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Abstract

The stability of lithium-ion batteries is heavily impacted by the uncontrolled formation of lithium dendrites, which pose a significant safety
risk. The chemical and structural properties of small lithium clusters are critical to controlling this phenomenon and improving electrode
potential. The use of traditional techniques, including large-scale experiments and DFT calculations, provides useful insights but is often
hindered by high costs and long timeframes. This study addresses this challenge by proposing a novel approach using the CoM Polynomial,
a new tool in chemical graph theory. We construct molecular graphs for minimized lithium cluster structures from previous studies and
utilize the CoM Polynomial to generate codescriptors for each cluster. This approach extracts significant structural information, enabling
a more robust analysis of cluster properties. Curvilinear regression analysis then identifies highly significant regression equations and
informative codescriptors, revealing strong relationships between these codescriptors and the binding energy of the clusters. Furthermore,
lithium metal holds tremendous promise as an anode material for lithium-ion batteries but faces challenges like dendritic growth and
unstable solid electrolyte interphase formation. Researchers are exploring porous graphene frameworks as a potential solution. In this vein,
we investigated the molecular structure of hexagonal and rectangular porous nano graphene using the CoM Polynomial to obtain analytical
expressions for their topological codescriptors. This study offers insights that can help researchers improve the safety, efficiency, and
sustainability of energy storage devices by better understanding the properties of lithium clusters and porous nano graphene.

Keywords: CoM Polynomial; Lithium Clusters, Binding Energy; Hexagonal and Rectangular Porous Nano Graphene Structures.

1. Introduction

The scientific community is currently captivated by the exceptional properties and applications of clusters and nanostructures in a variety
of cutting-edge technologies. Clusters, which act as a bridge between individual atoms and bulk materials, are vital for exploring the link
between structure and function. They have a wide range of uses, from chemical sensing and optoelectronics to biomedicine, catalysis, and
energy research [1-6].

Of particular importance are small metal clusters, especially lithium clusters, which are a prevalent topic due to their role in various pro-
cesses, including their presence on the anodes of lithium-ion batteries (LIBs) [7], [8]. While LIBs are highly effective for energy storage,
a major safety issue arises with the use of lithium metal anodes: the uncontrolled formation of lithium (Li) dendrites [9]. These dendrites
are a result of the clumping of Li atoms and can compromise battery integrity. According to first-principles DFT calculations by Kushwaha
and Nayak [10], dendrite growth is tied to the average binding energy per atom of the cluster (BE/n). Furthermore, a cluster's stability
depends on whether it contains an odd or even number of atoms, with even-numbered clusters generally being more stable and exhibiting
an even-odd oscillation in binding energy as the number of atoms increases [11].

Understanding the binding energy of lithium clusters is critical for revealing their stability, reactivity, and electronic behavior, which is
essential for developing and refining new materials. However, determining this energy presents significant hurdles, whether through time-
consuming laboratory experiments or computationally intensive quantum chemical calculations.

Porous Nano Graphene (PNG) has recently emerged as a promising anode material because its unique architecture can help mitigate lithium
dendrite formation [12-14]. These porous nano graphene materials have numerous benefits, including chemical stability, low density, and
high thermal and electrical conductivity, and they can be fabricated with a large surface area and customizable pore sizes [15], [16]. PNG
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can be categorized by pore size, and this size has a significant impact on the material's performance. For instance, a study found that while
mesoporous PNG enhanced coulombic efficiency, microporous PNG caused a substantial drop, suggesting that pore size plays a role in
dendrite growth. Scientists have employed different methods to create PNG with specific structural attributes [17], [18]. Bieri et al., for
example, pioneered a technique to convert graphene into porous graphene by precisely removing phenyl rings [19]. Subsequent research
has shown how to create these structures with controlled on-surface synthesis [20-26].

Fig. 1: STM Image Showing the Formation of PNG with Periodic Pores and Structure of PNG [22].

A thorough investigation of both lithium clusters and PNG is vital for making strides in various technological areas. Analyzing lithium
cluster properties provides insights into foundational concepts like cluster formation and stability, which in turn aid in the design of nano-
materials and enhance battery technology. Researchers often use Quantitative Structure-Property Relationships (QSPR) to predict a mate-
rial's properties based solely on its chemical structure, which eliminates the need for physical synthesis and testing. A key element of this
approach is chemical graph theory, which converts chemical structures into molecular graphs and uses topological descriptors to represent
them as numerical values [27], [28].

The field of chemical graph theory has seen several innovations since Harold Wiener's initial work on the Wiener index [29]. This led to
the creation of the M-Polynomial, a tool for deriving numerous descriptors at once, and more recently, the NM-Polynomial and the CoM
Polynomial [30-32]. Past research has applied these methods to porous graphene and polyphenylene honeycomb structures, as well as to
lithium clusters [33-40].

Motivated by the pivotal role of these materials in energy storage devices, this article has two main goals. First, we present an efficient
new method for calculating the binding energy of lithium clusters. Second, we fill a gap in the existing literature by computing the CoM
Polynomial of hexagonal and rectangular porous nano graphene structures.

Throughout this paper, we represented Gy as a molecular graph with [Vl and |Eyg| as the number of vertices and edges in Gy . The
complement of Gyg is denoted as Gy such that uv € Gy if uv & Gy and d(u) denotes the degree of a vertex as the number of vertices
adjacent to the vertex u € Vyg. The CoM Polynomial for Gy is defined as

CoM(Gumg; %,y) = M(Gug; X, y) = i Mij(Gug)x'y? ey
Where,

n; = |Vj| for V; = {v € Vygldg,, (V) = i},

m;j = |Ei]-| for Ej; = {uv € Eygldg,,(w) = iand dg,, (V) = j}

my; = |Ey| for Ejj = {uv € Eygldg,,, (W) = iand dg,, (V) = j}

and from [41] mj; can be found as

nj(nj—1) . .
_ = ———— —mj fori=j
iy = [Eyl =] 2 co @)
njn; _ my; fori <j

From (1), several codescriptors can be obtained as below.
First Zagreb codescriptor: M; (Gyg) = ZuveEMG(d(u) + d(v))

