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Abstract

In this paper we give some applications to integral equations as well as homotopy theory via Suzuki type fixed point theorems in partial-
ly ordered complete Sj, - metric space by using generalized contractive conditions. We also furnish an example which supports our main

result.
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1. Introduction

Banach contraction principle in metric spaces is one of the most
important results in fixed theory and nonlinear analysis in general.
Since 1922, when Stefan Banach formulated the concept of con-
traction and posted a famous theorem, scientists around the world
publish new results related with generalization of metric space or
with contractive mappings. Banach contraction principle is con-
sidered to be the initial result of the study of the fixed point theory
in metric spaces. Recently Sedghi et al. defined Sb-metric spaces
using the concept of S-metric spaces. The aim of this paper is to
prove some Suzuki type unique fixed point theorems for general-
ized contractive conditions in partially ordered S;-metric spaces,
also provide an application of integral equations as well as an
application of Homotopy theory. Throughout this paper R,R+ and
N denote the set of all real numbers, non-negative real numbers
and positive integers respectively. First we recall some definitions,
lemmas and examples.

2. Definitions

Definition 1: Let X be a non-empty set. An S—metric on X is a
function S : x3 — [0, +o0)that satisfies the following conditions
for each x,y,za € X

(S1):S(x,y,2)=0ifand only if x =y =z,

(S2) : S(x, ¥, 2) S(X, X, a) +S(y, Y, a) +S(z, z, a) for all
X, Y,2,a€X.

Then the pair (X, S) is called a S-metric space.

Definition 2. Let X be a non-empty set and b> 1 be given real
number. Suppose that a mapping S, : X3 — [0, +o0) be a func-
tion satisfying the following properties :
(Sp1) Sp(x,y,z)=0ifandonlyifx =y =2,

(5p2) Sp(x, Y, 2) < b(Sp(X, X, @) +S, (V. Y, @) + 5, (2,
z, a)) for all X, ¥, Z,a€ X
Then the function is called a S;,-metric on X and the pair (X, S) is
called a S,-metric space.
Remark: It should be noted that, the class of S, -metric spaces is
effectively larger than S-metric spaces. Indeed each S-metric
space is a S;, metric space withb = 1.
Following example shows that a S}, -metric on X need not be a S-
metric on X.

Let (X, S) be S-metric space and S, (x, ¥, 2) = (S(x,y,2))?,
where p > 1 is a real number. Note that S, is a S}, -metric with b =
22@-1 Also (X, S, ) is not necessarily a S-metric space.

Definition 3: Let (X, S) be S}, - metric space. Then, for xeX, r >

0. We defined the open ball Bg(x, r) and closed ball B [x, r] with
center x and radius r as follows respectively:

By(x, 1) ={y € X:S(y, y, ) <r}, Bs[x, r1={y e X:S(y, y,
X) <r}.

Lemmal: In a S;,-metric space, we have SX, X 2)
<2bS(x, X, y) + b2S(y, v, 2)

Definition 4: Let (X, S) be a S, -metric space. A sequence {x,}
in Xis said to be:

(1) S, -Cauchy sequence if, for each € > 0, there existsn, € N
such that S(x,,, x,, x;,) <€ foreachm, n > n,.

(2) S, -convergent to a point x € X if, for each & > 0, there exists
a positive integer n, such that S(x,,, x,, x) <€ or S(x, x, x,)<¢
foralln>ny,and we denote by lim,,_,, x, = x
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Definition 5: A S, -metric space (X, S) is called complete if
every S, - Cauchy sequence is S, -convergent in X.

Lemma 2. Let (X,S) be a S,-metric space with b > 1 and sup-

pose that {x,,} is a S;,-convergent to x, then we have

iS(y, y,x) < lim infS(y,y, x,,) < lim sup S(y,y, x,,) <
n—oo n—oo

2bS(y,y,x) and

%S(x, x,y) < lim infS(x,, x,,,y) < lim sup S(x,, x,,, ) <
n—oo n—oo

b?S(x,x,y) forally € X.

In particular if x = y then we have lim S(x,,x,,y) = 0.

n—-oo
Now we prove our main results.

