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Abstract 
 
In this paper we give some applications to integral equations as well as homotopy theory via Suzuki  type fixed point theorems in partial-

ly ordered complete 𝑆𝑏 - metric space by using generalized contractive conditions. We also furnish an example which supports our main 

result. 
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1. Introduction 

Banach contraction principle in metric spaces is one of the most 
important results in fixed theory and nonlinear analysis in general. 
Since 1922, when Stefan Banach  formulated the concept of con-
traction and posted a famous theorem, scientists around the world 
publish new results related with generalization of metric space or 
with contractive mappings. Banach contraction principle is con-
sidered to be the initial result of the study of the fixed point theory 

in metric spaces. Recently Sedghi et al.  defined Sb-metric spaces 
using the concept of S-metric spaces. The aim of this paper is to 
prove some Suzuki type unique fixed point theorems for general-

ized contractive conditions in partially ordered 𝑆𝑏-metric spaces, 

also provide an application of integral equations as well as an 
application of Homotopy theory. Throughout this paper R,R+ and 
N denote the set of all real numbers, non-negative real numbers 
and positive integers respectively. First we recall some definitions, 
lemmas and examples. 

2. Definitions 

Definition 1: Let X be a non-empty set. An S−metric on X is a 

function  S : 𝑥3 → [0, +∞)that satisfies the following conditions 

for each        x,y,z,a ∈ 𝑋 

     (S1) : S(x, y, z) = 0 if and only if x = y = z, 
     (S2) : S(x, y, z)  S(x, x, a) + S(y, y, a) + S(z, z, a) for all 

x, y, z, a ∈ X. 

    Then the pair (X, S) is called a S-metric space. 

Definition 2: Let X be a non-empty set and b≥ 1 be given real 

number. Suppose that a mapping 𝑆𝑏 : 𝑋3 → [0, +∞) be a func-
tion satisfying the following properties :  

(𝑆𝑏1)  𝑆𝑏(x, y, z) = 0 if and only if x = y = z, 

  (𝑆𝑏2)  𝑆𝑏(x, y, z) ≤  b(𝑆𝑏(x, x, a) + 𝑆𝑏 (y, y, a) + 𝑆𝑏 (z, 

z, a)) for all                    x, y, z, a ∈ X. 

Then the function is called a 𝑆𝑏-metric on X and the pair (X, S) is 

called a 𝑆𝑏-metric space. 

Remark: It should be noted that, the class of 𝑆𝑏 -metric spaces is 

effectively larger than S-metric spaces. Indeed each S-metric 

space is a 𝑆𝑏 metric space with b = 1.                                                               

Following example shows that a 𝑆𝑏 -metric on X need not be a S-

metric on X. 
 

Let (X, S) be S-metric space and 𝑆∗ (x, y, z) = (𝑆(𝑥, 𝑦, 𝑧))𝑝 , 

where p > 1 is a real number. Note that 𝑆∗ is a 𝑆𝑏 -metric with b = 

22(𝑝−1). Also   (X, 𝑆∗ ) is not necessarily a S-metric space. 
 

Definition 3: Let (X, S) be 𝑆𝑏 - metric space. Then, for x𝜖𝑋, r > 

0. We defined the open ball 𝐵𝑠(x, r) and closed ball 𝐵𝑠 [x, r] with 

center x and radius r as follows respectively: 

 𝐵𝑠(x, r) = {y 𝜖 X: S(y, y, x) < r},  𝐵𝑠[x, r] = {y 𝜖 X : S(y, y, 

x) ≤ r}. 

 
Lemma1: In a 𝑆𝑏-metric space, we have S(x, x, z) 

≤2bS(x, x, y) + 𝑏2S(y, y, z) 

 

 

Definition 4: Let (X, S) be a 𝑆𝑏  -metric space. A sequence {𝑥𝑛} 

in X is said to be: 

   (1) 𝑆𝑏  -Cauchy sequence if, for each  𝜖 > 0, there exists 𝑛0 ∈  N 
such that  S(𝑥𝑛, 𝑥𝑛, 𝑥𝑚) <𝜀  for each m, n ≥ 𝑛0. 

   (2) 𝑆𝑏  -convergent to a point x ∈ X if, for each 𝜀 > 0, there exists 

a positive integer 𝑛0 such that S(𝑥𝑛, 𝑥𝑛, 𝑥) < 𝜖 or S(𝑥, 𝑥, 𝑥𝑛)<𝜀  

for all n ≥ 𝑛0 and we    denote by lim𝑛→∞ 𝑥𝑛 = 𝑥 
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Definition 5: A 𝑆𝑏  -metric space (X, S) is called complete if 

every  𝑆𝑏  - Cauchy sequence is 𝑆𝑏   -convergent in X. 
 