Second Zagreb codescriptor: My (Gug) = Duvekyg dWd(v)

Second modified Zagreb codescriptor: mM; (Gmg) = ZuveEyg m

Redefined third Zagreb codescriptor: ReZG3(Gmg) = XuveEyg d(wd)(d(u) + d(v))
Forgotten topological codescriptor: F(Gumg) = uvgr,g(d2(w) + d2(v))

Randi¢ codescriptor: Rx(Gmg) = Zuveky (dd(v))k
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Inverse Randi¢ codescriptor: RRy (Gyg) = ZquEMGm

Y W+x*W)

Symmetric Division codescriptor: SDD(Gmg) = YuveEyg AWd)

2

Harmonic codescriptor: H(Gyg) = Zuvﬁmm

Inverse sum indeg codescriptor: [(Gmg) = uverg %

d(w)d(v) }3
d(uw)+d(v)-2

Augmented Zagreb codescriptor: A(Gyg) = ZquEMG{
Also, derivation from CoM(Gyg; X, y) = f(x,y) For the above codescriptors, required following are required:
(Dx + Dy) (f(%, y))x=y=1

(DxDy)(f(x, y))X=y=1

(SXSy) (f(x, y))

x=y=1

DDy (Dy + Dy)(f(x,y))

x=y=1

(Dx* + Dy?)(f(x,y))

x=y=1

(DXkDyk) (f(x, )

x=y=1

(Sx"Sy") (fx, y))xzy:1
(DxSy + SxDy) (f(%, ¥))x=y=1
@SD(Exy),_,

(S:ID<Dy) (fx,y)), _,
(5:°Q-2ID<°Dy*) (fx ) _,

Where

a(fx, a(fx, ft,
D, =X( (fa);y»)'DY =y( (;’;Y))),Sx - fo"%dt

Sy = 780 de )(fx ) = £, %), Qu(fGxy)) = x6x,y)

The remainder of this paper is structured as follows. Section 2 examines the correlation between the binding energy of lithium clusters and
their associated topological codescriptors. Section 3 provides a detailed topological analysis of both rectangular and hexagonal porous
nano-graphene structures and presents a numerical comparison of their descriptor values, including a dedicated comparative evaluation of
HPG versus RPG (Section 3.3). Section 4 contains the Discussion, beginning with an interpretation of the role of topological codescriptors
in predicting binding energy (Section 4.1), followed by a critical examination of model limitations and extrapolation considerations (Sec-
tion 4.2), and finally an outlook on future directions (Section 4.3). The future work is organised into three thematic streams: strengthening
and generalising the lithium-cluster modelling framework (Section 4.3.1), expanding the descriptor family (Section 4.3.2), and extending
the porous-graphene topology theory (Section 4.3.3). The paper concludes with a summary of the key findings in Section 5.

2. Lithium Cluster Binding Energy: An Analysis of Its Relationship with Topological
Codescriptors

To accelerate material discovery and optimize design processes, researchers rely heavily on molecular descriptors for property prediction.
As a cost-effective and time-saving alternative to traditional methods, these descriptors are particularly valuable in the early stages, enabling
researchers to focus on promising materials and tailor synthesis conditions to achieve desired properties. This section investigates the
predictive capabilities of codescriptors derived from the CoM Polynomial. To evaluate their effectiveness in property prediction and assess
their potential for broader application, we constructed molecular graphs from the most stable lithium cluster structures, as detailed in [39]
and shown in Figure 2.
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(Lijo: BE = 0.91)

CoM(Lio;%,y) = x*y* + 8x*y® + 12x%y°
Fig. 2: Minimized Structures of Liy (N = 4 — 10) with Their Binding Energies Obtained by Density Functional Method and Their Corresponding Molec-
ular Graphs with CoM Polynomial.

Using the edge partition method, we computed the CoM Polynomial for the molecular graphs in Figure 2, as exemplified by the lithium
cluster (Li;) , whose graph contains 11 edges and 7 vertices. The edge set of (Li;) classified into 4 classes as below:

My3 = |Eps| = 2,myps = |Epul = 2,m34 = [Egu| = 4,my, = [Egul =3.
Now (Li,) vertex set classified as n, = |[V,| = 2, n3 = |V3| = 2,n, = |V,| = 3.

_ (nz)(np-1)
- 2

— (n3)(n3-1)

By 2, we have m,, 5

—my; =1, My3 =Npnz —My3 =2, My, =NyNy — My, =4, My3 —m33 =1, and

M3z, = N3Ny — Mgy = 2

Now by (1), we have

CoM(Gyg; % y) = z i (Gug)x'y!

i)

CoM(Liz; X, y) = Ypep Mpz X2y? + Npeg Mpz X2y + Ypca Mgy X2y* + Yaasz M3z XPy? + Yacy Myy x3y*
CoM(Liy; %, y) = x%y? + 2x2%y3 + 4x%y* + x3y3 + 2x3y*

Also f(x,y) = CoM(Li; x,y) = x2y? + 2x%y® + 4x%y* + x3y3 + 2x3y*

Then

o D, f(x,y) = 2x%y? + 4x%y3 + 8x%y* + 3x3y3 + 6x3y*.

o Dyf(xy) = 2x%y? + 6x%y3 + 16x%y* + 3x3y* + 8x3y*.

o (Dx+Dy)(f(x,y)) = 4x%y? + 10x%y> + 24x%y* + 6x3y> + 14x3y*.

o DyDi(f(x,y)) = 4x%y* + 12x%y3 + 32x%y* + 9x3y3 + 24x3y*.

o (DZ+D2)(f(x,y)) = 8x%y? + 26x%y> + 80x2y* + 18x%y® + 50x°y™.

o DDM(f(x,y)) = (2X25) x2y? + (253K)2x2y3 + (24K)4x2y* + (3K3M)x3y3 + (3K4K)2x3y*
o DyDy(Dy + Dy)(f(x,y) = 16x%y?* + 60x%y® + 192x%y* + 54x3y* + 168x3y*.

