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Abstract 
 

This article investigates the transfer of heat in a stockpile of reactive materials, that is assumed to lose heat to the environment by radiation. 

The study is modeled in a rectangular slab whose materials are of variable thermal conductivity. The stockpile’s reactive material in this 

context is one that readily reacts with the oxygen trapped within the stockpile due to exothermic chemical reaction. The study of the 

combustion process in this case is conducted theoretically by using the Mathematical approach. The differential equation governing the 

problem is tackled numerically by applying the Runge-Kutta Fehlberg (RKF45) method coupled with the Shooting technique. To investi-

gate the heat transfer phenomena, some kinetic parameters embedded in the governing differential equation, are varied to observe the 

behavior of the temperature profiles during the combustion process. The results obtained from the temperature profiles, are depicted graph-

ically and discussed accordingly. It was discovered that kinetic phenomena such as the reaction rate parameter, accelerates the exothermic 

chemical reaction. However, the radiation parameter decelerates the exothermic chemical reaction by lowering the temperature profiles. 
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1. Introduction 

The study of spontaneous combustion in neglected stockpiles of re-

active materials has stimulated interest of many researchers. Exam-

ples of stockpiles that spontaneously combust include those of coal, 

hay and wood. One of the previous studies indicated that some of 

the veld fires are caused by spontaneous combustion of stockpiles 

of reactive materials, such as the dumped rubbish in the open veld 

[1]. A reactive material is one that contains carbon or hydrocarbon 

component that readily reacts with the oxygen trapped within the 

stockpile, due to low-temperature oxidation reaction, also called the 

exothermic chemical reaction [2,3]. Previous studies indicated that 

about 80% of the greenhouse gases emitted to the atmosphere, 

which affect the climate negatively and increase the global warm-

ing, are due to the exothermic chemical reaction in stockpiles of 

reactive materials [4,5]. Spontaneous combustion due to exother-

mic chemical reaction produces heat as one of the products. If the 

heat produced cannot escape the stockpile, the heat will keep on 

accumulating to increase the temperature of the system to level 

where the temperature is sufficient to lead to self-ignition of the 

materials [6,7,8]. Thus, control measures of the stockpiles should 

be ensured, especially in the municipality dumping areas, to avoid 

self-ignition of the materials, that may lead to uncontrollable fires 

that may be hazardous to faunal and flora [9]. The significance of 

this study is to simplify the understanding of the complicated com-

bustion process, by using the mathematical approach that considers 

the kinetic parameters embedded in the governing differential equa-

tion. The challenge of this theoretical approach is that one should 

have thorough knowledge and understanding of the thermo-physi-

cal parameters associated with the combustion process [10]. The 

combustion process results through nonlinear interactions of the 

radicals, resultantly, the differential equation governing the prob-

lem is also nonlinear and the exact solution thereof cannot be found, 

hence, the numerical approach to the solution is employed [11]. In 

this case, the RKF45 coupled with the Shooting technique were 

used to solve the governing equation numerically, using the Maple 

software. The study of heat transfer is significant in the manufac-

turing of industrial appliances. Some of the applications are in the 

combustion of solids, biomass and coal pyrolysis, cellulose materi-

als storage, for example [12]. The studies of heat transfer and its 

stability in a reactive slab were conducted in [13,14,15] where the 

materials constant thermal was considered. In all the studies carried 

out, the combustion in a radiating slab with variable thermal con-

ductivity was neglected. The mathematical formulation of the prob-

lem and the results obtained graphically are outlined in the sections 

that follow. 

2. Mathematical formulation 

The complicated combustion process is simplified by assuming a 

one-step irreversible chemical reaction represented by the follow-

ing equation  

 

C𝑖H𝑗 + (𝑖 +
𝑗

4
) O2 → 𝑖CO2 + (

𝑗

2
) H2O + heat.                            (1) 

 

