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Abstract

Ordered Factor Patterns in a word over an ordered alphabet aredefined. Also, Parikh StrictlyAscending FactorMatrix and Parikh
StrictlyDescending Factor Matrix of a given word are introduced. The relation of these matrices with Ordered Factor Patterns is
discussed. Moreover, the ParikhStrictly Ascending FactorMatrices and the Parikh Strictly Descending FactorMatricesfor finitewords of

Rectangular Hilbert Space Filling Curve are determined.
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1. Introduction

Space Filling Curves are useful in applications where a traversal
of a multidimensional grid is needed. Sample applications are
image halftoning,data organization, data compression and color
quantization. The goal of the research presented in this paper is to
extend the concept of Space Filling Curves(SFC) on square frame
to Space Filling Curves on rectangular frame. Just as SFCs are
convoluted linesthat fill a square, these SFCs are carefully
elaborated to fill a rectangle.

In [4], the Parikh matrix of a word u is introduced.
The basic numerical quantity investigated in this paper is |w|u,the
number of occurrences of a word u as a scattered subword of a
word w. This matrix contains information on the number of
occurrences of some sub words of u.The Authors [1] investigated
the injectivity of the Parikh matrix mapping mainly on the binary
alphabet. Huldah Samuel [3] discussed about some results and
properties of Generalized Parikh Matrix for finite words. The
author has introduced the notion of Hilbert words in [5].
Combinatorics on words has been analyzed in [2]. Counting
occurrences of some patterns was done in [6].The author has
discussed in [7] about occurrences of some patterns, subsequences
and sub words in sigma-sequence. Counting ordered patterns in
words generated by morphisms was done in [8]. The authors in
[9] described Rectangular Hilbert Curve through 7-power free
infinite word.

Geometric Generation and representation through a grammar for
Rectangular Hilbert Space Filling Curve (RHSFC) is done in
section Il. Finite words for finite iterations of this RHSFC are
formed in the third section. Ordered Factor Patterns in the finite
words were analyzed in the next section. Finally, Parikh Strictly
Ascending Factor Matrix and Parikh Strictly Descending Factor
Matrix arepresented and they are established to the finite words of
RHSFC.

2. Rectangular hilbert space filling curve

Geometric Generation of RHSFC[9]

A Space Filling Curve maps a 1-dimensional space onto a higher-
dimensional space e.g., the unit interval onto the unit square. A
geometric generation principle for the extension of Hilbert curve
construction to fill a rectangle is suggested. Let us assume that the
unitinterval Ican be mapped continuously onto the rectangle R

{o, ﬂ x[0.].

Initial mapping

If | is partitioned into six congruent subintervals then it should be
possible to partition R into six congruent sub squares, such
thateach subinterval will be mapped continuously onto one of the
sub squares.
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Fig. 1(a): Initial iteration B
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Fig. 1(b): Initial
iteration

Iteration mapping

If the subintervals are partitioned into nine congruent subintervals
then it should be possible to partition the sub squares into nine
congruent sub squares, such that each subinterval will be mapped
continuously onto one of the sub squares. This reasoning can be

e
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repeated by again partitioning each subinterval into nine
congruent subintervals and doing the same for the respective sub
squares. When repeating this procedure make sure that the sub
squares are arranged in such a way that adjacent sub squares
correspond to adjacent subintervals. Like this the overall
continuity of the mapping is preserved. If an interval corresponds
to a square, then its subintervals must correspond to the sub
squares of that square. This inclusion relationship assures that a
mapping of the n'" iteration preserves the mapping of the (n-1)"
iteration.
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Fig. 2(a): First iteration
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Representation of RHSFC through a grammar [9]

In the construction of the Rectangular Hilbert curve, four
templates are used in every iteration. The template H is the initial
graph or it can be called as the generator graph. The template A is
obtained from H by rotating through an angle 90°anticlockwise
and by reversing the direction. The template B is obtained from H
by rotating anticlockwise through an angle 180°. The template C
is obtained from H by rotating through an angle 270°nticlockwise
and by reversing the direction. Their formationsare illustrated in
the Fig. 4(a). These templates are substituted in every iteration
step into a first iteration of the RHSFC.