1 1 1 1 1
o SSy(fx,y) = @xzy2 + axzy3 + axzy4 + 6x3y3 + @X3y4.

o (SyDy + SyDy)(f(x,y)) = 2x%y? + %xzy3 + 10x2y* + 2x3y3 + %x3y4.
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o S JDyD(f(xy)) = x* + stx‘j + %XT

2777 4 , 3456 5

e S5.30Q.,] DX3Dy3(f(x, y)) = 8x% + 16x% + X

Topological codescriptors for lithium cluster such as M; (Li), M, (Li), mM, (Li), ReZG(Li), F(Li), R_1(Li), SDD(Li), H(Li), I(Li) and
2
A(Li) obtained from the CoM Polynomial of Li, given below

1) M,;(Li;) = (Dy + Dy)f(x, y)|X=y=1 =58

2) M,(Liy) = DXDyf(x,y)|x=y=1 =81

3) mM,(Li;) = SySyf(x, y)|X:y:1 =1.3611

4) ReZGs(Liz) = DyDy(Dy + Dy)f(x, y)|X:y:1 =490
5) F(Li;) = (DZ + D§)(f(x,y))|xzy:1 =182

6) R_y2(Li;) = Dy /2D, V/?f(x, y)|X:y:1 =3.6414
7) SDD(Li;) = (SyDx + SxDy)f(x, y)|X:y:1 =225

8) H(Liy) = 2S,J f(X,y)|x=y=1 = 3.5381

9) T(Li;) = SyJDxDy f(x,y)|x=y=1 =13.662

10) A (Li7) = $,’Q-2 JD:’Dy* fGxy)|,_ _ = 95.039

Table 1: Codescriptors Values for Lithium Clusters Li, (n = 4 — 10)

Li, M, (Li) M, (Li) mM, (Li) ReZG, (Li) F(Li) R_%(Li) SDD(Li) H(Li) T(Li) A(Li)
Li, 4 4 0.25 16 8 0.5 2 0.5 1 8
Lis 16 16 1 64 32 2 8 2 4 32
Lig 24 24 1.5 96 48 3 12 3 6 48
Li, 58 81 13611 490 182 3.6414 225 3.5381 13.662 95.039
Lig 88 120 2.6250 736 272 6.3284 36 6.1667 20.667 149.93
Liy, 130 211 2.1042 1434 442 6.3995 4233 6.3024 31.681 249.65
Lijg 200 476 0.9425 4568 960 4.4389 424 4.4278 49.778 571.76

The Binding energy (BE) measures the energy needed to break the cluster into individual Li atoms, indicating the strength of the interactions
maintaining the cluster's integrity. To predict the Binding Energy (BE), we performed a curvilinear regression analysis to determine the
optimal linear, quadratic, and cubic models. Below (3) is the general form of the regression model, where BE represents binding energy,
a; Represent topological code descriptor coefficients with j = 1,2 & 3 and 8 Represents the regression model constant.

BE = Y., o (codescriptor) + B (3)

Using SPSS software, we developed the predictive models presented in this section. We then confirmed their reliability by evaluating their
F-test values, standard error (SE), and squared correlation coefficients. (R?). This section analyses three types of regression models: linear,
quadratic, and cubic. The analysis focuses on the Binding Energy feature, using (3) and the values provided in Table 1. The data in Tables
2 and 3 reveal the most effective codescriptors for predicting the Binding Energy of Lithium clusters:

e For Linear and Quadratic Models: The Symmetric Division codescriptor (SDD) Performs best.

e For the Cubic Model: The Randic codescriptor ( R_l) Stands out as the superior choice.

2

Table 2: The Coefficient of Determination (R?) Between the Binding Energy of Lithium Clusters and the Codescriptor, As Calculated by Linear, Quadratic,
and Cubic Regression Models

Binding Energy M;(Li)  My(L)  mM,(L) ReZGz(Li) F(Li) ﬁ_%(Li) SDD(Li) H(Li) I(Li) A(Li)
Linear 0.68432 050579  0.45534 0.39858 0.53445  0.80004 0.86861  0.80476 0.66515  0.50048
Quadratic 0.90248  0.8173 0.56351 0.75462 0.83181  0.92654 0.97426  0.92339 0.89894  0.84197
Cubic 0.9747 093192 0.57984 0.88898 0.92464  0.99703 0.98108  0.99314 0.97689  0.97436

BE = 0.693 + 0.005 (SDD(Li)) )

BE = 0.63315 + 0.01438 (SDD(Li)) — 1.94037E — 4(SDD(Li))" ®)
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2
- — _ 3
BE = 0.67284 — 0.04754 (R_;(Li)) + 0.04594 <R_1(Li)> —0.00522 (R_l/z(Li)) (6)
2 2
Table 3: Statistically Validated Models Providing the Most Accurate Estimates for Binding Energy
Regression Model Curve Equation d(R?) F SE SF
Linear “ 0.842 33.055 0.038 0.002
Quadratic %) 0.961 75.696 0.019 0.001
Cubic (6) 0.994 335.629 0.007 0.000
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Fig. 3: Regression Plots for the Binding Energy of Lithium Clusters, Showing the Optimal Fits for (A) Linear, (B) Quadratic, and (C) Cubic Models.

