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Abstract 

 
The Conjugate Gradient (CG) methods play an important role in solving large-scale unconstrained optimization problems. 

Several studies have been recently devoted to improving and modifying these methods in relation to efficiency and robust-

ness. In this paper, a new parameter of CG method has been proposed. The new parameter possesses global convergence 

properties under the Strong Wolfe-Powell (SWP) line search. The numerical results show that the proposed formula is more 

efficient and robust compared with Polak-Rribiere Ployak (PRP), Fletcher-Reeves (FR) and Wei, Yao, and Liu (WYL) 

parameters. 
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1. Introduction 

The nonlinear Conjugate Gradient (CG) methods are designed to 

solve the following unconstrained optimization problems: 

min 𝑓(𝑥)   , 𝑥𝜖𝑅𝑛                                                                         (1) 

where 𝑓: 𝑅𝑛 → 𝑅  is continuously differentiable function, and its 

gradient is denoted by 𝘨(𝑥) = ∇𝑓(𝑥) . 
The nonlinear CG method is an iterative method of the formula: 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑑𝑘     𝑘 = 0,1,2,…                                               (2) 

where 𝑥𝑘 is the current iterate and 𝛼𝑘 is known as the step 

size obtained using Strong Wolfe-Powell (SWP) line 

search, and 𝑑𝑘 denotes the search direction defined by the 

formula:  

𝑑𝑘 = {
−𝘨𝑘                   , if 𝑘 = 0,
−𝘨𝑘 + 𝛽𝑘𝑑𝑘−1 , if 𝑘 ≥ 1,

                                     (3)                                                                                           

 
where 𝛽𝑘  𝜖 𝑅 is a scalar and 𝘨𝑘 = 𝘨(𝑥𝑘). There are various 

familiar CG parameters such as Fletcher-Reeves (FR) 1964 

[9], Hestenes-Stiefel (HS) 1952 [13], Polak-Ribiere-Polyak 

(PRP) 1969 [16, 15], Liu-Storey (LS) 1992 [14], Conjugate 

Decent (CD) 1967 [10], and Dai-Yuan (DY) 1999 [7]. Sev-

eral authors studied the convergence behavior with some 

line search conditions, for example [1-5, 11, 12, 17, 18, 21]. 

The main formulas for 𝛽𝑘 are given as: 

 

 

 

 

                                                                          

𝛽𝑘
𝐻𝑆 =

𝘨𝑘
𝑇(𝘨𝑘−𝘨𝑘−1)

(𝘨𝑘−𝘨𝑘−1)
𝑇𝑑𝑘−1

                                                   (4) 

 

𝛽𝐾
𝐹𝑅 = 

𝘨𝑘
𝑇𝘨𝑘

𝘨𝑘−1
𝑇 𝘨𝑘−1

                                                                             (5) 

                                                             

𝛽𝑘
𝑃𝑅𝑃 =

𝘨𝑘
𝑇(𝘨𝑘−𝘨𝑘−1)

𝘨𝑘−1
𝑇 𝘨𝑘−1                                                   

    (6) 

 

𝛽𝑘
𝐶𝐷 = −

𝘨𝑘
𝑇𝘨𝑘

𝑑𝑘−1
𝑇 𝘨𝑘−1

                                                                          (7) 

          

𝛽𝑘
𝐿𝑆 = −

𝘨𝑘
𝑇(𝘨𝑘−𝘨𝑘−1)

𝑑𝑘−1
𝑇 𝘨𝑘

                                                                      (8) 

      

𝛽𝑘
𝐷𝑌 =

𝘨𝑘
𝑇𝘨𝑘

(𝘨𝑘−𝘨𝑘−1)
𝑇𝑑𝑘−1

                                                                    (9) 

2. The new formula and its global convergence 

Alhawarat et.al [2] presented a new formula with new restart crite-

ria. Here, we modify the formula to match the HS formula. The new 

modification is termed as OMHR based on the researchers’ names 

(Omar, Mamat, Al-Hawarat & Rivaie). It is given as follows. 
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where ‖. ‖ represents the Euclidean norm and
k is defined by: 

 

𝜇𝑘 =
‖𝑥𝑘−𝑥𝑘−1‖

‖𝑦𝑘−1‖
   where  𝑦𝑘−1 = 𝘨𝑘 − 𝘨𝑘−1.

 

 

We note 
   
0 < 𝛽𝑘

𝑂𝑀𝐻𝑅 < 𝛽𝑘
𝐻𝑆

.
 

