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Abstract

Noise in images can be characterized as a random variation of brightness information. It can be a by-product of image capture that conceals
the desired information. All digital images are subject to different types of noise. Noise is the result of errors during acquisition process
which affects the original pixel values in the image. Noise can be introduced in several ways depending on how the image is created. This
paper suggests a mathematical model for representing noise in the image and solves the model for denoising. A comparison of smooth
optimization algorithm with Fourier transform is presented with test image.
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1. Introduction

Removing noise from image is a major challenge in the field of dig-
ital image processing. Digital images play significant role in medi-
cal field, remote sensing, pattern recognition, transmission and en-
coding, video processing, microscopic imaging and robot vision.
The acquisition techniques in digital imaging introduce various
types of noises in images. If the image is scanned from a photo-
graph, noise can be the result of damage to the photograph film or
may be introduced by the scanner. The mechanism to gather the
image data can introduce noise. Noise may result during electronic
transmission of image.

More importance is given to denoising in image processing since it
predominantly affects image analysis and applications. Preserving
significant details of an image and reducing random noise as far as
possible is the main goal of image denoising techniques. A noisy
image depresses the visibility of low contrast objects and produces
disagreeable visual quality. Hence removal of noise is an essential
step in image processing to enhance and recover finer details hidden
in the image data. In many applications, noise in images are additive
in nature with Gaussian probability distribution. It is difficult to re-
move Gaussian noise since it corrupts all pixels in the image. The
tradeoff between noise suppression and preserving the details of
image always exist in denoising algorithms.

An image is normally represented as a matrix of grayscale or color
values. Each value is denoted as (v, p), where v is the value present
at position p, termed as pixel. The light intensity measurement pro-
duced by a charge coupled device connected with a light focusing
system represents the values of pixel in an image. The number of
incoming photons received by the portion of CCD is counted for a
fixed period corresponding to observation time. According to cen-
tral limit theorem, the number of photons received at each pixel
fluctuates in its average when the light source is assumed constant.
These fluctuations are expected to be in the order of Ym where m is
the number of incoming photons. Additionally, if the area receiving
photons are not cooled sufficiently, then heat photons may be re-
ceived. These factor are termed as “noise”.

The general Noise model for any denoising algorithm are repre-
sented as

v=u+n
v is the observed value, u is the actual value, n is the noise value

2. Related Work

Image denoising normally preserves the edges and finer structural
information in the image while reducing the noise. Researchers
have proposed models removing noise while preserving the signif-
icant details [1-2]. Partial Differential equation and variational
based methods have been applied for image denoising [3-4]. The
best among these methods considered is TV model [5]. Though the
second-order PDE preserves edges, it introduces staircase effect in
the smooth regions. A modified model to prevent staircase effect
was proposed to automatically adapt gradient-based exponent to fit
the data [6]. But this model is non-convex and hence difficult to
solve. Higher order derivatives are introduced into the energy func-
tion [7] but numerical computation becomes a challenge [8-9]. Hy-
brid models combining the second order PDE models and fourth
order PDE have been suggested [10-11]. A weighted combination
of Tikhonov regularization and total variation regularization for de-
veloping the image denoising model has been discussed [12].
Image denoising can be considered as discrete ill-posed problem.
The problem can be considered as computation of approximate so-
lutions of a linear system and represented as

Ax=b Q)

where A eR™™is a full rank matrix. The vector beR™ in (1) rep-
resents data corrupted by error, where b is denoted as

b=bs+e @)

where b eR™ is the error-free data and e is the introduced error
normally assumed to be white Gaussian noise.
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The vector b is dominated by the propagated error because of ill-
conditioning of A and hence good approximation cannot be ex-
pected. To handle this problem, regularization methods are used
since it is found that their solution are less sensitive to the error e in
b.

3. Regularization methods

Truncated Singular Value Decomposition (TSVD), Minimal resid-
ual iterative method and Tikhonov regularization are some of the
popular regularization methods. In the TSVD method the solution
of modified least-squares problem is obtained by setting k largest
singular values of the matrix A to zero. The parameter k controls
the level of modification of the given problem and also determines
the how sensitive the solution of the modified problem to the error
e. k is termed as a regularization parameter. Tikhonov regulariza-
tion replaces the problem least-square problem by a penalized least-
squares problem, and the regularization parameter determines the
level of modification in the given problem. Lastly, the truncated it-
eration regularization carries out few iterations with iterative solu-
tion method to provide regularized solutions. The number of itera-
tions is considered as regularization parameter. The following sec-
tion provides an overview of the TSVD, Tikhonov, and minimal
residual methods for computing regularized solution that can be ap-
plied to discrete ill-posed problems.

3.1. TSVD

The Singular Value Decomposition (SVD) of a matrix A eR™*"is a
factorization of the form

A=UzyT (3)

where = = diag(oy,05, ..., 0, ) ER™™ is a (possibly rectangular)
diagonal matrix whose diagonal entries oy, = 0, = ... = 0, = 0
are the singular values of A, U = [uq, uy, ..., u,] eER™™Mand V =
[vi,va, ..., v ] ER™™ are orthogonal matrices.