A key limitation for predicting the Binding Energy (BE) of any Lithium cluster was that the existing equations (4-6) were only validated
for clusters with up to 10 atoms (Table 1). To solve this, we formulated equations (7) and (8) to model the relationship between the
codescriptors and the number of Li atoms. These new equations, derived from the best-fitting regression models, allow us to first find the
codescriptor values for a cluster of any size. These values are then used in the original equations (4-6) to compute the BE, creating a better
applicable predictive tool. Figure 4 illustrates the models from equations (7) and (8).
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SDD = — 29.861(+5.157) + 7.638 (+0.708)n (7
R 1 = 19.149(+15.435) — 10.904(+7.215)n + 1.997(+1.071)n? — 0.105(+0.051)n3 (8)
2
R? = 0.959 -
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Fig. 4: Regression Plots for the SDD (Linear, Equation 7) and the R_1 (Cubic, Equation 8) as A Function of the Number of Li Atoms.
2

3. CoM Polynomial of Hexagonal and Rectangular Porous Nano Graphene Structure

Porous graphene is a material with exceptional capabilities for high-tech applications, created by strategically introducing pores into gra-
phene—a revolutionary, atom-thin sheet of carbon that is extraordinarily strong, light, and conductive. While a perfect sheet of graphene
acts as an impenetrable wall, creating these pores unlocks its full potential. A porous framework made from graphene provides a unique
combination of benefits that surpasses other porous carbons, effectively forming a nanoscale scaffold that is both strong and highly func-
tional. Due to graphene's inherent mechanical and chemical strength, the resulting material is exceptionally durable and can withstand
harsh environments without collapsing. These porous structures feature channels within the sheets and controlled spacing between them,
which act as superhighways for the rapid movement of ions and molecules—a critical feature for applications like fast-charging batteries
and efficient filtering. Furthermore, the entire framework is electrically conductive, allowing it to transport electrical charges quickly and
making it an ideal material for electrodes in energy devices [20-26].

Scientists can design porous graphene in various architectures, such as linear, triangular, rectangular, and hexagonal, to suit specific tasks.
Building on previous work, such as the study by Ali et al. [42], which obtained several topological results for linear and triangular structures,
our research focuses on a topological analysis of the hexagonal and rectangular porous nanographene structures depicted in Figure 5.
Motivated by this wide structural variety, we utilize the CoM Polynomial to develop analytical formulas for key topological codescriptors
(TCDs). We then present these TCDs in both tabular and graphical formats, followed by a comparative analysis to reveal trends across the
different architectures.
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Fig. 5: Structure of Hexagonal and Rectangular Porous Graphene.

3.1. CoM polynomial of hexagonal porous graphene (HPG)

Theorem 1: The CoM Polynomial for HPG given by

CoM(Gupe; %, y) =

= (162p* + 108p3 + 9p? — 15p)x?y? + (324p* — 72p? + 12p)x?y> + (162p* — 108p> + 6p)x3y3

Proof: |Egpg| = 45p? — 3p, |Vupg| = 36p? Is the straightforward deduction from Figure 6. The |Eypg| Classified into three classes ac-
cording to vertex degrees:

E,p = {uv € Egpgld(u) = 2,d(v) = 2}, E,3 = {uv € Eypgld(u) = 2,d(v) = 3}, E33 = {uv € Egpgld(u) = 3,d(v) = 3} such that
[E52| = 12p, [Ezs| = 36p* — 12p, [E33] = 9p® — 3p

HPG 's vertex set is classified into two classes according to the degrees.
n, = |V,| = 18p? + 6p, n3 = |V3]| = 18p* — 6p
Using (1), we have

my3 = (18p? + 6p)(18p? — 6p) — (36p? — 12p) = 324p* — 72p% + 12p

_ (18p2+6p)(18p%+6p—1)
iy, = p°+6p Zp p —12p

= 162p* + 108p> + 9p? — 15p

Similarly, Ms; = |E33| = = 162p* — 108p3 + 6p



24 International Journal of Basic and Applied Sciences

oo s
< e
»d g
e s e se
 »o » « pd »
€ p< ¥ < € » < »<¢ »
e o4 4 g e g
o p « pd » « po p < po »
€ >4 » € >4 » € >4 ¥ < »<€ » € »¢ ¥
< »  »< »  »o »  po » « o » < »
g »4 g »e g | »4 eg e
e 4 e »d e »4 e o4 e o4
< p< » < »< » € »<€ » < »<€ » < »<€ »
e e e o4 e s4 e p¢ e
'e)  pd »  pd »  po »  pd » < p
< »< » < »< » < »< » < »<4 » € »< »
— e s el e 4 P e
o » < pdp  pod »  »o » < o » ')
€ >4 » € >4 ¥ € »¢ » < »<€ » € »< ¥
o » < »  »< » « po » « o » <« p
e o< O e o< »e g so o¢
< »< » < »<€ » < »< » < »<¢ » < >4 »
'S  pd » « pod » £ p » £ pd » § »
-~ | i e eg >4 g »d o4 »e
e 4 e 4 P be 4 be o4
< »¢ ¥ € »¢ ¥ < < ¥ < »< » € p< ¥
« pod »  »o » « po » « po »
e o4 e 4 e o4
€ < » € »< » ¢« p€ » N
s g »d eg >4 ed i
< o p <« po »
e ey ¢ i
»e »<
€ »¢ ¥
“d ed
e p
ey
b4 oy
I e
'O=0) 'O=0)
PRI Y4 vy 4 e g
< »< » o e s be s
v d od {42 e Cread
e p4 e e o be 4 »e pd >
< o » < p re) 'O=®)] o= <y
e g »4 g g yd ey > ) ad
4 po o4 > e e e
'S H 'S <2 e <>
—d ' d d d »d i »d o 4 e d
< e 4 e <
— [ R S ————— IR 'O=0) 'oYe ')
4« pe > « < » g o g e g |
> > »o o4 o s be s
I I - S0, < ey [Oa0
< » 'S 'S »d o d 4 e d 4 wg
-y 4 oq = - b d e
e 4 e o4 'S pd oy ')
'8 'e=8) g b4 g b4 o4 s
wd g I P o
< >
po 4 e Uy $I8e S8
(S aW e 4 b pd
el el [O=0) o=e)
v ey 4 vd
> e
ey

Fig. 6: Molecular Graphs Gypg Of Hexagonal Porous Graphene.
By the definition of CoM Polynomial
CoM(Gumg; X,y) = Yigj My (Gue)x'y’
CoM(Grpg; X, y) = Xas2 Mpz X2y + Yogg Mpz X2y + Yggg Maz xX°y°
= |Exa[x?y? + [Ezslx?y® + [Essl x*y®
= (162p* + 108p> + 9p? — 15p)x2y? + (324p* — 72p? + 12p)x%y> + (162p* — 108p* + 6p)x3y>
Hence the result.
Proposition 1: The topological codescriptors for HPG are given by

1) M;(Gupg) = (Dx + Dy)f(x, y)|X=y=1 = 3240p* — 216p° — 324p? + 36p.