Lemma 2. Let (𝑋, 𝑆) be a 𝑆𝑏 -metric space with 𝑏 ≥ 1 and sup-

pose that {𝑥𝑛} is a 𝑆𝑏-convergent to 𝑥, then we have 
1

2𝑏
S(y, y, x) ≤ lim

𝑛→∞
inf S(y, y, 𝑥𝑛) ≤ lim

𝑛→∞
sup S(y, y, 𝑥𝑛) ≤

2𝑏S(y, y, x)   and  
1

𝑏2
S(x, x, y) ≤ lim

𝑛→∞
inf S(𝑥𝑛 , 𝑥𝑛 , 𝑦) ≤ lim

𝑛→∞
sup S(𝑥𝑛 , 𝑥𝑛 , 𝑦) ≤

𝑏2S(𝑥, x, y)   for all 𝑦 ∈ 𝑋. 
In particular if 𝑥 = 𝑦 then we have   lim 

𝑛→∞
 S(𝑥𝑛, 𝑥𝑛 , 𝑦) = 0. 

Now we prove our main results. 

 

2.1 Results and Discussions 

 
Definition 6: Let (X, 𝑆𝑏,≼) be a partially ordered complete 𝑆𝑏 - 
metric space which is also regular, and f : X →X be mapping. We 

say that f is satisfy Suzuki type generalized  𝜑- contraction if there 

exists 𝜑 : [0,∞) →[0,∞) such  that 

(6.1) f is non - decreasing and 𝜑 is lower semi continuous, 

(6.2)  𝜑(t) = 0 if and only if t = 0, 

(6.3) 
1

4𝑏3  min {𝑆𝑏(x, x, fx), 𝑆𝑏(y, y, fy)}≤  𝑆𝑏 (x, x, y) im-

plies that 

4𝑏4  𝑆𝑏 (fx, fx, fy)≤ 𝑀
𝑖
𝑓

(x,y)- 𝜑(𝑀
𝑖
𝑓

(x,y)) for all  x,y ∈ X, x 

comparable to y, i=3 or 4 or. also 

𝑀
5
𝑓

(x, y) = max{𝑆𝑏(x,  x,  y), 𝑆𝑏(x, x, fx), 𝑆𝑏(y, y, fy), 𝑆𝑏(x, x, 

fy), 𝑆𝑏(y, y, fx)} 

𝑀
4
𝑓

(x, y) = max{𝑆𝑏(x,  x,  y) , 𝑆𝑏 (x, x, fx), 𝑆𝑏 (y, y, fy), 
1

4𝑏4 

[𝑆𝑏(x, x, fy), 𝑆𝑏(y, y, fx)]} 

𝑀
3
𝑓

(x, y) = max{𝑆𝑏(x,  x,  y), 
1

4𝑏4[ 𝑆𝑏(x, x, fx)+𝑆𝑏(y, y, fy)], 
1

4𝑏4 

[𝑆𝑏(x, x, fy)+𝑆𝑏(y, y, fx)]} 

𝑀
4
𝑓

(x, y) = max{𝑆𝑏(x,  x,  y) , 𝑆𝑏 (x, x, fx), 𝑆𝑏 (y, y, fy), 
1

4𝑏3 

[𝑆𝑏(x, x, fy), 𝑆𝑏(y, y, fx)]} 

 
Theorem 1.  Let (𝑋, 𝑆𝑏 , ≼) be an ordered complete 𝑆𝑏  metric 

space, which is also regular and let 𝑓 ∶ 𝑋 → 𝑋  satisfies Suzuki 

type generalized 𝜑 - contraction with 𝑖 = 5.  If there exists 𝑥0 ∈ 𝑋  

with 𝑥0 ≼ 𝑓𝑥0
,then f has a unique fixed point in 𝑋. 

 
Proof: Since 𝑓  is a mapping from 𝑋  into 𝑋 , there exists a se-

quence {𝑥𝑛} in X such that  

𝑥𝑛+1 = 𝑓𝑥𝑛
,   n = 0, 1, 2, 3, · · · 

Case(i): If     𝑥𝑛 = 𝑥𝑛+1, then 𝑥𝑛 is a fixed point of 𝑓. 
Case(ii): Suppose 𝑥𝑛 ≠ 𝑥𝑛+1 for all 𝑛. 

Since 𝑥0 ≼ 𝑓𝑥0
=  𝑥1    and f is non-decreasing, it follows that   

x0 ≼ fx0
≼ fx0

2 ≼ fx0

3 ≼ ⋯ ≼ fx0

n ≼ fx0

n+1 ≼  ⋯ ⋯ ⋯ 

Since 
1

4𝑏3
min{𝑆𝑏(𝑥0, 𝑥0 , 𝑥0), 𝑆𝑏(𝑥1 , 𝑥1 , 𝑓𝑥1

)} ≤ 𝑆𝑏(𝑥0, 𝑥0 , 𝑥1). 

Now from (21.3), we have that    4𝑏4𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ) =

4𝑏4𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥1
) ≤ 𝑀𝑓

5(𝑥0,𝑥1) − 𝜑 (𝑀𝑓
5(𝑥0,𝑥1)), 

≤ 𝑚𝑎𝑥{𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0
), 𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ), 𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

2 )}

− 𝜑({𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0
), 𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ), 𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

2 )}) 

≤ {𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0
), 𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ), 𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

2 )}. 