2.1 Results and Discussions

Definition 6: Let (X, S},,<) be a partially ordered complete Sy, -
metric space which is also regular, and f : X =X be mapping. We
say that f is satisfy Suzuki type generalized ¢- contraction if there
exists ¢ : [0,00) —[0,00) such that

(6.1) f is non - decreasing and ¢ is lower semi continuous,
(6.2) @) =0ifand only ift =0,
1 R .
(63) 3 min {Sp(x, X, 7). Sp(y, ¥, IS Sp (x, X, y) im-
plies that

4b* S, (fx, fx, fy)< M;(x,y)- (p(M;(x,y)) for all xy € X, x

comparable to 'y, i=3 or 4 or. also

5
Mf(x,y) = max{Sb(x, X, V), Sp(X, X, ), Sp(y, ¥, fy), Sp(X, X,

), 5003y, 50}

M e(xy) = max{Sp(x % y), Sy % X 0, Sy 0 i B 3
Sy 9. S50 . 0

M y) = max{Sy (% % ). 7,2l Sp(x %, 6+, %, W], 7
1556 % )55, . 61

M e(xy) = max{Sy(x % y), Sp (% X 0, S, (¥, ),
[Sb(x, %, 1), Sp(¥, v, BT}

Theorem 1. Let (X,S,, <) be an ordered complete S, metric
space, which is also regular and let f : X —» X satisfies Suzuki
type generalized ¢ - contraction with i = 5. If there exists x, € X
with x, < fy ,then f has a unique fixed point in X.

Proof: Since f is a mapping from X into X, there exists a se-
quence {x,} in X such that
Xng1 = fr,, N=0,1,23, -
Case(i): If x, = x,,4, then x,, is a fixed point of f.
Case(ii): Suppose x,, # x,,,, for all n.
Since xy < fy, = x; and f is non-decreasing, it follows that
Xo Sy, 2 S < <L SIS e
- 1 .

Since mmm{sb (xg,%0,%0), Sp (xl,xl,fxl)} < Sy, (%0, %9, %1)-
Now from (21.3), we have that 4b*Sy (feg fr f2) =
40*Sy (fys fro fiy) < M7 (X0 %1) — @ (M;? (xo,xl))'

< max{sb (xO!xO!fxo):Sb (fxotfxotfxz(,)tsb (xOIxOIfo(,)}

- ga({Sb (xO!xO!fxo):Sb (fxotfxotfng)tsb (xOIthfoO)})

< {Sb(xo,xo,fxo),Sb(fxo;fxo;fxzo);sb(xo;xo;fxzo)}-

Based on above, we have that
Sb(fxo’fxolfxzo) <
max, {4_;451)(xo,xo,fxo),ﬁsb(fxo,fxo,fxzo),ﬁsb(xo,xo,fxzo)}

(2
But here

1 1
st (x()'x()'fxzo) < m [ZbSb (xo'x()rfxo) + bZSb (fxovfxovfxzo)]

1 1 ,
< max {b_gsb (xo,xo'fxo)'msb (fxorfxor fxo)}'
From (2), we have that
1 1
Sb (f;coffxof fxzo) < max {b_gsb (xo'xorfxo)rz_bzsb (fxov fxov fxzo)}
If—S, (fegr fegr f2) is maximum, we get a contradiction. Hence

2b2
1
Sp (fxoffxoffxzo = b_gsb (x0rxo»fx0) 3)
. 1 .
Also since 25 (S, (1, X1, fr, ), Su (%2, %2, £, )} <

Sp (1,21, %5.).
From (6.3), it follows

4'b45b (fxzoffxzorfxi) = 4'b45b (fxllfxl,fxz)
S M (xyx) — @ (M}S (X1,xz)).
=< max{sb (fxoffxor fxzo)r Sb (fxor fxor fxzo)' Sb (fxor fxov fxi,)}
- (P({Sb (fxo'fxor fxzo)r Sb (fxzor fxzor fxs;)' Sb (fxor fxov fxi,)})
=< max{sb (fxo'fxor fxzo)r Sb (fxzor fxzor fxs;)' Sb (fxor fxov fxi,)}

Based on above , we have that

Sp(f2 f2.£2)

< max {4%4 Sp(feg fror [5): 4%4 Sy(f, 2, f) 4%4 Sp(fegs fror fx?;)}
4—11,4 Sp(frg frcor £2)
s %bzt [2bS), (fxorfxorfxzo) + b2S, (ﬁci,fxi’fxi)]

1 1
< max {b_35b (xorxorfxo)rz_bzsb (fxotfxo'fxzo)}'
From (4), we have that
1 1
Sb (fxzorfxzorfxi) < max {E Sb (xorxorfxo)rﬁsb (fxorfxo'fxzo)}'
If ﬁsb (£2,f2. 12 ) is maximum, we get a contradiction. Hence
1 1

Sy (fxorfxorfxzo) =< ﬁsb (fxorfxorfxzo) < W‘S‘b (fxo'fxo'fxi)

Continuing this process, we can conclude that
1 — —

Sp(fRfe fit) < o5 So(F AT AE) ©®)

1 2
= (p3)n-1 Sb (fxor fxor fxo)

1
S Sy (xo:xo:fxo)
- 0asn — oo.

That is limy, o, Sp (f fi 1) = 0 (6)

Now we prove that {f} is S,-Cauchy sequence in (X, S, <). On
contrary we suppose that {f;} is not a S,—Cauchy. Then there

exist € > 0 and monotonically increasing sequence of natural
numbers {m, } and {n,} such that n, >m,.

