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Abstract

This paper is designed for the purpose of analytic design and numerical simulation of a controller for nonlinear mobile inverted pendu-
lum. It needs to obtain a method to overcome the difficulties in the design problem of controller for nonlinear plant. The method was
using local stability analysis of two fixed points in two-dimensional ordinary nonlinear differential equation. The result provides a stable
response solution using a special pole placement design, and transient stability is simulated using simulink. The response behavior can be
selected according to the desired poles. The results obtained at this work are different from the optimal control problem. Indeed, our re-
sults have been summarized in the design method, target response and simulation process.
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1. Introduction @ is the position of pendulum; x is the position of the wheel.

The initial position of pendulum was 6 =6o in the unit (rad), the
A nonlinear inverted pendulum model has dynamics with two initial position of the wheel with x = xo = 0 in the unit (m). The
movements, its angle and its wheel movements, as shown in Fig. parameters Mw and My are respectively by the mass of tt12e wheel
1. These dynamics[1]-[4] can be elaborated by two nonlinear and the pendulum in the unit (kg), and g = 9.81 (m/s?) is the
second order differential equations shown with its arrangement graffiti acceleration. To do the simulation it needs the parame-
as can be seen in equations (1) and (2). ters: L = 0.6 m, Mp= 1.6 kg, Mw= 1.551 kg, Jw = 0.005 kg-m?,

Jp =0.027 kg-m?, r = 0.2 m[1].

W (My g L sin6—F)- Q cos (M,, L2 sine+§p) The equations (1) and (2) can be modeled in the state space

() = P07 cos 67 ) equation. It chooses four states, where, x; = 6,x, = 6,x3 =
) (M 167 sino+1F) P - (M, gL sin6 —F) Q cos® X, x, = %. Based on equations (1) and (2) have been formed the
() = S — (2) state space equation (4) below[5]:

X =Xy

. W Q g sinx;— Q?x,%sinx; cos xl—(W+g cos xl)F

X2 = W P —Q? cosx,?

X3 = X4

. PQ x,%sinx,;— Q?g sinx, cos x1+(§+Q cos xl)F

Xe = W P — Q2% cosx,2 (4)

The behavior of the open loop inverted pendulum has been sim-
ulated using matlab-simulink[6]-[8], as shown in Fig. 2.

Fig. 1. Model of Inverted Pendulum

Both equations use three parameters can be seen in equation (3).

_ Jw — 2 —
W= M, +M,+2%=],+M,[* Q= M,L @3)
@ ® Copyright © 2016 Muhamamad Muslihuidn and Ria Rukmana. This is an open access article distributed under the Creative Commons Attribu-
BY tion License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/

824

International Journal of Engineering & Technology

Fig 2. The Simulation of Open Loop System

The responses can be seen on Figs. 3 and 4. All the responses
are oscillation and make the system unstable. The characteristic
of the open loop system equation (4) include damping factor and
natural frequency cannot be explained analytically because both
these dynamics are nonlinear.

Fig 4. Response of x(t) and x(t) on Open Loop System

To stabilize all the responses of the open-loop system it needs
the state feedback. It is difficult to design feedback as a linear
plant. First it needs a way to do the process for linearization of
system dynamics. The local stability analysis method can be
developed in model of open loop system; furthermore it needs to
apply the pole assignment or pole placement to the local stabil-
ity analysis.

2. Local Stability Analysis

The local stability analysis of fixed points in two-dimensional
nonlinear ordinary differential equations such as equations (1)
and (2), it is based on approximating the nonlinear equation with
linear equation (5) in the following below[9]-[11]:

dx

= AGow, 5= folxw) ®)

dc

Let is assumed that there is a fixed point (x*, u*) for which fi(x*,
u*) = fo(x*, u*) = 0, occurs on the plant. The linear analysis
involves to carry out a Taylor expansion of the nonlinear func-
tions in fi(x,u) and f2(x,u) in the neighborhood of form f(x*, u*),
as can be seen in the following below:

* * a * a *
FOou) = FO ) + 55 ey (e = x) + 2 ey (= u) +

(6)
Based on equation (6), it can be defined:
X=x—x*U=u—-u" @)
Then it can expand equation (6) become,
X AX+BU+-, E=CX+DU+-- ®)

dc dc

The equation (8) needs two functions f; and f, related to equa-
tions (1) and (2) in the form of equation (6), then it found:

_ afi _ af; _ af;
A= d_; |(x",u"): B = d_yl |(x*,u"): C= d_xz |(x*,u*):
d
D= d_};f |(x",u") %)
In the first order of differential equation, the nonlinear form of
equation (8) can be approximated by a linear equation (10),

dax _ av _
S =AX+BY, Z=CX+DY (10)

The poles of the linear approximation in equation (10) will be
found with the formula below[5]:

A B

M= [c D a
It found the poles p1 and 2 in equation (11), these are,

_ _|lu—A -B | _
wr-m= 20 0| =0 (12)

After taking determine of equation (12), both of the poles have
equation as can be seen in the following below:

A+D n J(@A-D)2+4 BC

== 2
:ﬂ_m (13)
2 2

If the result of equation (13) has the real part with 2 < 0 and 2
< 0, the system is called stable and the responses of the system
has steady-state value.