2) My(Gypg) = DyDyf(x, y)|x=y=1 = 4050p* — 540p® — 396p? + 66p.

= 225 39 13
3) mM;(Grpg) = SxSyf(x, Y)|x=y=1 ==p'+15p° =T p?—p

4) ReZGs(Gurg) = DxDy(Dx + Dy)f(x,y)|,_ = 21060p* — 4104p* — 2016p? + 444p.
5) F(Gupa) = (DF + DD(E )|, _,_, = 8424p* — 1080p* — 864p” + 144p.

6) Ri(Gupg) = DD, f(x, y)|x=y=1 = 22K(162p* + 108p3 + 9p? — 15p) + 2K3K(324p* — 72p? + 12p) + 32¥(162p* — 108p3 +
6p) .

O 1 1
7) RRi(Gupg) = S¢S, “f(xy)|,_,_, = (162p* + 108p* + 9p® — 15p) ooz + (324p* — 72p + 12p) oy + (162p* — 108p° +

1
6p) W
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8) SDD(Grrc) = (SyDx + SxDYGx Y|, _, = 1350p* — 138p? +8p

1323 243 7
9) H (Gupa) = 25 f(x,Y)lxeyor = “op# +18p7 —22p2 — T
= 3969 387 42
10)T (Gupg) = SuDxDy fC6 )|, = == p* = 54p® —==p? +Tp

_ 183465 , 5859 p3
3z P 16

— 504p? + 22

1) A (Grpe) = S’ Q-2 IDx’Dy* fxy)|,_ =
Proof: Let

f(x,y) = CoM(Gypg; %, y) = (162p* + 108p> + 9p? — 15p)x?y? + (324p* — 72p? + 12p)x%y3 + (162p* — 108p? + 6p)x3y>
then

o D,f(x,y) = 2(162p* + 108p? + 9p? — 15p)x2y? + 2(324p* — 72p? + 12p)x2y> + 3(162p* — 108p> + 6p)x3y?>

o Dyf(xy) = 2(162p* + 108p> + 9p? — 15p)x?y? + 3(324p* — 72p? + 12p)x%y> + 3(162p* — 108p3 + 6p)x3y>.

o (Dg+Dy)(f(x,y)) = 4(162p* + 108p> + 9p? — 15p)x?y? + 5(324p* — 72p? + 12p)x?y> + 6(162p* — 108p* + 6p)x3y>.
o DyD,(f(xy)) = 4(162p* + 108p® + 9p? — 15p)x2y? + 6(324p* — 72p? + 12p)x?y> + 9(162p* — 108p° + 6p)x’y>

o (DZ+D2)(f(x,y)) = 8(162p* + 108p> + 9p? — 15p)x?y? + 13(324p* — 72p? + 12p)x%y® + 18(162p* — 108p + 6p)x°y>

o D, Dy(f(xy)) = 22X(162p* + 108p® + 9p? — 15p)x2y? + 2K3K(324p* — 72p? + 12p)x%y® + 32K(162p* — 108p3 +
6p)x3y3.

o DyDy(Dyx + Dy)(f(x,y) = 16(162p* + 108p* + 9p? — 15p)x?y? + 30(324p* — 72p? + 12p)x?y* + 54(162p* — 108p3 +
6p)x3y3.

e S.S (f(x y)) = (162p* + 108p® + 9p? — 15p)

3 3
6p) (3)(3) Xy

2.2 _ 2,3 4_ 3
(2)(2)x y? + (324p* — 72p% + 12p) (2)(3))( y* + (162p* — 108p* +

. kS (f(x,y)) = (162p* + 108p® + 9p% — 15p) (Z)kazyz + (324p* — 72p? + 12p) (z)k(3)kx2y3 + (162p* — 108p® +

6p) (3)sz y3.

o (SyDy + SxDy) (f(x,¥)) = 2(162p* + 108p3 + 9p? — 15p)x%y? +2 (324p — 72p?% + 12p)x?y> + 2(162p* — 108p> +
6p)x3y

e S, J(f(xy)) = (162p* + 108p? + 9p? — 15p) 7 x* + (324p* — 72p? + 12p) x° + (162p* — 108p + 6p) = x°.

o S,JDyDy(f(x,y)) = (162p* + 108p® + 9p? — 15p)x* + (324p* — 72p* + 12p) (2) x° + (162p* — 108p* + 6p) (3) x°

o S5.°Q_2 ) D°Dy3(f(x,y)) = 8(162p* + 108p° + 9p? — 15p)x? + 8(324p* — 72p? + 12p)x° + E(162p —108p3 + 6p)x*.
1) M;(Gupg) = (Dx + Dy)f(x, y)|X:y:1 = 3240p* — 216p> — 324p? + 36p.

2) M,(Gpupg) = DyxDyf(x, y)|X:y:1 = 4050p* — 540p® — 396p? + 66p.

13

_ 225 39
3) mM;(Gypg) = SxSyf(XrY)lxzy: ==—p*+15p* ——PZ o

4) ReZG3(Gupg) = DDy (Dy + Dy)f(x, y)|X:y:1 = 21060p* — 4104p3 — 2016p? + 444p.
5) F(Gupe) = (D2 + D2)(f(x, y))| = 8424p* — 1080p® — 864p? + 144p.

6) Ry(Gypg) = DXkDykf(x,y)|X=y=1 = 22K(162p* + 108p3 + 9p? — 15p) + 2k3X(324p* — 72p? + 12p) + 32K(162p* — 108p3 +
6p) .