These fixed substitution procedure can be described by a grammar

G=(V,TP.S)where V= {H, A B,C},

T={M 4,5} 5= {H} and P s defined by
HorcTcTcTH oHoRb AL AL A
A—>[B< B« B« AVALASHHH]
co>MH->H>H—> cTcTce B« B« B
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Fig. 4(a): Templates Fig. 4(b):
Substitution for H
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3. RHSFC and Finite Word

Finite word Sn for RHSFC[9]

The construction of the Rectangular Hilbert Space Filling Curve is
obtained by drawing, without removing the pen from the surface
of the paper to fill the rectangle of size 3" x 2" an infinite
succession of unit lines and double unit lines left, right, up or
down. Thus the finite iterations of this curve can be represented bi/

an finite words over the alphabet 2 = {u,d, r,I,u_, d_, F,i
where u stands for unit line up, d stands for unit line down, r
stands for unit line right, £ stands for unit line left, U stands for

double units line up, d_stands for double units line down, [

stands for double units line right, £ stands for double units line
left.

Let us explain the algorithm of RHSFC. The general idea is to
divide, at step n, the rectangle into 6(9)™* equal sub squares each
of them containing an equal length part of the curve (except the
first and the last ones which contain a part of length %2 ). The
curve so obtained is then depicted by a word of length (4(9)™1-1)
which we call the n Rectangular Hilbert finite word Sy,

Therefore S1= U rd
Similarly So=Tulufufluful

u

Urd rUrd rrd

d

(dTdldFdldT
Se=UrdrUrd r0rd rFulufuluful /d
(uldurd
u
Urd rUrd rUrd rfulufulufuled rurd
(aedra
u
Urd rUrd rUrd rfufufulufulld 0T
(drardrusdiu
u
FuluFuluFufulrdrOrdrUrdd (dFdldFd
0dT
r
FuluFuluFufulrdrOrd rOrd d/dFdldFd
0dT
r
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d/U/d(U/ld (Ul 7dTdldFdldFrUr
drird rUrd
Now let us define on Z three literal morphisms f, téand
t, by
fu)=d, f(d)=u,f(ry=r, f(L)=/,
f(U)=d f(d)=UfF)=F f( )= "¢
t,w=20,t,@d=rt,@0=ut,(l)=d
t,(U)=/¢,t,(d)=0 t,(F)=0,t,(l)=d
tw=rt@=/,tn=dt )=y,
t(U)=F.,t(d)=7,t(F)=d, t({)=T.
These three morphisms represent a vertical flip, a quarter turn left
rotation, and a quarter turn right rotation of H respectively.
Using these morphisms, the recurrence relation for finite word Sn
can be given by
S,.1 = P(S,)UP(S,)up(S,)uS,rS,rS, dA(S,)dA(S,)dA(S,)
where p=t, 0 f and A=t o f
Theorem 3.1: For any n>1,

1. [S,| =4@r -1

(1)

2. (8] =[Sal and [Sul. =[S, |; =[Sal, =[Sa

3. [S,.].=3(S,|.+3[S,|. #3[S. )5

4. |Sn+1|a:3|Sn|a+3|sn|7z+3|sn|r

5. Sl =3[S,|_+3[S, |- +3[S, |5

6. |Sn+l|7z=3|Sn|2+3|sn|5+3|sn|ﬁ

7. (Sl =3[S4]. +3[S,l, +3[Sa], + 2

8. [Sy.al,=3S,|,+3[S,|. +3[S,], +3

9. |Sn+1|d =3 |Sn|d+3 |Sn|€ +3|Sn|,+3

10 [S,,4],=3(S,|, +3[S,|,+3 S,

1. |S,|.=[S,|;= w if n s even
FTCETHD i s odd

2

:|Sn|7:|Sn|u :|Sn|d = SM(S;H), it nis even
V 3 -y

2

12. S

n|F

,if nis odd

|Sn |u = 0 means that there is zero occurrence of u in Sn.