The slab is also assumed to lose heat to the surrounding environ-

ment by radiation. According to the Stefan-Boltzmann’s law, an ob-

ject’s heat loss by radiation is expressed as  𝑞 = 𝜇𝜎(𝑇4 − 𝑇0
4) , 

where, 𝑇 is the slab’s absolute temperature, 𝑇0 is the temperature of 

the environment, 𝜇 is the object’s emissivity such that 0 < 𝜇 < 1, 

and,  𝜎  is the Stefan-Boltzmann constant, approximated as 
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5.6703× 10−8𝑊/𝑚2𝐾4. The physical set-up of the problem is il-

lustrated in Fig. 1 below 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The ordinary differential equation governing the problem is given 

as [13,14,15] 

 

          𝑘
𝑑2𝑇

𝑑𝑦̅2
+ 𝑄𝑨 (

𝐾𝑇

𝑣𝑙
)

𝑚
𝑒𝑥𝑝 (−

𝐸

𝑅𝑇
) − 𝜇𝜎(𝑇4 − 𝑇0

4) = 0,        (2) 

whose boundary conditions are 

                       𝑦̅ = 0;          𝑇(0) = 𝑇0                       (3) 

 

                      𝑦̅ = 𝑎;          𝑇(𝑎) = 𝑇0.                      (4)

    

 

The parameters are described as follows: 𝑘 is the thermal conduc-

tivity of the slab, which is temperature dependent, and it is ex-

pressed as 𝑘 = τe𝑏(𝑇−𝑇0), where τ is the slab’s thermal conductiv-

ity at the ambient temperature 𝑇0, 𝑏 is the thermal conductivity var-

iation parameter, 𝑄 is the heat of reaction, and, 𝑨 the rate constant. 

𝐾 is the Boltzmann’s constant, 𝑣 is the vibration frequency, 𝑙 is the 

Planck’s number, 𝐸 is the activation energy, and, 𝑅 is the universal 

gas constant. The kinetic type parameter is given as  𝑚, which is 

assigned the following values, -2 for sensitized kinetics, 0 for Ar-

rhenius kinetics, and 0.5 for bimolecular kinetics. Moreover,  𝑦̅ is 

the slab’s width. 

 

The dimensionless parameters are introduced, to modify the gov-

erning differential equation into the form that is suitable to solve 

when the numerical methods are applied. The introduction of the 

dimensionless parameters is done as follows: 

 

   𝜃 =
𝐸(𝑇−𝑇0)

𝑅𝑇0
2 , 𝛽 = (

𝑣𝑙

𝐾𝑇0
2)

𝑚 𝑏𝜏𝑅𝑇0
2

𝑄𝐸2𝐴𝑎2 𝑒𝑥𝑝 (
𝐸

𝑅𝑇∞
) , 𝑦 =

𝑦̅

𝑎
,    𝜀 =

𝑅𝑇0

𝐸
,  

𝑅𝑎 =
𝜇𝜎𝐸𝑎2𝑇0

2

𝑘𝑅
, 𝜆 = (

𝐾𝑇0

𝑣𝑙
)

𝑚 𝑄𝐴𝐸𝑎2(𝐶𝑤)𝑛

𝑘𝑅𝑇0
2 𝑒𝑥𝑝 (−

𝐸

𝑅𝑇0
).                     (5)    

 

The dimensionless parameters are used in Eqs. (2) – (4) to give  

𝑑2𝜃

𝑑𝑦2 + 𝛽𝜆 (
𝑑𝜃

𝑑𝑦
)

2
+ 𝜆(1 + 𝜀𝜃)𝑚𝑒𝜃 (1+𝜀𝜃)⁄ 𝑒−𝜆𝛽𝜃 − 𝑅𝑎((𝜀𝜃𝑒−𝜆𝛽𝜃 +

1)4 − 1) = 0,                                                                                                   (6) 

with the boundary conditions                                                                            

𝑦 = 0;          𝜃(0) = 0          (7) 

                           𝑦 = 1;          𝜃(1) = 0.        (8) 

 

In this case, 𝜃  is the dimensionless temperature, 𝜆  is the Frank-

Kamenetskii (reaction rate) parameter, 𝛽 is the thermal conductiv-

ity variation parameter, 𝜀 is the activation energy parameter,  𝑦 is 

the slab’s width, and 𝑅𝑎 is the radiation parameter.  

2.1. Numerical approach 

The RKF45 coupled with the Shooting technique, which are em-

bedded within any Mathematical software, and in this case Maple 

was applied, were used to solve the dimensionless Eqs. (6) – (8). 