7) W](((;HPG)=sxksykf(x,y)|x= = (162p* + 108p® + 9p? — 15p)

1
6p) (,j)T

— 4 _ 3
(2)2k+(324p 72p? +12p)(2)k(3)k+(162p 108p° +
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8) SDD(Gur) = (SyDx + SxDyf(x,y)|,_ _, = 1350p* — 138p +8p

e 1323 243 7
9) H (GHPG) = ZSX] f(X:y)Ix:yzl = Tp4 + 18p3 — sz — Ep

T 3969 387 42
10)T (Gupg) = SuDxDy fC6 )|, = == p* = 54p® —==p? +Tp

1) & Gipo) = $°Q-2 ID°D,* Gy, = 7577 p" = 5o0p* = 504p? + 2 7p.
Table 4: Numerical Values of TCDs of HPG for p = 1 — 10.

(p) M;(Gupe) Mz(Gupg) mMy(Gupg) ReZG3(Gupe)  F(Grpo) R—%(GHPG) SDD(Gypc) H(Grpc) 1(Gupe) A(Grpe)
(1) 2736 3180 116.67 15384 6624 259.78 1220 257.60 670.8 4907.44
(2) 48888 59028 1878.83 296952 122976  4319.6 21064 4279.0 11976.0 86875.69
(3) 253800 310104 9426.50 1578240 645840  21909.22 108132 21697.8 62168.4 450105.75
(4) 810576 996168 29599.67 5098224 2074176 69173.04 343424 68498.0 198552.0 1436397.38
(5) 1990080 2454180 71938.33 12601320 5109120 168669.92 840340 167014.0  487482.0 3525149.06
(6) 4140936 5118300 148682.5 26337384 10653984 349373.31 1744680 345930.6  1014364.8 7333358.06
(7) 7689528 9519888 274772.17 49061712 19814256 646671.14 3234644 640283.0  1883658.0 13615620.38
(8) 13140000 16287504 467847.33 84035040 33897600 1102365.92 5520832 1091456.8 3218870.40 23264130.75
(9) 21074256 26146908 748248 135023544 54413856 1764674.71 8846244 1747188.0 5162562 37308682.69

(10) 32151960 39921060 1139014.17 206298840 83075040 2688229.1 13486280 2661563.0 7876344 56916668.44

"/
Fig. 7: Graphical Visualization of Table 4.

3.2. CoM polynomial of rectangular porous graphene (RPG)
Theorem 2: The CoM Polynomial for RPG given by
CoM(Grpg; X, y) =

= (72p?q® + 120pg? + 24p?q + 14pq + 5092 + 2p? — 13q — 5p)x%y? + (144p?q® + 144pq? — 40pq + 20q® — 4p? — 4q +
4p)x%y3 + (72p?q? + 24pq? — 24p?q — 16pq + 292 + 2p? — 2q + 2p )x3y?

Proof: From the Figure-8, it is straightforward to deduce that |[Egpg| = 30pq + 13q — p, |[Vrpg| = 24pq + 12q. The |Egpg| Can be clas-
sified into three classes based on the vertex degrees:
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Fig. 8: Molecular Graphs Ggpg Of Rectangular Porous Graphene.

E;, = {uv € Eppgld(u) = 2,d(v) = 2}, Ep3 = {uv € Egpgld(w) = 2,d(v) = 3}, E35 = {uv € Egpgld(w) = 3,d(v) = 3}

such that [Ex,| = 4p + 8q, |Ep3] = 24pq + 4q — 4p, |[E33| = 6pq + q —p.

Similarly, RPG 's vertex set can be classified into two classes based on their degrees. n, = |V,| = 12pq + 10q + 2p, nz3 =

2q—12p

Using 2, we have my3 = (12pq + 10q + 2p)(12pq + 2q — 2p) —

= 144p2q? + 144pq® — 40pq + 20q? — 4p? — 4q + 4p

(12pq + 10q + 2p)(12pq + 10q + 2p — 1)

22 =

> —(4p +8q)

= 72p?q% + 120pq? + 24p?q + 14pq + 5092 + 2p% — 13q — 5p

Similarly, M35 = |Es3| = 72p2q? + 24pq? — 24p%q — 16pq + 2q% + 2p% — 2q + 2p

By the definition of CoM Polynomial

CoM(Gpmg; %, Y) = Xisj My (Gue)X'y!

CoM(Grpg; X, Y) = Xa<z Mpp X2y% + Y o3 Mgy X2y3 + Nzc3 Mgz x3y°

= [Eplx?y? + |Exlx?y® + [Ess| x3y3

= (72p*q?

Hence the result.

+ 120pq? + 24p2q + 14pq + 5092 + 2p? — 13q — 5p)x2y?
4p)x%y3 + (72p?q? + 24pq? — 24p%q — 16pq + 292 + 2p? — 2q + 2p )x3y?

Proposition 2: The topological codescriptors for RPG are given by

(24pq + 4q — 4p)

+ (144p2q?

1) M;(Ggrpg) = 1440p?q® — 48p?q + 1344pq? + 312q> + 12p — 240pq — 84q.

+ 144pqg? — 40pq + 20q® — 4p? —4q +

2) M,(Grpg) = 1800p2q? — 120p?q + 2p? + 1560pq? + 33892 + 22p — 328pq — 94q.

3) mMZ(GRPG) = 5013

289 13
242 pq+ p+—pq+ e

89

149

3P T EPA— 354

4) ReZG3(Ggrpg) = 9360p2q% — 912p?q + 20p? + 7536pq? + 150892 + 148p — 1840pq — 436q.

[V3] = 12pq +
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5) F(Grpg) = 3744p?q% — 240p?q + 3264pq? + 696q? + 48p — 696pq — 192q.

6) Ry(Grpg) = 22%(72p2q? + 120pq? + 24p?q + 14pq + 50q? + 2p? — 13q — 5p) + 2K3X(144p?q? + 144pq? — 40pq + 20q? —
4p? — 4q + 4p) + 32%(72p?q® + 24pq? — 24p?q — 16pq + 2% + 2p% — 2q + 2p).