Based on above, we have that 

𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ) ≤

𝑚𝑎𝑥, {
1

4𝑏4
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

),
1

4𝑏4
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ),
1

4𝑏4
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

2 )}

  (2) 
But here 

1

4𝑏4
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

2 ) ≤
1

4𝑏4
[2𝑏𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

) + 𝑏2𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 )]

≤ 𝑚𝑎𝑥 {
1

𝑏3
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

),
1

2𝑏2
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 )}. 

From (2), we have that 

𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ) ≤ 𝑚𝑎𝑥 {
1

𝑏3
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

),
1

2𝑏2
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 )}. 

If 
1

2𝑏2
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ) is maximum, we get a contradiction. Hence 

𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ) ≤
1

𝑏3
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

)             (3) 

Also since     
𝟏

𝟒𝒃𝟑
𝒎𝒊𝒏{𝑆𝑏(𝑥1 , 𝑥1, 𝑓𝑥1

), 𝑆𝑏(𝑥2, 𝑥2 , 𝑓𝑥2
)} ≤

𝑆𝑏(𝑥1, 𝑥1 , 𝑥2 . ). 

From (6.3), it follows 

4𝑏4𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 ) = 4𝑏4𝑆𝑏(𝑓𝑥1
, 𝑓𝑥1,𝑓𝑥2

)

≤ 𝑀𝑓
5(𝑥1,𝑥2) − 𝜑 (𝑀𝑓

5(𝑥1,𝑥2)), 

≤ 𝑚𝑎𝑥{𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ), 𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ), 𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

3 )}

− 𝜑({𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ), 𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 ), 𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

3 )}) 

≤ 𝑚𝑎𝑥{𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ), 𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 ), 𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

3 )}. 

Based on above , we have that 

𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 )

≤  𝑚𝑎𝑥 {
1

4𝑏4
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ),
1

4𝑏4
𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 ),
1

4𝑏4
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

3 )} 

1

4𝑏4
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

3 )

≤
1

4𝑏4
[2𝑏𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ) + 𝑏2𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 )]

≤ 𝑚𝑎𝑥 {
1

𝑏3
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

),
1

2𝑏2
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 )}. 

From (4), we have that        

𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 ) ≤ 𝑚𝑎𝑥 {
1

𝑏3
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

),
1

2𝑏2
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 )}. 

 

If 
1

2𝑏2
𝑆𝑏(𝑓𝑥0

2 , 𝑓𝑥0

2 , 𝑓𝑥0

3 ) is maximum, we get a contradiction. Hence 

𝑆𝑏(𝑓𝑥0
, 𝑓𝑥0

, 𝑓𝑥0

2 ) ≤
1

𝑏3
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ) ≤
1

(𝑏3)2
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 ) 

Continuing this process, we can conclude that 

𝑆𝑏(𝑓𝑥0,

𝑛 𝑓𝑥0,

𝑛 𝑓𝑥0,

𝑛+1) ≤
1

𝑏3
 𝑆𝑏(𝑓𝑥0,

𝑛−1𝑓𝑥0,

𝑛−1𝑓𝑥0,

𝑛 )                (5) 

                               ⋮  

  ≤
1

(𝑏3)𝑛−1
𝑆𝑏(𝑓𝑥0

, 𝑓𝑥0
, 𝑓𝑥0

2 )   

≤
1

(𝑏3)𝑛
𝑆𝑏(𝑥0, 𝑥0 , 𝑓𝑥0

) 

   →   0 𝑎𝑠 𝑛 →  ∞. 
That is           lim𝑛→∞ 𝑆𝑏(𝑓𝑥0,

𝑛 𝑓𝑥0,

𝑛 𝑓𝑥0,

𝑛+1) = 0             (6) 

 

Now we prove that {𝑓𝑥0

𝑛 }  is 𝑆𝑏-Cauchy sequence in (𝑋, 𝑆𝑏 , ≼). On 

contrary we suppose that {𝑓𝑥0

𝑛 } is not a 𝑆𝑏 −Cauchy. Then there 

exist 𝜖 > 0  and monotonically increasing sequence of natural 

numbers {𝑚𝑘} and {𝑛𝑘}  such that 𝑛𝑘 > 𝑚𝑘 . 
 

𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘) ≥ 𝜖 (7)  and  𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘−1
) < 𝜖 

 (8)    
First we claim that   
 

1

4b3
min {Sb (xmk

, xmk
, fxmk

) , Sb (xnk−1 , xnk−1 , fxnk−1
)} ≤

Sb(xmk
, xmk

, xnk−1).        (9) 

 
On contrary suppose that
 

1

4b3
min {Sb (xmk

, xmk
, fxmk

) , Sb (xnk−1 , xnk−1 , fxnk−1
)} >

Sb(xmk
, xmk

, xnk−1) 

 
Now consider 
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𝜖 ≤  𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘)

≤ 2𝑏𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘𝑓𝑥0,

𝑛𝑘−1
) + 𝑏2𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘)

<
1

2𝑏2
𝑚𝑖𝑛 {𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘+1
) , 𝑆𝑏 (𝑥𝑛𝑘−1, 𝑥𝑛𝑘−1 , 𝑓𝑥𝑛𝑘−1

)

+ 𝑏2𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘)}. 