n n-2
@—L if n is odd

33"+
2

13. |S,| =

-1, if n is even

n-1 n-1
14, |Sn|/: 3TET-Y (32 _l), if n is odd
n n-2
M, if n is even
2
Proof

The recurrence relation for |Sn| is given by|Sn+1|: 9|Sn|+8,

|81|: 3. Solving this equation with the initial condition, the

equality (1) is obtained. The equalities from (2) to (10) can be
obtained from the definition of ©o , A and the formation (1) of Sy,
Other equalities can be proved by using induction on n.

4. Ordered factor patterns

Ordered patterns [6]
Basic concepts

* Let A be a totally ordered alphabet with n elements and let N be
the ordered alphabet whose letters are the first n positive integers.
An ordered pattern is any word over

N U{#3}

Example

Let A={ab,cdeffwitha<b<c<d<e<f
e The word v = eafdbc contains one occurrence of the
ordered pattern 2#31, namely the subsequence efd.
e In v, the ordered pattern 2#3#1 occurs in three
occurences:efd, efb,efc.
e  The ordered pattern 231 does not occur in v.

Rises and descents

e  The number of Rises R(v) in a word v over X is the
number of occurrences of the ordered pattern 12.

e  The number of Descents D(v) in a word v over X is the
number of occurrences of the ordered pattern 21.

Definition: ordered factor patterns

* Let A be a totally ordered alphabet with n elements and let N be
the ordered alphabet whose letters are the first npositive integers.
e An Ordered Factor Pattern (OFP) is any word over N
and it is denoted by OFP(12), OFP(342) etc.

Example

Let A={ab,cdeffwitha<b<c<d<e<f.

e The word v = efdbca contains two occurrences of the
ordered factor patternsOFP(231) namely the factors efd
and bca.

e |t does not contain the factors abc or bcd or cde or def.
Hence it does not contain the ordered factor pattern
OFP(123).

Definition: factor rises

The number of Factor RisesFR(v) in a word v over X is the
number of occurrences of OFP(12) inv.

Definition: Factor Descents

The number of Factor Descents FD(v) in a word v over X is the
number of occurrences of OFP(21) in v.
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Factor rises and factor descents in Sn

Let us order the letters of Sn as
U<u<r<r<d<d</t<?

The number of Factor Rises FR(Sn) is the number of occurrences
of OFP(12). (i.e.) the number of occurrences of the factors UU,

ur, ri, 7d, dd ,d/ and (7.

Occurrences of the factors Uu,ur, rr, FJ, dd ,d/and 0
in Sn

Let G be agrammar G = (V,T,P,S) where

v={AB,C,D} T={0,u,r,7,d,d,/, 7} 5= {A} and
P is defined by

A — BuBuBuUArArAdDdDdD

B — ArArArBuBuB{CLCLC

C — DdDdDdCtCLCuBuBuB

D — CLCtCtDdDdDrArArA

A->Urd B>Tulc—od /U, D> (dl

Then G generates the finite words Sn

Asan example, the derivation steps for Sz are given below.

A = BuBuBuArArAdDdDdD

(Substitution for a non-terminal should be done for all occurrences
of that non-terminal in the string of the stage.)

=TuluFfulufufulrdrUrdrUrddldFd/ld
rdfdr

=Sz

Now let A2 = BuBUBUArArAdDdDdD

(i.e.) the string of non-terminals and terminals obtained at the just
previous stage of last step in the derivation of Sz.

Similarly Az, A4, ....and B, Ci, Difori=1,2,3,... can be
assumed.