𝛽𝑘
𝑂𝑀𝐻𝑅 ≤ 2

‖𝘨𝑘‖
2

𝑑𝑘−1
𝑇 (𝘨𝑘 − 𝘨𝑘−1)

 

LEMMA 1.  𝛽𝑘
𝑂𝑀𝐻𝑅 ≥ 0 and 

 
 

𝑑𝑘−1
𝑇 (𝘨𝑘 − 𝘨𝑘−1) > 0Proven by                                         and 

‖𝘨𝑘‖
2 > 𝜇𝑘|𝘨𝑘

𝑇𝘨𝑘−1|  then we have 

𝛽𝑘
𝑂𝑀𝐻𝑅 =

‖𝘨𝑘‖
2 −  𝜇𝑘|𝘨𝑘

𝑇𝘨𝑘−1|

𝑑𝑘−1
𝑇 (𝘨𝑘 − 𝘨𝑘−1)

≤
‖𝘨𝑘‖

2 + |𝘨𝑘
𝑇𝘨𝑘−1|

𝑑𝑘−1
𝑇 (𝘨𝑘 − 𝘨𝑘−1)

≤ 2
‖𝘨𝑘‖

2

𝑑𝑘−1
𝑇 (𝘨𝑘 − 𝘨𝑘−1)

 

 

3.  Numerical analyses of 𝛽𝑘
𝑂𝑀𝐻𝑅   

 

Algorithm 1. 

Step 1. Initialization. Given 1x , set 1k . 

Step 2. If the stopping criteria satisfied then stop. 

Step 2. Compute kd  based on (3). 

Step 4. Compute k  based on some line search. 

Step 5. Updating new point based on (2). 

Step 6. Set 1 kk  and go to Step 2. 

 

𝑟𝑝,𝑠 =According to Dolan and More [8], benchmark results are 

created by running a method or a solver (denoted by S) on a test 

problem (denoted by p) and taking the information of interest, such 

as CPU time, number of iterations, or function evaluation. By as-

suming 𝑛𝑠  solvers and 𝑛𝑝  problem, for each problem p where 

𝑝𝜖𝑃 and solver s where 𝑠𝜖𝑆:             Computing time (the number 

of iterations, CPU time or equivalent) required to solve problem p  

by solver s .To create a baseline for comparison, the performance 

of solver s on problem p  are scaled by the best performance of 

any solver in S on the problem using the ratio 

𝑟𝑝,𝑠 =
𝑡𝑝,𝑠

min {𝑡𝑝,𝑠 : 𝑠𝜖𝑆}
  . 

Suppose that a parameter spM rr ,  for all sp  ,  is chosen, and 

suppose that Msp rr ,  if and only if solver s  does not solve 

problem p . Because we would like to obtain an overall assessment 

of the performance of a solver, we defined the measure as: 

𝜌𝑠(𝑡) =
1

𝑛𝑝
 size { 𝑝 ∈ 𝑃 ∶  𝑟𝑝,𝑠 ≤ 𝑡.  

Thus, )(ts is the probability for solver Ss  that the perfor-

mance ratio spr , is within a factor Rt  of the best possible ratio. 

If we define the function sp  as the cumulative distribution function 

for the performance ratio, then the performance measure 

]1,0[: Rps  for a solver is non-decreasing and piecewise con-

tinuous from the right. The value of )1(sp  is the probability that 

the solver has the best performance of all of the solvers. In general, 

a solver with high values of )(tp , which would appear in the upper 

right corner of the figure, is preferable. To analyze the efficiency of 

the new method, we selected some of the standard test functions 

from CUTEr [12] and Andrei [6] in Table 1. 

We performed a comparison with other CG methods, including 

PRP, FR, a newly introduced Wei, Yao and Liu [20] (WYL) and 

the new modification (OMHR). The stopping criteria ‖𝘨𝑘‖ ≤ 10
−6 

is used for all algorithms. Even PRP modification is very efficient. 

However, it does not have global convergence. For more, the reader 

can see Powell [19]. It is known that  PR method is not as efficient 

as PRP or HS method since 𝘨𝑘−1
𝑇 𝘨𝑘−1 = 𝘨𝑘

𝑇𝘨𝑘𝑖. 𝑒 1FR
k . 

Figures1, 2, 3 and 4 plots the performance profile of the new 

OMHR method compared to PRP, FR, and WYL methods. The per-

formance profiles presented in the figures include number of itera-

tion, number function evaluation, number of gradient evaluation, 

and CPU time evaluation. The vertical axis of both figures shows 

the percentage of the test problems that were successfully solved by 

each method. The horizontal axis of the figures shows which per-

centage of the test problems is the fastest for the methods. Clearly, 

OMHR records the best performance compared to the other meth-

ods. Although PRP performs faster than OMHR, yet OMHR is able 

to solve 100% of the test problems compared to PRP (84%), FR 

(90%), and WYL (84.6 %). It was proven that OMHR is more effi-

cient compared to PRP, FR, and WYL.  