7) RRy(Grpg) = (72p2q2 + 120pq? + 24p2q + 14pq + 50q? + 2p? — 13q — 5p) =
4p? — 49+ 4p) Gew

(2)2k + (144qu2 + 144pq? — 40pq + 20q% —

+ (72p®q? + 24pq? — 24p?q — 16pq + 292 + 2p% — 2q + 2p) —=

(2)“(3)k (3)2k

272 116
8) SDD(GRPG)—600p2q2—-p +600pg? + 222 q% +2 SP—5pPa——q

- 294 1 314 101 43 263
9) H(Greg) = =-p*q® + 2p*q + ;5P +qu2 + 2 q* - Zp-=pg—=2q

10)I(GRpc.)——pq —12p%q += =P’ + %% pg2 + 777 + = p 58pq——q

20385 5 o 217 o 19083 5 | 18649 , 473 1561 5081

651 o
< PAt P+ ——pq & 4t P——/pPd——q

11) A& (Greg) = -

Proof: Let

f(x,y) = CoM(Grpg; %, y) = (72p%q® + 120pq? + 24p?q + 14pq + 5092 + 2p? — 13q — 5p)x%y? + (144p?q? + 144pq? — 40pq +
20q? — 4p? — 4q + 4p)x%y3 + (72p?q? + 24pq? — 24p?q — 16pq + 2q% + 2p% — 2q + 2p)x3y3,

then

e D, f(x,y) = 2(72p?q? + 120pq? + 24p?q + 14pq + 50q? + 2p? — 13q — 5p)x%y? + 2(144p?q? + 144pq® — 40pq + 20q® —
4p? — 4q + 4p)x%y® + 3(72p?q? + 24pq? — 24p?q — 16pq + 2q% + 2p% — 2q + 2p)x3y?

e Dyf(xy) = 2(72p*q® + 120pq* + 24p?q + 14pq + 50q* + 2p* — 13q — 5p)x®y? + 3(144p?q* + 144pq* — 40pq + 20q* —
4p? — 4q + 4p)x?y3 + 3(72p%q? + 24pq? — 24p%q — 16pq + 2g? + 2p? — 2q + 2p)x3y3.

o (Dx +Dy)(f(x,y)) = 4(72p*q* + 120pq? + 24p®q + 14pq + 50q° + 2p? — 13q — 5p)x®y? + 5(144p?q® + 144pq? — 40pq +
20q? — 4p? — 4q + 4p)x%y3 + 6(72p%q? + 24pq? — 24p%q — 16pq + 2g? + 2p? — 2q + 2p)x3y3.

o DyD,(f(x,y)) = 4(72p2q* + 120pq? + 24p?q + 14pq + 5092 + 2p? — 13q — 5p)x?y? + 6(144p*q? + 144pq® — 40pq +
20g? — 4p? — 4q + 4p)x2y> + 9(72p%q? + 24pq? — 24p?q — 16pq + 2q? + 2p? — 2q + 2p)x3y3

o (DZ+D2)(f(x,y)) = 8(72p*q® + 120pq? + 24p*q + 14pq + 50q° + 2p? — 13q — 5p)x%y? + 13(144p?q? + 144pq® —
40pq + 20q% — 4p? — 4q + 4p)x2y3 + 18(72p?q? + 24pq? — 24p%q — 16pq + 2q% + 2p? — 2q + 2p)x3y3

o D, Dy(f(xy)) = 22X(72p%q? + 120pq? + 24p?q + 14pq + 50q? + 2p? — 13q — 5p)x?y? + 2*3X(144p?q? + 144pq? —
40pq + 20q% — 4p? — 4q + 4p)x%y3 + 3%K(72p?q? + 24pq? — 24p?q — 16pq + 2q? + 2p? — 2q + 2p)x3y>3.

e DyDy(Dy + Dy)(f(x,y) = 16(72p*q* + 120pq® + 24p*q + 14pq + 50¢* + 2p® — 13q — 5p)x?y? + 30(144p®q* + 144pq® —
40pq + 2092 — 4p? — 4q + 4p)x2y3 + 54(72p?q? + 24pq® — 24p?q — 16pq + 2q% + 2p? — 2q + 2p)x3y3.

o SSy(f(x,y)) = (72p%q* + 120pq + 24p2q + 14pq + 5092 + 2p? — 13q — 5p) y? + (144p2q2 + 144pq? — 40pq +

20q? — 4p? — 4q + 4p)

(2)(2)

x%y3 + (72p%q? + 24pq? — 24p?q — 16pq + 292 + 2p% — 2q + 2p) 3

x*y3.

(2)(3) (3)(3)

. kS (f(x,y)) = (72p%q% + 120pq? + 24p?q + 14pq + 509> + 2p? — 13q — 5p)
20q% — 4p? — 4q + 4p) ——

(z)Zk x2y? + (144p2q2 + 144pq? — 40pq +

x?y3 + (72p%q? + 24pq? — 24p?q — 16pq + 2q® + 2p% — 2q + Zp)( S x3y3.

