load). The 

sections of the plates in two variants were adopted: in the form of 

a closed thin-walled triangle; in the form of a U-shaped thin-wall 

section. 

The width of the plates is the same in both cases, equal to 1500 

mm, height - 450 mm. The thickness t of all sides of the plate of 

the hollow triangular section and the shelf of the plate of the U-

shaped section is taken equal to 50 mm. From the condition of 

concrete volume equality in both variants, for correctness of com-

parison, the thickness of the plate edges of the U-shaped section is 

assumed equal to 97 mm (from the condition that the sectional 

area of the slab longitudinal edge of the U-shaped section of the 

plate inclined rib hollow triangular section to be equal).  

In both variants, a 7.5x12 meter overlapping cell consisting of five 

slabs with a width of 1.5 meters spanning 12 meters was consid-

ered. The loading by the local load of the second plate (left) and 

the middle plate was considered. 

Due to the fact that the plate joint is adopted by welding embed-

ded parts, the seams between the plates do not take transverse 

bending moments. Therefore, they were modeled in the form of 

cylindrical hinges, transmitting from the one plate to another only 

vertical forces. For this purpose, in the Lira calculation scheme, it 

was decided to combine linear displacements of adjacent nodes of 

two adjacent slabs.  

For the comparison criterion, the following calculation results 

were accepted: maximum values of longitudinal forces Nx, Ny in 

the element of the shelf of the most stressed plate; maximum 

bending moments Mx, My in the shelf element; maximum deflec-

tion in the middle of overlap span fl/2. 

Table 1 shows the results of comparison of bending moments and 

deflections.  

As can be seen from the table, the maximum bending moments in 

the elements of the plates shelves are more than two times differ-

ent in the thickness of the overlap consisting of slabs hollow trian-

gular section. The maximum deflections during the loading of the 

middle plate differ by 20 percent, and when the second plate on 

the left is loaded by 36 percent. 

The overlap of the slabs of the hollow triangular section was also 

compared with the overlap of T-slabs. Moreover, the dimensions 

of the compressed shelves are assumed to be the same. The thick-

ness of the edges of the T-plates is taken from the condition that 

the sectional area of the sloping edges of the slab hollow triangu-

lar section (equal to 194 mm) is equal to their sectional area.  

Table 2 shows the data for this calculation. 

 
Table 1: Comparison of the calculating results for the overlap of five slabs 
with a width in 1500 mm of a hollow triangular (option # 1) and a U-

shaped (option # 2) sections.  

Parame-
ter 

Load on the first 
plate 

Load on the  
second plate 

Load on the third 
plate 

#1 #2 #2 

#1 

#1 #2 #2 

#1 

#1 #2 #2 

#1 

  
    

kHm/m 

1,4
2 

 

3,0
5 

2,1
4 

1,3
9 

2,8
1 

2,0
2 

1,3
9 

2,8
1 

2,0
2 

  
    

kHm/m 

1,3

6 

3,3

4 

2,4

5 

1,4 2,2 1,5

7 

1,3

9 

1,7

4 

1,2

5 

   
    

kHm/m 

0,9

9 

4,2

5 

4,2

6 

0,8

2 

3,7

9 

4,6

2 

0,7

8 

3,6

6 

4,6

7 

  
 

    

(mm) 

18,

9 

34,

2 

1,8

1 

14,

1 

19,

2 

1,3

6 

12,

9 

16,

9 

1,3

1 

An even greater effect of spatial work is achieved if the width of 

the plates is taken equal to 750 mm. In this case, the thickness of 

all the sides of the plate hollow triangular section is 30 mm. The 

thickness of the shelf of the U-shaped plate is also equal to 30 mm, 

and the thickness of the longitudinal edges (also from the condi-

tion of equal volume of the concrete) is assumed equal to 39 mm.  

 
Table 2: Comparison of the calculating results for the overlap of five slabs 

with a width in 1500 mm of a hollow triangular (option # 1) and T-shaped 
(option # 2) sections.  

Parame-

ter 

Load on the first 

plate 

Load on the  

second plate 

Load on the third 

plate 

 #1 #2 #2 
#1 

#1 #2 #2 
#1 

#1 #2 #2 
#1 

  
    

kHm/m 

1,4

2 

6,0

1 

4,2

3 

1,3

9 

3,9

4 

2,8

3 

1,3

9 

3,4

8 

2,5 

  
    

kHm/m 

1,3

6 

6,5

9 

4,8

4 

1,4 4,2

4 

3,0

2 

1,3

9 

3,0

7 

2,2

1 

   
    

kHm/m 

0,9
9 

13,
8 

13,
8 

0,8
2 

17,
2 

20,
9 

0,7
8 

16 20,
4 

  
 

    

(mm) 

18,

9 

37,

6 

1,9

9 

14,

1 

20,

1 

1,4

2 

12,

9 

16,

7 

1,2

9 

The above comparison shows that the use of beams (slabs) hollow 

triangular section substantially increases the effect of the spatial 

operation of overlaps that consist of such slabs. This is due to the 

fact that the torsional rigidity of such boards is substantially high-

er than the rigidity of the U-shaped or T-section slabs traditionally 

used in modern construction. The production of beams hollow 

triangular section in a prefabricated-monolithic variant proposed 

in this work makes it possible to significantly stanch and simplify 

the construction. In connection with the foregoing, the study of the 

stress-strain state of prefabricated monolithic reinforced concrete 

beams hollow triangular section, carried out in this article, is the 

solution of the actual task of the building science, as a result of 

which it becomes possible to use such beams in construction.  

8. Conclusions and Prospects of Research 

The method proposed in the article for calculating the overlap 

consisting of beams hollow triangular section makes it possible 

without the use of powerful programs to easily determine the in-

teraction forces between individual beams. The method of calcu-

lating the beams for bending, based on the theory of composite 

rods, makes it possible to easily determine the forces between the 

shelf and the beams inclined edges. The algorithm for calculating 

the overlap, consisting of the beams proposed by the authors, al-

lows performing a complete calculation of both the overlap and 

individual beams, taking into account the change in the rigidity 

from the formation in the cracks beams. An approach for deter-

mining the torsional rigidity of beams hollow triangular section 

with normal cracks, as a result of which it is possible to obtain a 

basis of approximation functions for the simple determination of 

the elements rigidity for any section with cracks within torsion is 

proposed. In turn, this base greatly facilitates the calculation of 

overlaps, taking into account the change in rigidity from the 

cracks formation. In the article, the principles of designing prefab-

ricated-monolithic overlaps from the considered beams are also 

given, which makes it possible to create a hard disk of overlap. 

The comparison of overlaps consisting of the proposed beams and 

overlappings from traditional T-beams and U-beams (slabs) in the 

article shows that the maximum efforts and deflections in them are 

very different in favor of the proposed overlap. This allows rec-

ommending such overlaps in construction practice. 

In the future, it is proposed to define functions of the type (18) for 

solving the reinforced concrete elements of a triangular section 

problems in torsion and their various sizes, extending the pro-

posed approach to calculation taking into account the non-linear 

properties of reinforced concrete, and also developing a program 

for calculating overlaps using all the methods proposed in the 

article. 
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