Clearly S, |, =[Ac,

Ok, Bk, H AL, P+ o e
v u v 4 10, ifnisodd

2, if niseven

0, if nisodd

2, if niseven

0, if nisodd

@) By~ Al Bl 0+

® [Cule, =10 HE, B+

(4) ‘Dn-v-l‘Cu = ‘Cn‘cu +‘Dn‘Cu +‘A“Cu

Using the above recurrence relations from(1) to (4) the number of
occurrences of the factor UU can be calculated.

Table 1: Number of occurrences of U u

n
|S“|uﬁ |Bn|Cu |C”|Cu |D“|Cu
- |A” |Cu
1 0 0 0 0
2 0 0 1 0
3 3 5 5 3
4 33 39 39 33
5 318 335 335 315
6 2904 2964 2955 2904
7 26319 26471 26471 26289
8 237237 237783 237693 237237

Similarly, the number of occurrences of It | dd and ¢/ canbe
found and they are given in the tables from 2 to 4 respectively.

ciny [S,], =85 =], =0

Table 2: Number of Occurrences of 't

S|
Nlrr
n —|A | |Bn|bB |Cn|bB |Dn|bB
—["nlpB
1 0 0 0 0
2 0 1 0 0
3 B 5 3 3
4 39 39 33 33
B 335 335 315 318
6 2964 2955 2904 2904
7 26471 26471 26289 26319
8 237783 237693 237237 237237
Table 3: Number of Occurrences of Jd
n
|Sn|ad |Bn|Ac |Cn|Ac |Dﬂ|Ac
= |A” | Ac
1 0 0 0 0
2 1 0 0 0
3 5 3 3 5
4 39 33 33 39
5 335 315 318 335
6 2955 2904 2904 2964
7 26471 26289 26319 26471
8 237693 237237 237237 237783
Table 4: Number of Occurrences ofgg
Snl.;
nlge
L :|An| |Bn|mD |Cn|mD |Dn|mD
mD
1 0 0 0 0
2 0 0 0 1
3 3 3 5 5
4 33 33 39 39
5 315 318 335 335
6 2904 2904 2964 2955
7 26289 26319 26471 26471
8 237237 237237 237783 237693
Table 5: Number of Occurrences of FR(Sn)
n Factor Rises in S,
1 1
2 16
3 144
4 1303
5) 11727
6 105550
7 949950
8 8549557

5. Parikh factor matrix

Similarly Factor DescentsinSncan be calculated.

Parikh strictly ascending factor matrix

Consider the (strictly) ordered alphabet
a <a, <a; <..<a,

The Parikh Strictly Ascending Factor Matrix(PSAFM)gives
ordered factor patterns in strictly ascending way and isdefined for
aword w as follows.

PSAFM(w) =
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W, i, M., "
a a,a, a,a,a 8,858, aa,..a,
0 | W
a ay1a3 araza, a,a3...4,
0 0 [, W [w
az azay azay...a,
0 0 o ..
arag
0 0 0 0 |W| |W
- ap_18y

an
where |W|aa a (i< j)represents the number of occurrences of
1414

the factor aiai+1.....aj.

The sum of first leading diagonal elements of PSAFM gives the
number of occurrences of all letters in w.

The sum of second leading diagonal elements ofPSAFM gives the
number of occurrences of Factor Rises FR(w) in w.

n-1
(ie) FR(w) = Z‘\N‘a,‘aju
i1

The sum of third leading diagonal elements PSAFM gives the
number of occurrences of OFP(123) in w.

n-2
(ie) |\N|OFP(123) - Zl |\N| 2j8j,18j.2
j:

Lastly, |W|0FP(123...n) = |\N|ala2..an

Parikh Ascending Factor Matrix for Sp

As the letters of Spare ordered asi <u<r<f<d <d</</
, the PSAFM for Sn can be given by