The matrix A is substituted by its best rank-k approximation which
is involves the computation of 2-norm

An optimal rank-p approximation Ap of matrix A in norm k2 is
given by

A = XF opuv] with ||A — Agllz = ok @)

The approximate solution x;, is given by
u uiTe
X = dij= lT‘UL"r 82 o (5)

The integer k is a regularization parameter. If A has very small sin-
gular values, then the terms with these singular values may domi-
nate other terms and the propagated error increases. Hence, Regu-
larization by TSVD omits the terms associated with the smallest
singular values. The value of k must be selected small such that x;
is not dominated by propagated error.

TSVD method is mostly preferable for rank-deficient problems.
The ideal approximation of x;, is found when the value of k reaches
the numerical rank r of A.

Though the filtering strategy is not appropriate for the gradually
decaying singular values of A, TSVD method can be useful for
solving discrete ill-posed problems.

3.2. Tikhonov regularization
Tikhonov regularization replaces the general least-square problem
by the penalized least-squares problem. Tikhonov regularization

has been formulated as

min||Au — b||subject to ||Lu|| ) (6)

where § is a positive constant.
The above representation is a linear least square problem with a
quadratic constraint, and uses the Lagrange multiplier formulation

L, A) = |lAu— b2 + A(|ILul|* - 62) )

If u;, denotes the least square solution of ||Au — b|| = min and
& < |lugl], then the solution usis identical to the solution wu;for an
appropriately chosen A.

Tikhonov regularization exhibits much smoother filter factors than
truncated SVD which is favorable for discrete ill-posed problems.

3.3. A minimal residual iterative method

Assuming the matrix AeR™™to be symmetric. For any symmetric
matrix A, it is the known fact that iterative methods for the solution
of minimization problems should produce an approximate solution
in the range of A. Starting with the initial iterate x, = 0,, the pt*
iterate x,, satisfies

||Axp_b||2 :xelgl(iAr,lAb)“Ax_b”Z ®)
where K,,(4, Ap) = span{Ab, A%b, ...
the range of A.

The number of iterations p should be specified for this iterative
method. Here the parameter p is the regularization parameter. When
p is very small, the number of iterations may not be sufficient to
approximate the desired solution accurately. At the same time,
when p is too large, then the propagated error may dominate the
computed approximate solution.

, APb is a Krylov subspace in

4. Fourier transform and smooth optimiza-
tion algorithm

In this paper we have discussed solving image denoising problem
using Tikhonov model and compared Iterative algorithm with Fou-
rier transform.

4.1. Image denoising model

Consider our data v is of the form

v=u+b 9)

where ueRMis the image we are looking for, veRN’is the data at

our disposal and beRN’is the realization of a Gaussian white noise.
The model we are considering is to minimize the energy

E(W) Zl] Olvw,]|2+ AZL] ()(WI.]
where weRN*and A>0, with

v = (Dxw)ij _(Wi+1,j_Wi,j)
Wi (DyW)i,j T \Wijr1 — Wi

For (i,)) € {0,...,N — 1}2

v;j)? (10)

4.2. Fourier transform

Reducing noise can be accomplished in the image space domain, or
in the image transform domain [13,14].

Denoising methods on spatial domain cannot remove plenty of
noise information but the image transform domain can often work
wonders. Fourier Transforms in signal processing is one of the most
important and widely used transform [15]. For two-dimensional
discrete-time signalf (x,y),x =0,1,..,X—-1,y=0,1,...,Y - 1,,
whose Fourier transform definitions are as follows:

Fuv) = LEXA5I2 f e 2 HY) (11)
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where u=0,1,...,.X-1,v=0,1,...,Y-1, uand v are called the spatial fre-
quency and j is the imaginary unit. The inverse transform definition
is as follows:

FOoy) = SXEA TSIl F(u, ) (5+F) (12)

where x=0,1,...,X-1,y=0,1,...,Y-1.
The discrete Fourier transform of h can also be represented as

hyey =A+4—2(cos(2:—k)+cos(%m)) Vvk,1=0..N—1.(13)
Application of Fourier transform on noisy images is experimented
with sample image by varying the values of A.

4.3. Gradient algorithm

Smooth Optimization using Gradient Algorithm is shown in Fig. 1.
The algorithm uses steepest descent step size rule for convergence.

Algorithm: Gradient Algorithm
Entry: Entry needed for computing E and VE
Output: Approximation of a minimizer : wx
Initialize w
While Not converged Do
Compute d = VE(w)
Compute a step-size t >0
Update : w «—w—td
End while

Fig. 1: Gradient algorithm

5. Experimental Results

FFT and Smooth optimization based on gradient descent are applied
on the image by varying A and results obtained are depicted in Fig.2.
Smooth optimization algorithm performs well compared to Fourier
Transform with less complexity. The performance is judged for 100
iterations with various values of A. Results show that for the lower
A value denoising produces blur image and when A=1, the effect of
denoising is appreciable.

Resutant

(dar=10
Fig. 2: Results of denoising using fourier transform and smooth
optimization technique

6. Conclusion

Denoising is an important step in image processing applications.
Removal of noise helps to understand the finer details without los-
ing significant image information. This paper discusses the perfor-
mance of Fourier transform over the noisy image. Considering the
complexity of the algorithm a smooth optimization technique is
suggested which performs well with less computation. The compar-
ative results are shown on the noisy image for various A values
which is a regularization parameter. The optimal A value for which
denoising performance is appreciable has been demonstrated.
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