 
Letting 𝑘 →  ∞, it follows that𝜖 ≤ 0. It is a contradition. Hence 

our claim (9) is holds. From (7) and (8), we have 
 

𝜖 ≤  𝑆𝑏 (𝑓𝑥0,

𝑚𝑘𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘)

≤ 2𝑏𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘+1
)

+ 𝑏2𝑆𝑏 (𝑓𝑥0,

𝑚𝑘+1
𝑓𝑥0,

𝑚𝑘+1
𝑓𝑥0,

𝑛𝑘) 

 
Letting 𝑘 →  ∞, we have that 

4𝑏2𝜖 ≤ lim
𝑘→∞

4𝑏4𝑆𝑏 (𝑓𝑥0,

𝑚𝑘+1
𝑓𝑥0,

𝑚𝑘+1
𝑓𝑥0,

𝑛𝑘)

= lim
𝑘→∞

4𝑏4𝑆𝑏(𝑥𝑚𝑘+1, 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘
)

= lim 4𝑏4

𝑘→∞
𝑆𝑏 (𝑓𝑥𝑚𝑘

, 𝑓𝑥𝑚𝑘
,𝑓𝑥𝑛𝑘−1

)

≤ lim
𝑘→∞

𝑀𝑓
5(𝑥𝑚𝑘

, 𝑥𝑛𝑘−1)

− lim
𝑘→∞

𝜑 (𝑀𝑓
5(𝑥𝑚𝑘

, 𝑥𝑛𝑘−1))

≤ lim 
𝑘→∞

𝑀𝑓
5(𝑥𝑚𝑘

, 𝑥𝑛𝑘−1) 

=

lim
𝑘→∞

𝑚𝑎𝑥 {𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘𝑓𝑥0,

𝑛𝑘−1
) , 𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘+1
) , 𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1𝑘𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘) , 𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘) , 𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑚𝑘+1
)}   

< lim
𝑘→∞

𝑚𝑎𝑥 {𝜖, 0,0, 𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘) , 𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑚𝑘+1
)} 

 
But            

lim
𝑘→∞

𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑛𝑘) ≤ lim
𝑘→∞

[2𝑏𝑆𝑏 (𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘𝑓𝑥0,

𝑛𝑘−1
) +

𝑏2𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘)] < 2𝑏𝜖. 

 
Also,    

lim
𝑘→∞

𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑚𝑘+1
) ≤ lim

𝑘→∞
[2𝑏𝑆𝑏 (𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑛𝑘−1
𝑓𝑥0,

𝑚𝑘) +

𝑏2𝑆𝑏 (𝑓𝑥0,

𝑚𝑘𝑓𝑥0,

𝑚𝑘 𝑓𝑥0,

𝑚𝑘+1
)] < 2𝑏2𝜖. 

 

Therefore from (10), we have that,   4𝑏2𝜖 ≤ 𝑚𝑎𝑥{𝜖, 2𝑏𝜖, 2𝑏2𝜖} =
2𝑏2𝜖. 
It is a contradiction. Hence {𝑓𝑥0

𝑛 } is a 𝑆𝑏 −Cauchy sequence in 

complete regular Sb - metric space (𝑋, 𝑆𝑏 , ≼).                                

 

By completeness of (𝑋, 𝑆𝑏), it follows that the sequence {𝑓𝑥0
𝑛 } is 

converges to 𝛼 in (𝑋, 𝑆𝑏). Thus 

lim
𝑘→∞

𝑓𝑥0
𝑛 = 𝛼 = lim

𝑘→∞
𝑓𝑥0

𝑛+1. 

 

First we claim that for each 𝑛 ≥ 1, at least one of the fol-

lowing assertion is holds. 
1

4𝑏3 𝑆𝑏(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛) ≤ 𝑆𝑏(𝛼, 𝛼, 𝑥𝑛)   or 
1

4𝑏3 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛−1) ≤ 𝑆𝑏(𝛼, 𝛼, 𝑥𝑛−1). 

 

On contrary suppose that   
1

4𝑏3 𝑆𝑏(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛) > 𝑆𝑏(𝛼, 𝛼, 𝑥𝑛)  

and  
1

4𝑏3 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛−1) > 𝑆𝑏(𝛼, 𝛼, 𝑥𝑛−1). 

 

Now consider 

𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛) ≤ 2𝑏𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝛼) + 𝑏2𝑆𝑏(𝛼, 𝛼, 𝑥𝑛)
< 2𝑏2𝑆𝑏(𝛼, 𝛼, 𝑥𝑛−1)

+ 𝑏2
1

4𝑏3
𝑆𝑏(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛)

< 2𝑏2
1

4𝑏3
𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛−1)

+
1

4𝑏
𝑆𝑏(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛)

=
1

2𝑏
𝑏𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛)

+
1

4𝑏
𝑏𝑆𝑏(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛)

≤
1

2
𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛)

+
1

4𝑏3
𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛)

=
2𝑏3 + 1

4𝑏3
𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛)

≤
3

4
𝑆𝑏(𝑥𝑛−1, 𝑥𝑛−1, 𝑥𝑛). 