3. The Special Pole Placement

Based on the dynamics of nonlinear plant equation (1) and (2), it
needs equation (9) and (10) to generate the linear form of non-
linear plant. Furthermore, it found the dynamics of nonlinear
plant has changed into the linear equation, and the process of
pole placement is explained with some steps in the following
below. First, the four states have defined in equation (4), those
are:

X1 =0,%,=0,X3 =X,X4 =X (14)

Second, refers to equation (6), it needs to make both equations

(1) and (2) become f; and f,. By using equations (9) and (10), it
found all parameters for equation (11) as shown below:

4y =2 4y, = 2
117 5y, (X1,%2,X3,X4,F)1 112 = ax, (X1,%2,%3,X4,F)1
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A =24 A =24
13 — 9xs (x1,%2,%3,%4,F) 14114 — EP (x1,%2,X3,%4,F)

_0f; _0f;
Ay = x, |Gy s xF)s A2z = 9x, | Gy esxa )

Ay = 2 Ay = 2
23 7 9x, (e1,22,%3,24,F)1 4124 = Bxy (o1,%2,%3,%4,F)1

€ =5 ¢, =25
11 — ox; (x1,%2,%3,%4,F)r L12 — ax, (x1,%2,%3,%4,F)1

Y Y
137 9x, (cq,22,%3,24,F)1 “14 = Bxy (o1,%2,%3,%4,F) 1

Cor =52

| Coo = 321
(1,22,%3,4,F)1 “22 = 3%, (x1,%2,%3,24,F)

Cps = 3f4

C _0fs
|(x1 X2.X3X4,F)r “24 = ax, |(x1,x2,x3,x4,F)

B, = af1

0f2
|(X1 X2,X3,X4,F) B, = OF |(X1,X21X3,X4,F)

af af,
Dl |(x1 X2,X3,X4,F)1 D = 6_; |(X1,X2,X3,x4,F) (15)

Third, if equation (15) is applied to equation (10) then it found
equation (16) in the following below:

Xy Ay A Az A By
Xy A21 Azy Azs Aga||x B,
. + F 16
X3 Ciz Ciz3 Ciu (16)
X4 Coz Gz Cps

To stabilize the system equation (16) it needed the feedback F(t)
with equation (17) in the following below[5], [12]-[14]:

F(t) =v(t) — K x(t) 17)

Where K = [K1 K2 Kz Kq], and v(t) is the reference input to the
system

This process didn’t use the Riccati’s equation to design the
optimal feedback, but it used special pole placement method and
chooses four the stable desired poles.

Furthermore, equations (15) and (16) has been completed
with the fixed point x1= n/4, x2 = 0, x3 = 0, and x4 = 0, it found
the parameters,

A11=0, A12=1, Al3:O, A1s=0

WMyglL sin(%)

WP s 2=0, As=0, A=0
4

Ay =

A11=0, A12=0, Al3:O, Awn=1

-MpgLQ sin(E) cos(E) _ _ _
An = wPp- Qz(cc;ls(”))z4 yA22=0, As=0, Au=0B, =
w p I
0, BZ + Qcos( )/r 3 =0, B4 _ T+ Qcos(4) (18)

W P - Q%(cos(3)?’ W P - @*(cos(3))?

Now for the linearization system, equation (18) to equation (16)
can be applied as written below:

0 10 0 0 X

. _|422 0 0 0 B, _|*

=10 0 o0 1 x+ 0 F,x = X3 (19)
Ay 0 0 O B, X4

Fourth, the next step was to perform the controller needed to
stabilize the system. Define the desired closed loop system with
four poles; those are pi, p2, ps and pa. The characteristic equa-
tions to all poles are given in equation (20).

L(p) = (1 + p) (B + p2) (p+ p3) (p+ ) (20)

If the controller in equation (17) is substituted in equation (19),
the closed loop equation can be found as below:

0 1 0 0 0
A 0 B

x= 51 0 8 (1)x+ 02 [v—Kix — Ky x) — K3 x5 —
A41 0 0 0 B4

Ky x4] (21)

Then the equation of closed loop system can be written down
with equation (22) below:

x= 0 0 0

0 1 0
A1 =B Ky —By K —By K3 —Bz Kl I ‘
Ay — By Ky —By Ky — BuK; —34 Ky

(22)

In general form, the equation (22) can be written with equation
(23) below:

X = ACL x + BCL T (23)
Where,
0 1 0 0
A — AZI - BZ Kl _BZ KZ _BZ K3 _BZ K4
L 0 0 0 1 ’
ASI - B4 Kl _B4 KZ _B4 K3 _B4 K4
B
BCL = 02 (24)
B,