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1: Performance profile based on the number  
of iteration. 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Fig.2: Performance profile based on the number 
function evaluation 

l 

 

𝛽𝑘
𝑂𝑀𝐻𝑅

=

{
 
 

 
 ‖𝘨𝑘‖

2 − 𝜇𝑘|𝘨𝑘
𝑇𝘨𝑘−1|

𝑑𝑘−1
𝑇 (𝘨𝑘 − 𝘨𝑘−1)

 , if ‖𝘨𝑘‖
2 > 𝜇𝑘|𝘨𝑘

𝑇𝘨𝑘−1|

0                              , otherwise                         

 

 

(10) 
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Fig.3: Performance profile based on the number 

gradient evaluation 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

Fig.4: Performance profile based on the CPU time 
 

Table 1: The Standard Test Functions 

NO Function variables Initial Points 

1 Perturbed Quaratic func-
tion 

50-100-500-
1000-5000 

(0.5, 0.5, 
…,0.5) 

2 DENSCHNA (CUTE) 50-100-500-

1000 

(2, 2, …, 2) 

3 Extended Tridiagonal 1 

function 

50-100-500-

1000 

(2, 2, …, 2) 

4 Diagonal4 function 50-100-500-

1000-5000 

(1, 1, …,1) 

5 Extended Himmelblau 
function 

50-100-500-
1000-5000 

(1, 1, …,1) 

6 Fletchcr function (CUTE) 50-100-500-

1000-5000 

(0.5, 0.5, 

…,0.5) 
7 NONSCOMP function 

(CUTE) 

50-100-500-

1000 

(3, 3, …, 3) 

8 Extended DENSCHNB 
function  

50-100-500-
1000-5000 

(1, 1, …,1) 

9 Hager function17 2-10-50-100 (1, 1, …,1) 

10 BIGGSB1 function 
(CUTE) 

2-50-100-500-
1000-5000 

(0, 0, …, 0) 

11 Shollow function 2-50-100-500-

1000-5000 

(-2, -2, …, -

2) 
12 Quadratic QF1 function 2-50-100-500-

1000-1500 

(0.5, 0.5, 

…,0.5) 

13 Generlized Tridiagonal1 
function 

2-50-100-500 (2, 2, …, 2) 

14 GenerlizedTridiagonal 2 2-100-200 (1, 1, …,1) 

15 Quadratic QF1 2-50-100-500-

1000-5000 

(1, 1, …,1) 

16 Extended quadratic pen-

alty QP2 

2-50-100-500-

1000 

(1, 1, …,1) 

17 NONDIA (Shanno-78) 2-50-100-500-

1000-5000 

(-1,-1,…,-1 

18 ARWHEAD 2-50-300-600-
1200 

(1, 1, …,1) 

19 DQDRTIC 9-100-500-1000-
5000 

(3, 3, …, 3) 

20 Extended Himmelblau 

Function 

2-50-100-150 (1, 1, …,1) 

21 Extended Block Diagonal 

BD1  

2-50-100-500-

1000-5000 

(0.1, 0.1, …, 

0.1) 

22 Raydan 1 Function 2-45-50-100 (1, 1, …,1) 
23 Extended Three Exponen-

tial Terms 

2-50-100-500-

1000 

(0.1, 0.1, …, 

0.1) 

24 Generalized Tridiagonal-1 
Function 

2-50-100-500 (0.5, 0.5, 
…,0.5) 

25 Power function 2-50-100-500-

1000 

(1, 1, …,1) 

26 DIXON3DQ  (CUTE) 2-50-100-500-

1000 

(-1, -1, …,-1) 

27 SINQUAD (CUTE) 2-50-100-500-
1000 

(0.1, 0.1, …, 
0.1) 

28 A Quadratic Function 

QF2 

2-50-100-500-

1000 

(0.5, 0.5, 

…,0.5) 
29 Extended Trigonometric 

Function 

2-50-100-500-

1000 

(0.2,0.2, …, 

0.2) 

30 EG2 (CUTE) 2-50-100-500 (1, 1, …,1) 

 

 

4. Conclusions 
 

In this paper, we proposed a new modification of CG method.The 

new method (OMHR) is nonnegative, and the numerical results, 

based on number of iterations and CPU times, showed that OMHR 

formula performs better than the other CG methods(PRP, FR, 

&WYL). 
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