It is a contradiction. Hence our claim is holds.  

Now we have to prove that 𝛼 is fixed point of 𝑓.  

 

Since 𝑥𝑛  , 𝛼 ∈ 𝑋  and 𝑋  is regular, it follows that either 

𝑥𝑛 ≼ 𝛼 or 𝛼 ≼ 𝑥𝑛.  
 

Suppose  𝑓𝛼 ≠ 𝛼, 

 From (6.3) and by known result, we have that 

4𝑏4 (
1

2𝑏
𝑆𝑏(𝑓𝛼, 𝑓𝛼, 𝛼))

≤ lim
𝑛→∞

inf 4𝑏4 (𝑆𝑏(𝑓𝛼, 𝑓𝛼, 𝑓𝑥0
𝑛+1))

≤ lim
𝑛→∞

inf 𝑀𝑓
5(𝛼, 𝑥𝑛)

− lim
𝑛→∞

inf  𝜑 (𝑀𝑓
5(𝛼, 𝑥𝑛)) .      (11) 

Here,  

lim
𝑛→∞

inf 𝑀𝑓
5(𝛼, 𝑥𝑛)

= lim
𝑛→∞

inf max{𝑆𝑏(𝛼, 𝛼, 𝑥𝑛), 𝑆𝑏(𝛼, 𝛼, 𝑓𝛼), 𝑆𝑏(𝑥𝑛, 𝑥𝑛 , 𝑓𝑥𝑛
), 𝑆𝑏(𝛼, 𝛼, 𝑓𝑥𝑛

), 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑓𝛼)}

≤ lim
𝑛→∞

sup max{0, 𝑆𝑏(𝛼, 𝛼, 𝑓𝛼), 0,0, 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑓𝛼)}

≤ max{𝑏𝑆𝑏(𝑓𝛼 , 𝛼, 𝛼), 𝑏3𝑆𝑏(𝑓𝛼 , 𝑓𝛼 , 𝛼)} = 𝑏3𝑆𝑏(𝑓𝛼 , 𝑓𝛼 , 𝛼). 
 

Hence from (11), we have that 

2𝑏3𝑆𝑏(𝑓𝛼 , 𝑓𝛼 , 𝛼) ≤ 𝑏3𝑆𝑏(𝛼, 𝛼, 𝑓𝛼)

− lim
𝑛→∞

inf  𝜑 (𝑀𝑓
5(𝛼, 𝑥𝑛))

≤ 𝑏3𝑆𝑏(𝑓𝛼 , 𝑓𝛼 , 𝛼). 
 

It is a contradiction. So that 𝛼 is fixed point of 𝑓. 

Suppose 𝛼∗ is another fixed point of 𝑓 such that 𝛼 ≠  𝛼∗   

 

Since 
1

4𝑏3 min{𝑆𝑏(𝛼, 𝛼, 𝑓𝛼), 𝑆𝑏(𝛼∗, 𝛼∗, 𝑓𝛼∗)} ≤ 𝑆𝑏(𝛼, 𝛼, 𝛼∗).  

 

Since  𝛼, 𝛼∗ ∈ 𝑋  and 𝑋 is regular we have that  𝛼 and 𝛼∗ 

are comparable. 
 From (6.3), we have 

4𝑏4𝑆𝑏(𝛼, 𝛼, 𝛼∗) ≤ 𝑀𝑓
4(𝛼, 𝛼∗) − 𝜑 (𝑀𝑓

4(𝛼, 𝛼∗))

= max{𝑆𝑏(𝛼, 𝛼, 𝛼∗), 𝑆𝑏(𝛼∗, 𝛼∗𝛼)}
− 𝜑(max{𝑆𝑏(𝛼, 𝛼, 𝛼∗), 𝑆𝑏(𝛼∗, 𝛼∗𝛼)})
≤ 𝑏𝑆𝑏(𝛼, 𝛼, 𝛼∗). 

It is a contradiction. Hence 𝛼 is unique fixed point of 𝑓  in 

(𝑋, 𝑆𝑏). 
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Example 1.  let 𝑋 = [0,1]   and 𝑆: 𝑋 × 𝑋 × 𝑋 → ℝ+  by 

𝑆𝑏(𝑥, 𝑦, 𝑧) = (|𝑦 + 𝑧 − 2𝑥|) + |𝑦 − 𝑧|2  and ≼ by 𝑎 ≼ 𝑏 ⟺ 𝑎 ≤
𝑏 , then (𝑋, 𝑆𝑏 , ≼)  is complete ordered 𝑆𝑏 - metric space with 

𝑏 = 4. 

Define 𝑓: 𝑋 → 𝑋 by 𝑓(𝑥) =
𝑥

32√2
.   also definr 𝜑 ∶  ℝ+ → ℝ+  by  

𝜑(𝑡) =
1

2
. 