S, (fx';fk o x';f‘) >e(7) and S, (f;;fk £ x’gf‘l) <e
(8)

First we claim that

ﬁmin {Sb (ka,xmk, fxmk) ,Sh (Xnk—l'xnk—l' fxnk—l)} <
Sb (kar Xmyer Xnk—l)- (9)

On contrary suppose that

ﬁmin {Sb (xmk,xmk, fxmk) ,Sp (Xnk—pxnk—p fxnk—l)} >

Sb (ka’ Xmyer Xnk—l)

Now consider
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< S (flek lek xok) Sp(Xn1, Xp_1, %) < lejsb(xn—ltxn—lt a) + b?S,(a, a,x,)
<265, (R ) 0 (R A <2l )
2; min {Sb (fx:‘" ka x’zk“),sb (xnk—bxnk—l:fx,,k_l) + b? 4_b?isb (ne1) X1, Xn)
+ bzsb( et x:k ! Xo, )} < 2b? 4—b35b(xn,xn,xn_1)
Lettingk — oo, it follows thate < 0. It is a contradition. Hence + Esb (K1) Xns1r Xn)

our claim (9) is holds. From (7) and (8), we have 1
=55 bSb (xn—lt Xn-1 xn)
Sb (fx‘:lk x‘,;lk xok)

bSb (xn+1t Xn+1, X n)

1
< 2bS, (fx":k x":k x":k+ ) A{b
+ 528, (fur ™ et e < =S Cno, Xnm1, %)
Lettingk — oo, we have that 4b3 55 (o1, X1, %)
4b%e < lim 4b*S, (et gt g _2b%+1
* - 4p3 Sb(xn 1 Xn-1,X% n)

= }11_{1‘}0 4b Sb(xmk+1'xmk+1'xnk) 3
= lim4b*s, (Femys Fim fitny 1) . N SZSb(xn_l,xn.—l,ﬁ.cn).
< ;PI&MJ‘S (X Xn-1) It is a contradiction. Hence our claim is holds.

, Now we have to prove that « is fixed point of f.
= Jim o (M7 (e 1)) !
< Jim M7 (X X, —1) Since x,, , @ € X and X is regular, it follows that either
= X, Saora < x,
limmax (S, (Fr forfie ) Sy (Fan famt frn* ), Sy (fune ™M fk™ 1f 2} o (£ ggk xo) Sy (A T )}

ose ‘f&

my om, Np—1 MNp—1 pmy+1
< Jim max {6 0,0,5p (onk o, Xok) Sb (f e S )} From (6.3) and by known result, we have that
1
But 4h* <ﬁ5b(fa, fa, a))
lim s fankfamt fk) < lim 2By (fr* o far ") +
b(nxo1 Xn 1 ) k_m[ b(xo’ o e ) < lim inf4b* (Sb(fa fa,f} +1))
bZSb (f K e )] < 2be. n—o
< lim inf M (a, x,,)
n—-oo
Also, — lim inf ¢ (M?
@ (,x,)). (A1
llme (fnk lfnk lfmk+1) < llm [stb( Np— 1fnk 1f yk)‘l' Here n— oo ( f n )
szb (f;:lk o x?kﬂ)] <2b%. lim n inf M7 (a,x,)
Therefore from (10), we have that, 4b%e < max{e, 2be, 2b%e} = Am mfmax{Sb(a &, %), Sp (@, @, fo), Sp (x"‘ xn’fxn) Sp (a @ fxn)
ZbZE. < }lm sup maX{O' Sb ((X, a, fa)’ O!OISb (xn'xn' fa)}

It is a contradiction. Hence {f} is a S, —Cauchy sequence in < max{bS, (f,, a, @), b3S, (f5, far @)} = b3S, (i, o @).
complete regular Sh - metric space (X, S, <).

) Hence from (11), we have that
By completeness of (X, S,), it follows that the sequence {fx'(l)} is 2b3S, (. for @) < b3S, (e, @, f,)
converges to a in (X, S,). Thus T 5
S e 3 i i  (01)
k— oo k—oo < b35b (fa' fa' C().