Finally the value for the special pole placement for state
feedback should be found as K = [K1 Kz K3 K4] with the proce-
dure below:

First, it needs to elaborate the equation (20) to find the charac-
teristic equation below:

L(w=p*+msud+mp?+mip+mo (25)

Where,

M3 = i + p2 + p3 + W4

M2 = W M2 + [ 13+ J Js + J2 J3 + J2 e+ U3 e
M1 = [ J2 K3 + [ J2 [+ [ J3 e+ U2 U3 J4
Mo = 1 2 U3 [

Next, the characteristic equation of the closed loop system in the
equation (24) was found with equation below:

|ul-AcL|=0 (26)

The determinant of equation (26) gave the characteristic equa-
tion was shown in equation (27) below:

Lew (p) = p*+ [Ba Ka + B2 Ko] pi° + [Ba Ks + B2 Ki — Aar] p? +
[Aa1 B2 — A21 Bs] Ka pu+ [Aa1 B2 — A2 B4] K3 27)

To find the special feedback K = [K1 K2 K3 K], the equation (27)
must be equal to equation (25). If both equations are equal, it
found these four equations below:

B4 Ks + B2 K2 =ma3

BsKs+ B2 Ki—Az=mz

[A41 B2 — A1 B4] Ka=mu

[A41 B2 — A21 B4] K3 =mo (28)

By using the analytical process in equation (28), finally the
equation to obtain the value of K by the four equations was ob-
tained below:

— Mo
Ky = Agy B;—Ag1 B
41 P2 21 P4
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m
K4 = —21
Ag1 By=Az1 By
m3 — By K,
Kz -
B,
my+ Ay1— By K:
Kl — 2 21 4 N3 (29)

B,

4. Simulation

Using the parameters of the open loop system in equations (18)
and (19) it found the state-space equation below:

X1 0 Oyfx1y [0
%| _ | 6.2843 0 0 of|xzf |1
Xs I 00 1] lxs +lo|F (30)
Xy —01200 0 0 olbwd Lt

It needs to choose four the desired poles refer to the equation
(25) with the value in the following below:

[wpepspa]=[-3 -3 -3 -3]

By using equations (29) and (25) it found the value of state
feedback in the following below:

K =[-170.2331 — 68.5773 — 99.3821 — 94.4130] (32)
The state feedback can be written as in the following below:
Ft)=v(t)— [ky ky ks kgl[*¥1 X2 x3 x4]7 (32)

By inserting F(t) from the equation (32) to equation (30), the
closed loop system has the result in the following below:

[%1 1 0 0™
X2 62843 0 0 O0ff*]_
P 0 0 1ffxs
[ X —01200 0 0 04bxy
10 X1 0
X
ol Uer Jez tes ksl |32 + (5| v (33)
11 X4 1

Finally, with the input v(t) = 0, the equation (33) can be applied
to the nonlinear system in equations (1) and (2) as in the follow-
ing below:

6(t) =
WMpgLsin 8 —QMpL 6% sin 8 cos 8- (W+
WP — Q2 cos 62

2030 —ky 0 ks & — ks X Ky %]

(34)
x(t) =
PM,LH% sin 6—QMpgLsin 6 cos 6 +(§+Q cos 6)[—1(1 60— k16 — ks x—ky %]
WP - Q2 cos 62

(35)

To build the simulation using simulink diagram for the system
with equations (34) and (35), it performed four sub-systems, as
can be seen in Fig. 5.

—8
4

Fig 5. The Simulation of Closed Loop System

The sub-system consists of the plant’s parameter, the nonlinear
plant, the controller parameters and the state feedback as shown
in Figs. 60 9.
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Fig. 6. The Plant’s Parameter of Fig. 5

* —1 4

Fig. 7. The Nonlinear Plant of Fig. 5
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Fig. 8. The Controller Parameters of Fig. 5

Fig. 9. The State Feedback of Fig. 5

There are two figures that captured by scope in the simulation,
those are x1, X2 as can be seen in Fig. 10 and xs, X4 as can be seen
in Fig. 11.

Fig 11. Response of x(t) x(t) on Closed Loop System

Based on the results in Fig. 10 and 11, all the responses of the
nonlinear plant will run toward stable with oscillation damped
until the responses toward zero, and all the responses are eligible.

5. Conclusion

Based on the result, it can be described that responses of lineari-
zation of the nonlinear plant has been adequate. Then the con-
troller has been produced for the nonlinear plant by using the
local stability analysis. The process needed the special feedback
pole placement method like equation (21) to (32) that should be
applied at simulink process. Lastly, the controller has been
simulated by using simulink techniques. All the behavior of the
responses was stable revering to the poles given. The results of
these responses on the Fig. 10 and 11 have been taken after
choosing the best poles by the trial and error process..
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