The technique applied reduces the higher orders of the ordinary dif-

ferential equations into the first order form. The algorithm followed 

is, 𝜃 = 𝑝1, 𝜃′ = 𝑝2. The Eqs. (6) – (8) are then modified to  

𝑝′1 = 𝑝2 

  

𝑝′2 = −𝛽𝜆(𝑝2)2 − 𝜆(1 + 𝜀𝑝1)𝑚𝑒𝑝1 (1+𝜀𝑝1)⁄ 𝑒−𝜆𝛽𝑝1 +

 𝑅𝑎((𝜀𝑝1𝑒−𝜆𝛽𝑝1 + 1)4 − 1)                                                                      (9) 

 

subject to the conditions 

 

𝑝2(0) = 0,  𝑝2(1) = 0.                                                              (10) 

 

3. Results and discussion 

In this section, the numerical solutions to the coupled Eqs. (6) – (8) 

are given graphically to illustrate the effects of the kinetic parame-

ters’ variations on the temperature behavior of the combustion pro-

cess. The following parameters values were applied, with minor 

changes in some cases: 

𝜆 = 0.1, 𝑚 = 0.5, 𝛽 = 0.1, 𝜀 = 0.1, and 𝑅𝑎 = 1. 

3.1. Effects of the parameters on the temperature 

The variation of the parameters and their effects on the temperature 

behavior are illustrated in Figs. 2 – 6. From Figs 2 and 3 we observe 

that the increase in the reaction parameter (𝜆) and the kinetics type 

parameter (𝑚), show a corresponding increase in the profiles of the 

temperature. The increase in the temperature profiles means that the 

exothermic chemical reaction is accelerated to enhance the combus-

tion process that progressively produce heat. As more heat is accu-

mulated, the temperature of the system is increased, and if the heat 

release to the surrounding environment is not enough, the tempera-

ture elevation may come to a level where the stockpile can self-

ignite. In other words, the higher levels of the said parameters lead 

to the thermal instability condition. A different scenario is observed 

from Figs. 4 to 6, where an increase in the activation energy param-

eter (𝜀), the radiation parameter (𝑅𝑎), and the thermal conductivity 

variation parameter (𝛽), show a decrease in the temperature profiles. 

The implications towards this scenario is that the higher values of 

the parameters under discussion, decelerate the rate of the exother-

mic chemical reaction. The deceleration of the exothermic chemical 

reactions means that the combustion process is slowed down to re-

lease less heat, and hence the decline in the temperature profiles. 

The slowing down of the combustion process also means that the 

emission of the greenhouse gases is reduced, which is advantageous 

to the environment. 

 

 

 

 

 

 

Fig. 1: The Geometry of the Problem 
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Fig. 2: 𝜆 effect on temperature 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3: m effect on temperature 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4: 𝜀 effect on temperature 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 5: Ra effect on temperature 

 

 

 

 

 

 

 

 

Fig. 6: 𝛽 effect on temperature 

 

4. Conclusion  

The analysis of heat transfer in a reactive slab of variable thermal 

conductivity that loses heat to the surrounding by radiation, was 

conducted in this article. The study executed theoretically by using 

the mathematical approach only, is more advantageous, compared 

to the experimental one, because the theoretical approach facilitates 

the understanding of the complicated combustion process in a 

quicker, cheaper and hazardless manner. From the investigation 

done, it was discovered that the higher values of the rate of reaction 

and the kinetics type parameters, accelerate the exothermic chemi-

cal reaction to enhance the spontaneous combustion process that 

may lead to self-ignition of the reactive materials. If there is no 

proper management of the stockpiles of reactive materials, the self-

ignited stockpiles may cause fires that can destroy fauna and flora. 

This study was able to show that phenomena such as the activation 

energy parameter, the radiation parameter and the thermal conduc-

tivity variation parameter, help to reduce the tendency of the reac-

tive materials in stockpiles to self-ignite. This understanding of the 

process of combustion is necessary to help the environmental engi-

neers to manufacture products that can be used on stockpiles of re-

active materials to minimize the self-ignition process. This study 

can be extended to two-step combustion processes, such as the fuel 

combustion in automobiles. 
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