First we claim that for each n > 1, at least one of the fol-

) L It is a contradiction. So that « is fixed point of f.
Iowmg assertion is holds.

Suppose a* is another fixed point of f such that « # a*

4b3 Sb(xn+1:xn+1:xn) < Sb(a a, xn) or
4b3Sb(xn:xn:xn 1) < Sp(a,a,x,4). SII’]CG mln{sb(a a, fo), Sp(a*, @, fo)} < Sp(a, @, ).
On contrary suppose that Since a,a* € X and X is regular we have that «a and a*
1

L (x Xna1rXn) > S, (@, a, x,) are comparable.
ap? TP AL IAL IS " From (6.3), we have
and — Sb(xn:xn:xn 1) > Sb(a a, Xn— 1)

4b3

4b*Sy (e, a,a*) < Mf(a,a) — @ (M}*(oz, a*))

Now consider = max{S,(a, @, a’),5,(a", a" )}
— p(max{S,(a, a,a"),S,(a", a*a)})
< bS,(a,a,a*).
It is a contradiction. Hence a is unique fixed point of f in
(X, Sp).
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Example 1. let X=[01] and S:XxXxX - R* by  4b*s,(f x(t), f x(t), f y(t))
S,(y,2)=(y+z-2x)+|y—=z? and<bya<bhb ©a< = 4b*{(|fx(t) + fy(t) — 2fx(t)])

b, then (X,S,,<) is complete ordered S, - metric space with +|fx(t) — fy(©)|3}

b=4. 16b*

Define f:X — Xby f(x) == also definr ¢ : R* - R* by = 16b*|fx(t) - fy(DI* = Topt X0 — ¥Yol?

=
() =3

Clearly for all x,ye X,ﬁmin{sb Cox, £).S (v v, f)} <
Sp(x,x,v¥). And

4b*Sy (fer fro fy) = 4b*(ly + z = 2x]) + |y — z|)?

4b4(2 4 )2 1S( )

= == =5%&x

32v2  32v2 PR
< M3(x,y) = M3 (x,9) — 0 (MF (5.9))
=35 7 )Y 7 Y [ 7 2 Y) ),

Where

ME(x,y) =

max{S, (x,x,), Sp (%, %, £:)Ss (v, £,) S (%, %, £,)Sp 0,3, £)- }
Hence from Theorem 1, 0 is Unique fixed point of f.

Theorem 1.2: Let (X,S,, <) be an ordered complete S,,- metric
space and let f:X —» X be satisfies Suzuki type generalized
@ —contraction with i =3 or 4 . If there exists x, €
X with x, < fi,. Then f has unique fixed point in X.

Theorem 1.3: Let (X,S,, <) be an ordered complete S,,- metric
space and let f: X — X be satisfies

(S Ce 3 1,55 0,9, ) S 5500 %,9) = 55(fu o )
< AMg(x, y),
Where 1 € [0,#) and i =3 or4or5. If there exists x, € X
with xo < f,,.Then f has unique fixed point in X.

3. APPLICATIONS

3.1 Application to integral equations

In this section, we study the existence of a unique solution to an
initial value problem, as an application to Theorem 1.

Theorem 2. Consider the initial value problem x'(t) =
T(t,x(t)), tel=[01], x(0)=x, (1)
Where T:Ix[%,OO)a [%,oo) with ST (x(s),y(s))ds =

min {fot T(s,x(s))ds, fOtT(s,y(s))ds,} and x, € R.
Then there exists unique solution inC(I, [%",oo)) for the initial
value problem ().

Proof: The integral equation corresponding to initial value prob-
lem () is  x(t) = x, + [, T(s,x(s))ds,

let X=C (1, [%,oo)) and  S,(%y,2) = (ly + 2 — 2x]) +
ly —z|)? forx,y € X.

Define ¢: [0,00) — [0,00) by (t) = =
Define f: X - X by

f® = 225+ [ T(x(),y(s))ds  (2)

Clearly for all
X,y € X,we have ﬁmin{sb (%, ), Sp (y, Y, fy)} < Sp(x%x,y)
Now

1
< x(@® =y@1F =706 x,y)

< Mi(xy) — o (MP@y)),
Where
M? (x,y) =
max{S, (x, x,¥), Sp (%, %, £)Sp (v, £,)S6 (. %, £, )Sp 0,3, f0)- }

It follows from Theorem 1, we conclude that f has a unique fixed
point in X.