Clearly for all 𝑥, 𝑦 ∈ 𝑋,
1

4𝑏3
min{𝑆𝑏(𝑥, 𝑥, 𝑓𝑥), 𝑆𝑏(𝑦, 𝑦, 𝑓𝑦)} ≤

𝑆𝑏(𝑥, 𝑥, 𝑦). And 

4𝑏4𝑆𝑏(𝑓𝑥 , 𝑓𝑥, 𝑓𝑦) = 4𝑏4(|𝑦 + 𝑧 − 2𝑥|) + |𝑦 − 𝑧|)2

=  4𝑏4 (2 |
𝑥

32√2
−

𝑦

32√2
|)

2

=
1

2
𝑆𝑏(𝑥, 𝑥, 𝑦)

≤
1

2
𝑀𝑓

5(𝑥, 𝑦) = 𝑀𝑓
5(𝑥, 𝑦) − 𝜑 (𝑀𝑓

5(𝑥, 𝑦)), 

Where      

𝑀𝑓
5(𝑥, 𝑦) =

max{𝑆𝑏(𝑥, 𝑥, 𝑦), 𝑆𝑏(𝑥, 𝑥, 𝑓𝑥)𝑆𝑏(𝑦, 𝑦, 𝑓𝑦)𝑆𝑏(𝑥, 𝑥, 𝑓𝑦)𝑆𝑏(𝑦, 𝑦, 𝑓𝑥). } 
Hence from Theorem 1, 0 is Unique fixed point of 𝑓. 

 

Theorem 1.2: Let (𝑋, 𝑆𝑏 , ≼) be an ordered complete 𝑆𝑏- metric 

space and let 𝑓: 𝑋 → 𝑋  be satisfies Suzuki type generalized 

𝜑 − 𝑐𝑜𝑛𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛  with 𝑖 = 3  or 4 . If there exists 𝑥0 ∈
𝑋 𝑤𝑖𝑡ℎ 𝑥0 ≼ 𝑓𝑥0

. Then 𝑓 has unique fixed point in 𝑋. 

 

Theorem 1.3: Let (𝑋, 𝑆𝑏 , ≼) be an ordered complete 𝑆𝑏- metric 

space and let 𝑓: 𝑋 → 𝑋 be satisfies 
1

4𝑏3
min{𝑆𝑏(𝑥, 𝑥, 𝑓𝑥), 𝑆𝑏(𝑦, 𝑦, 𝑓𝑦)} ≤ 𝑆𝑏(𝑥, 𝑥, 𝑦) ⇒ 𝑆𝑏(𝑓𝑥, 𝑓𝑥 , 𝑓𝑦)

≤ 𝜆𝑀𝑓
𝑖 (𝑥, 𝑦), 

Where 𝜆 ∈ [0,
1

4𝑏3
)  and 𝑖 = 3 𝑜𝑟 4 𝑜𝑟 5.  If there exists 𝑥0 ∈ 𝑋 

𝑤𝑖𝑡ℎ 𝑥0 ≼ 𝑓𝑥0
.Then 𝑓 has unique fixed point in 𝑋. 

3. APPLICATIONS 

 
3.1 Application to integral equations 

In this section, we study the existence of a unique solution to an 
initial value problem, as an application to Theorem 1. 
 

Theorem 2. Consider the initial value problem   𝑥′(𝑡) =
𝑇(𝑡, 𝑥(𝑡)),     𝑡 ∈ 𝐼 = [0,1], 𝑥(0) = 𝑥0        (1) 

Where 𝑇: 𝐼 × [
𝑥0

4
, ∞) →  [

𝑥0

4
, ∞)  with  ∫ 𝑇(𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

𝑡

0
=

min {∫ 𝑇(𝑠, 𝑥(𝑠))𝑑𝑠,
𝑡

0
∫ 𝑇(𝑠, 𝑦(𝑠))𝑑𝑠,

𝑡

0
} and  𝑥0 ∈ ℝ. 

Then there exists unique solution in𝐶(𝐼, [
𝑥0

4
, ∞)) for the initial 

value problem (1). 
  
Proof: The integral equation corresponding to initial value prob-

lem (1) is     𝑥(𝑡) = 𝑥0 + ∫ 𝑇(𝑠, 𝑥(𝑠))𝑑𝑠,
𝑡

0
 

Let 𝑋 = 𝐶 (𝐼, [
𝑥0

4
, ∞))  and 𝑆𝑏(𝑥, 𝑦, 𝑧) = (|𝑦 + 𝑧 − 2𝑥|) +

|𝑦 − 𝑧|)2 for 𝑥, 𝑦 ∈ 𝑋. 