PSAFM(Sh) =
‘Sn‘a ‘Sn‘n ‘S”‘Eur ‘S“‘Eurf ‘Sﬂ‘mrﬁ? ‘sn‘ium?a ‘s"‘ium?m ‘Sﬂ‘mrﬁ?m’/
0 ‘S“‘u ‘S”‘ur ‘S”‘urr ‘Sn‘urm’ ‘Sn‘urﬁ?a ‘S"‘urﬂ?uv ‘Sn‘urfid/T
0 0 ‘S”‘r ‘S"‘rF ‘Sn‘ rid ‘Sn‘ rfdd ‘Sn‘ ridd ¢ ‘sn‘ ridd (7
0 0 0 ‘Sn‘r ‘S"‘FE ‘Sn‘m ‘S"‘rfad/ ‘Sﬂ‘ﬁ&d/?
0 0 0 0 ‘Sﬂ‘u ‘Sﬂ‘am ‘S”‘Ed/ ‘S"‘Edu
o o o 0 0[Sl ISk [Siles
0 0 0 0 0 0 ‘S"" ‘Sn‘/7
0 0 0 0 0 0 0 ‘S"‘7
Sl Sk, 0o 0o o o 0 0

0 [s), IS, o o 0 0 0

0 0 s Is), o o o 0
o 0o 0o s Isl; 0 0o 0
o 0 0 o fsf sk, 0o o

0 0 0 0 0 S|, [s), ©

0 0 0 0 © 0 IS, IS

0o 0 0 0 0 0 0 s,

Using Theorem 3.1 and the Tables from 1 to 4, PSAFM for Sn can
be formed.

10000000
0000000O
00100000
00000000
PSAFM (S,) =
00001000
00000000
00000000
00000000
30000000
06000000
00500000
00060000
PSAFM (S,) =
00003100
00000O0G6 00
0000000O00O
0000O0O0O0 6

45 3 0 0 0 0 0 O
03 0 0 0 0 0 0
0 05 5 0 0 0 0
0 0 03 0 0 0 0
PSAFMB:)=1 6 0 0 0 45 5 0 o0
0 0 0 0 0 3 0 0
0 0 0 0 0 0 36 3
00 0 0 0 0 0 36

By extending this process, PSAFM(Sn) can be acquired for any n.
Parikh strictly descending factor matrix

Consider the ordered alphabet a, <a, <a, <...<a,

The Parikh Strictly Descending Factor Matrix (PSDFM) of a word
gives ordered factor patterns in strictly descending way and is
defined for a word was follows.

PSDFM(w)
w,, | | | W
a Apany Apan18n-2 Apan18n-285-3 Apany--A
A o
Ay Apa8n Ap18n_28n-3 Ay
0 0 Wi W v (W]
an-2 ap28n-3 Ap28p-3--- 8
0 0 o .. |
a3a,3;
0o o0 0 0 W |w
a a8y
Wi
3

Where|W|a1a . (i = k) represents number of occurrences of the
i1+ A

factor aiai-1.....ak.
The sum of first leading diagonal elements of PSDFM gives the
number of occurrences of all letters in w.
The sum of second leading diagonal elements of PSDFM gives the
number of occurrences of FactorDescents in w.
n-1
. _ W‘
(i.e.) FD(w) Z‘ a1,
j=1
The sum of third leading diagonal elements of PSDFM gives the

number of occurrences of the ordered factor pattern OFP(321) in
w.

n-2
(ie) ‘\N‘OFP(321) - Z ‘\N‘ j,428j.,18
=1

Lastly, |\N|OFP(n(n—l)...21) = |W|anan,1...a1
As the way done for PSAFM, the PSDFM for the finite words Sn
can be determined for any n.

6. Conclusion

Ordered Factor Patterns, defined in this article, are the patterns of
an ordered sub factors of a word w. The Parikh Strictly
Ascending Factormatrix and Parikh Strictly Descending Factor
Matrix of a word wwaspresented. These matrices contain
information on the number of occurrences of some ordered sub
factors of w.

7. Further Research

Analytical properties and Algebraic structures of the Ordered
Factor Patterns have to be analyzed.
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