3.2 Applications to homotopy

Theorem 3 : Let (X, Sp) be a complete Sy, - metric space, U be an
open subset of X and U be closed subset of

X such that U € U. Suppose H:U x [0,1] -» X be an operator
such that the following conditions are satisfying,

(3.1)x # H(x, 2) for each x € U and A € [0,1], (here AU denotes
the boundary of b U in X),

(32)  min{S,(xx H(x D), S5y, Ho, D)} < S, x,9)
implies that

4b*S, (H(x, A), H(x, 1), H(y, D) < S,(x,x,5) — o((x,x,))

For all x,y € U and A € [0,1] wheref: [0, ) — [0, o) is contin-
uous, non decreasing and ¢ : [0, ) — [0, ) is lower semi con-
tinuous with ¢(t) > 0 fort > 0,
(3.3) there exists M > 0 such that

Sy(H(x, ), H(x, 1), H(y,1)) < M|A — ul
for every x € Uand A, p € [0, 1]. Then H(., 0) has a fixed point if
and only if H(., 1) has a fixed point.

Proof : Consider the set

A={1€ [0,1]:x= H(x,1) forsome x € U}.
Since H (., 0) has a fixed point in U, we have that 0 € A.
So that A is non-empty set.

We will show that A is both open and closed in [0, 1] and so
by the connectedness we have that A = [0,1].

As a result, H (., 1) has a fixed point in U. First we show that
Aisclosed in [0, 1].”

To see this let {A}n=1 S A with Ay, > L € [0, 1]as n — 0.

Since ,,€eAforn=1 2 3, - -
x, = H(x,,A,)Consider

Sp (X, Xn 1 Xn41) = Sp (H(xn yAn)y H(xy , An), H (X1 'ln+1)) <
2bSb (H(xn r/ln)rH(xn r/ln)rH(erl 'ln+1)) +

szb (H(xn+1 r/ln)rH(xn+1 r/ln)rH(xn+1 'ln+1)) <

2bSb (H(xn rln)rH(xn 'ln)'H(erl 'ln+1)) + szMn - ln+1 |

-, there exists x,, € U with

Letting n — oo, we get lim S, (O, X, Xpp1 ) <
n—-oo

nh_g}) 2bSb (H(xn rln)' H(xn 'ln)' H(xn+1 'ln+1)) + 0.
Since

ﬁmin (Sb (xn » Xn rH(xn'l))'Sb (xn+1 » Xn+1 'H(xn+1 ,l))) <

Sb(xnrxn 1 Xn+1 )

Therefore from 3.2, we have that
nlgg Sb (xn 1 X Xn+1 )

< lim 43S, (H(xp , An), H(xn , A0), H (g1, An))
n—-oo

= nlgg [Sb (xn 1 Xn o Xns1 ) - (p(sb (xnrxn » Xn+1 ))]
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It follows that
n—-oo

Now we prove that {x,} is a S,—Cauchy sequence in (X, Sy).

On contrary suppose that {x,,} is not a S,—Cauchy.

There exists an € > 0 and monotone increasing sequence of
natural numbers {m,} and {n,} such that n, > my,

Sp (Xmy » Xmy, 1%, ) <€ (5)
From (4) and (5), we get
stb(xmk rxmk 'xmk+1 ) + bzsb (xmk+1 Jxmk+1 ank )
Letting k — oo, we have, <

lim Sb (xmk+1 ’ xmk+1 ’ xnk )

n—-oo

But

E_

nhjg Sb (xmk+1 »Xmy+10 Xny, ) =

4b413i_)12) Sb (H(xmk+1 ’ )lmk+1 ), H(xmk+1 , Amk+1 )' H(xnk rlnk))

<
TILI—I;IC}O [Sb(xmk+1 1 Xmy+10 Xy, ) -9 (Sb (ka+1 s X1 Xy, ))]
It follows that lim 5, (Xmps1 > X411 %n, ) = 0
e =0,

It is a contradiction.

Hence {x,}is aS,—Cauchy sequence in (X, Sp). and by the com-

pleteness of (X, Sp), there exists a € U with
limx, =a= limx,;; (6)
n—oo

n—co

Since %bamin (Sb (a,a, H(a, 1)), Sy (2, %, H (% ,A))) <

Sp(a, a,x,).

1
2 Sp(H(e, 1), H(a, 1), @)

IA

1
lim infﬁsb (H(a, 2),H(a, 1), H(x,, 1))
n—-oo

lim inf 4b*S,(H(a,2),H(a, 1), H(x,, 1))
n—-oo

lim inf [S,(a, @, x,) — ¢(Sy(a, a,x,)) = 0.
n—-oo

IA

IA

4. Conclusions

In this paper we conclude some applications on Homotopy theory
and integral equations by using fixed point theorems in partially

ordered S;, - metric spaces.
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