Define 𝜑: [0, ∞)  → [0, ∞) by 𝜑(𝑡) =
3𝑡

4
 

Define 𝑓: 𝑋 → 𝑋  by     

𝑓(𝑥)(𝑡) =
𝑥0

4𝑏2
+ ∫ 𝑇(𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

𝑡

0
     (2) 

Clearly for all 

𝑥, 𝑦 ∈ 𝑋, 𝑤𝑒 ℎ𝑎𝑣𝑒 
1

4𝑏3
min{𝑆𝑏(𝑥, 𝑥, 𝑓𝑥), 𝑆𝑏(𝑦, 𝑦, 𝑓𝑦)} ≤ 𝑆𝑏(𝑥, 𝑥, 𝑦) 

Now 

4𝑏4𝑆𝑏(𝑓 𝑥(𝑡), 𝑓 𝑥(𝑡), 𝑓 𝑦(𝑡))
= 4𝑏4{(|𝑓𝑥(𝑡) + 𝑓𝑦(𝑡) − 2𝑓𝑥(𝑡)|)
+ |𝑓𝑥(𝑡) − 𝑓𝑦(𝑡)|2}

= 16𝑏4|𝑓𝑥(𝑡) − 𝑓𝑦(𝑡)|2 =
16𝑏4

16𝑏4
|𝑥0 − 𝑦0|2

≤ |𝑥(𝑡) − 𝑦(𝑡)|2 =
1

4
𝑆𝑏(𝑥, 𝑥, 𝑦)

≤  𝑀𝑓
5(𝑥, 𝑦) − 𝜑 (𝑀𝑓

5(𝑥, 𝑦)), 

Where      

𝑀𝑓
5(𝑥, 𝑦) =

max{𝑆𝑏(𝑥, 𝑥, 𝑦), 𝑆𝑏(𝑥, 𝑥, 𝑓𝑥)𝑆𝑏(𝑦, 𝑦, 𝑓𝑦)𝑆𝑏(𝑥, 𝑥, 𝑓𝑦)𝑆𝑏(𝑦, 𝑦, 𝑓𝑥). } 

 
It follows from Theorem 1, we conclude that 𝑓 has a unique fixed 

point in 𝑋. 

3.2 Applications to homotopy 

Theorem 3 : Let (X, Sb) be a complete Sb - metric space, 𝑈 be an 

open subset of 𝑋 and 𝑈 be closed subset of  

𝑋  such that 𝑈 ⊆ 𝑈.  Suppose 𝐻: 𝑈 × [0,1] → 𝑋   be an operator 
such that the following conditions are satisfying, 
(3.1)𝑥 ≠ 𝐻(𝑥, 𝜆) for each 𝑥 ∈ 𝜕𝑈 and 𝜆 ∈ [0,1], (here 𝜕𝑈 denotes 

the boundary of b 𝑈 in 𝑋), 

(3.2)  
1

4𝑏3
min{𝑆𝑏(𝑥, 𝑥, 𝐻(𝑥, 𝜆)), 𝑆𝑏(𝑦, 𝑦, 𝐻(𝑦, 𝜆))} ≤ 𝑆𝑏(𝑥, 𝑥, 𝑦) 

implies that 

4𝑏4𝑆𝑏(𝐻(𝑥, 𝜆), 𝐻(𝑥, 𝜆), 𝐻(𝑦, 𝜆)) ≤ 𝑆𝑏(𝑥, 𝑥, 𝑦) − 𝜑((𝑥, 𝑥, 𝑦)) 

 

For all 𝑥, 𝑦 ∈ 𝑈 and 𝜆 ∈ [0,1] where𝑓: [0, ∞) → [0, ∞) is contin-
uous, non decreasing and 𝜑 ∶ [0, ∞) → [0, ∞)  is lower semi con-

tinuous with 𝜑(𝑡) > 0 for 𝑡 > 0, 
(3.3) there exists 𝑀 ≥ 0 such that    

 𝑆𝑏(𝐻(𝑥, 𝜆), 𝐻(𝑥, 𝜆), 𝐻(𝑦, 𝜆)) ≤ 𝑀|𝜆 − 𝜇| 
for every x ∈ U and λ, µ ∈ [0, 1]. Then H(., 0) has a fixed point if 

and only if H(., 1) has a fixed point. 

 
Proof : Consider the set 

 𝐴 = {𝜆 ∈  [0, 1]: x = 𝐻(𝑥, 𝜆)   for some  𝑥 ∈ 𝑈}. 
Since H ( ., 0) has a fixed point in 𝑈, we have that 0 ∈ 𝐴. 

So that 𝐴 is non-empty set. 

 
We will show that 𝐴 is both open and closed in [0, 1] and so 

by the connectedness we have that 𝐴 = [0,1]. 
As a result, H (., 1) has a fixed point in U. First we show that 
A is closed in [0, 1].∞ 
 
To see this let {λn}n=1 ⊆ A with λn → λ ∈ [0, 1] as n → ∞. 

 
Since 𝜆𝑛 ∈ 𝐴 for n = 1, 2, 3, · · ·, there exists 𝑥𝑛 ∈ 𝑈  with 

𝑥𝑛 = 𝐻(𝑥𝑛 , 𝜆𝑛)Consider 

𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 ) = 𝑆𝑏(𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛+1)) ≤

2𝑏𝑆𝑏(𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛+1)) +

𝑏2𝑆𝑏(𝐻(𝑥𝑛+1 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛+1)) ≤

2𝑏𝑆𝑏(𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛+1)) + 𝑏2𝑀|𝜆𝑛 − 𝜆𝑛+1|. 
 

Letting   n → ∞, we get lim
𝑛→∞ 

𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 ) ≤

lim
𝑛→∞ 

2𝑏𝑆𝑏(𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛+1)) + 0. 

Since  
1

4𝑏3
min (𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝐻(𝑥𝑛 , 𝜆)), 𝑆𝑏(𝑥𝑛+1 , 𝑥𝑛+1 , 𝐻(𝑥𝑛+1 , 𝜆))) ≤

𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 ). 
 
Therefore from  3.2, we have that 

lim
𝑛→∞ 

𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 )

≤ lim
𝑛→∞ 

4𝑏3𝑆𝑏(𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛 , 𝜆𝑛), 𝐻(𝑥𝑛+1 , 𝜆𝑛))

≤ lim
𝑛→∞ 

[𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 ) − 𝜑(𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 ))]. 
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It follows that   lim

𝑛→∞ 
𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛+1 ) = 0       (3) 

 
Now we prove that {𝑥𝑛} is a 𝑆𝑏−Cauchy sequence in (X, Sb). 

On contrary suppose that {𝑥𝑛}  is not  a 𝑆𝑏−Cauchy. 

 
There exists an 𝜖 > 0 and monotone increasing sequence of 

natural numbers {𝑚𝑘}  and {𝑛𝑘} such that 𝑛𝑘 > 𝑚𝑘 , 

𝑆𝑏(𝑥𝑚𝑘 , 𝑥𝑚𝑘 , 𝑥𝑛𝑘−1 ) < 𝜖       (5) 

From (4) and (5), we get  𝜖 ≤  𝑆𝑏(𝑥𝑚𝑘 , 𝑥𝑚𝑘 , 𝑥𝑛𝑘 ) ≤

2𝑏𝑆𝑏(𝑥𝑚𝑘 , 𝑥𝑚𝑘 , 𝑥𝑚𝑘+1 ) + 𝑏2𝑆𝑏(𝑥𝑚𝑘+1 , 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘 ). 

Letting 𝑘 → ∞, we have,    
𝜖

𝑏2
≤  

lim
𝑛→∞ 

𝑆𝑏(𝑥𝑚𝑘+1 , 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘 ). 

But  

 lim
𝑛→∞ 

𝑆𝑏(𝑥𝑚𝑘+1 , 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘 ) ≤

4𝑏4 lim
𝑛→∞ 

𝑆𝑏 (𝐻(𝑥𝑚𝑘+1 , 𝜆𝑚𝑘+1 ), 𝐻(𝑥𝑚𝑘+1 , 𝜆𝑚𝑘+1 ), 𝐻(𝑥𝑛𝑘 , 𝜆𝑛𝑘
))   

   ≤

lim  
𝑛→∞ 

[𝑆𝑏(𝑥𝑚𝑘+1 , 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘 ) − 𝜑 (𝑆𝑏(𝑥𝑚𝑘+1 , 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘 ))]. 

It follows that  lim
𝑛→∞ 

𝑆𝑏(𝑥𝑚𝑘+1 , 𝑥𝑚𝑘+1 , 𝑥𝑛𝑘 ) = 0       such that    

𝜖 = 0, 

It is a contradiction. 
Hence  {𝑥𝑛} is a 𝑆𝑏−Cauchy sequence in (X, Sb). and by the com-

pleteness of  (X, Sb), there exists 𝛼 ∈ 𝑈 with 

lim
𝑛→∞ 

𝑥𝑛 = 𝛼 = lim
𝑛→∞ 

𝑥𝑛+1    (6) 

Since       
1

4𝑏3
min (𝑆𝑏(𝛼, 𝛼, 𝐻(𝛼, 𝜆)), 𝑆𝑏(𝑥𝑛 , 𝑥𝑛 , 𝐻(𝑥𝑛 , 𝜆))) ≤

𝑆𝑏(𝛼, 𝛼, 𝑥𝑛 ). 
1

2𝑏
𝑆𝑏(𝐻(𝛼, 𝜆), 𝐻(𝛼, 𝜆), 𝛼)

≤ lim
𝑛→∞ 

inf
1

2𝑏
𝑆𝑏(𝐻(𝛼, 𝜆), 𝐻(𝛼, 𝜆), 𝐻(𝑥𝑛 , 𝜆))

≤  lim
𝑛→∞ 

inf  4𝑏4𝑆𝑏(𝐻(𝛼, 𝜆), 𝐻(𝛼, 𝜆), 𝐻(𝑥𝑛 , 𝜆))

≤ lim
𝑛→∞ 

inf  [𝑆𝑏(𝛼, 𝛼, 𝑥𝑛 ) − 𝜑(𝑆𝑏(𝛼, 𝛼, 𝑥𝑛 )) = 0. 

4. Conclusions 

In this paper we conclude some applications on Homotopy theory 
and integral  equations by using fixed point theorems in partially 
ordered 𝑆𝑏 - metric spaces. 
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