@ﬁ@ﬁ

o (SyDy + SxDy)(f(x,y)) = 2(72p?q® + 120pq? + 24p*q + 14pq + 509 + 2p? — 13q — 5p)x?y* + %(14—4p2q2 + 144pq? —
40pq + 20q?% — 4p? — 4q + 4p)x2y3 + 2(72p?q? + 24pq? — 24p?q — 16pq + 2q? + 2p? — 2q + 2p)x3y3

o S, J(f(xy)) = (72p%q® + 120pq? + 24p?q + 14pq + 50q? + 2p? — 13q — 5p)%x4 + (144p2%q® + 144pq? — 40pq + 20q?% —
4p? —4q + 4p)$x5 + (72p2q? + 24pq® — 24p*q — 16pq + 2q* + 2p? — 2q + Zp)éxe.

oS¢ ] DyD(f(x,y)) = (72p*q® + 120pq? + 24p*q + 14pq + 50q* + 2p® — 13q — 5p)x* + (144p?q? + 144pq? — 40pq +
20q% — 4p® — 4q + 4p) (g) x° + (72p%q? + 24pq® — 24p?q — 16pq + 2q° + 2p? — 2q + 2p) (;) X8

o S.°Q_2 ) D°Dy3(f(x,y)) = 8(72p2q? + 120pq? + 24p2q + 14pq + 5092 + 2p? — 13q — 5p)x? + 8(144p2q? + 144pq? —
40pq + 2092 — 4p? — 4q + 4p)x3 +o 729 (72p2q2 + 24pq? — 24p%q — 16pq + 2q® + 2p? — 2q + 2p)x*.
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1) M;(Ggpg) = (Dx + Dy)f(x, Y)|x=y=1 = 1440p2q? — 48p2q + 1344pq? + 31292 + 12p — 240pq — 84q.

2) M,(Ggrpg) = DXDyf(X.Y)lX=y=1 = 1800p?q? — 120p2q + 2p? + 1560pq? + 338q% + 22p — 328pq — 94q.

= 10 1 170
3) mMy(Grea) = SiSyfCoy)[,_ = 50p%q? + Tp*q+5p? +-pa’ +

289 5, 13
18 36

89 149

P4~ 3.4

4) ReZG3(Ggrpg) = DxDy(Dy + Dy)f(x, y)|X=y=1 =9360p?q% — 912p2q + 20p? + 7536pq? + 1508q? + 148p — 1840pq — 436q

5) F(Grpg) = (D7 + D) (f(x, y))|X=y=1 = 3744p?q? — 240p2q + 3264pq? + 696q2 + 48p — 696pq — 192q.

6) Ri(Grpc) = Dy Dy*f(x, Mleeyoy = 2°4(72p?¢* + 120pq® + 24p*q + 14pq + 50q° + 2p? — 13q — 5p) + 2434(144p’q” +
144pq? — 40pq + 20g? — 4p? — 4q + 4p) + 3%2K(72p?q? + 24pq? — 24p?q — 16pq + 29> + 2p? — 2q + 2p) .

7) RRi(Gree) = Sx*Sy"f(x, l,_y_y = (720" +120pq? + 24p*q + 14pq + 50q” + 2p* — 13q — 5p)
144pq? — 40pq + 20q? — 4p? — 4q + 4p)

1

+ (72p2q? + 24pq? — 24p%q — 16pq + 292 + 2p? — 2q + 2p)

(Z)Zk

1

+ (144p2q> +

1

@k@E)k Ok
P =Y 2 442 8 272 116
8) SDD(Grea) = (SyDx + S:Df(x y)|,_ | = 600p?q? —Zp* +600pq® +—-=q* +3p——-pq——-q
5 - — 294 2,2 2g 4 L2 314 2 101 2 7 A3, 263
9) H(Gree) = 25 f(x,¥)lx=y=1 = —P*q* + 2p*q + 5 p* + —PQ° + ——=q° = -P — P4~ 1
10) T(Grea) = SJDxDy x|, _, = T2p?q? — 12p?q + £ p? + == pa? + 7797 + = p — 58pq — 2-q
= <3 31 3 _ 20385 5 5 651 217 5 19083 o 18649 , 473 1561 5081
1) A (Greg) = Sx’Q-2 DDy fxo Y|, _ ==~ —plq+ PPt pd+— —d*+p——-pd— 4.
Table 5: Numerical Values of TCDs of RPG forp,q=1—10
(p,@) M;(Grpg) M,(Grpg) MM, (Ggrpg) ReZG3(Grpg) F(Greg) R—i(GRPG) SDD(Ggpg) H(Grpg) 1(Grec) A(Grpg)
(1,1) 2736 3180 116.67 15384 6624 259.78 1220 257.60 670.8 4907.4
(2,2) 33552 40224 1315.67 200928 83808 3005.7 14552 2978.0 8220.0 59711.2
(3,3) 152064 184572 5757.0 933336 384480 13299.0 65196 13172.4 37249.2 269967.9
(4,4) 452448 552864 16800.67 2813952 1151424  39051.0 192752 38674.4 110827.2 802389.0
(55) 1063440 1304940  39006.67 6668760 2717280  91026.0 451220 90140.0 260490.0 1884840.9
(6,6) 2148336 2643840  78135.0 13548384 5504544  182840.0 909000 181047.6 526240.8 3806345.2
(7,7) 3904992 4815804  141145.6 24728088 10025568 330940.0 1648892 327698.0 956550.0 6917078.4
(8,8) 6565824 8110272  236198.6 41707776 16882560 554690.0 2768096 549214.4 16083552 11628372.0
(9,9) 10397808 12859884 3726540 66211992 26767584 876200.0 4378212 867542.4 25470612 184127124
(10,10) 15702480 19440480 561071.6 100189920 40462560 1320495.0 6605240 1307450.0 3846540.0  27803741.2

/
Fig. 9: Graphical Visualization of Table 5.
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3.3. Comparative analysis: hexagonal (HPG) vs. rectangular porous graphene (RPG)

In this subsection, the numerical data reported in Tables 4 and 5 (HPG and RPG, respectively) are interpreted with the intent of linking
topological growth behaviour to plausible physicochemical consequences. Such comparative interpretation substantially strengthens the
analytical findings, because it provides a theoretical rationale for why one porous topology may be more favourable than the other in
materials selection for electrochemical devices. A direct comparison of these values reveals significant and consistent differences between
the two structures, which can be interpreted to suggest variations in their physicochemical properties. To facilitate a direct comparison,
let’s look at the M, , a TCD related to molecular surface area and branching, and the A, which is related to the overall size and complexity
of the structure. The TCD values are nearly identical for the smallest structure. (p = 1) For HPG and RPG. This suggests that the initial
unit cell structural differences are negligible in this case. As the size parameter increases, the values for HPG consistently exceed the
corresponding values for RPG. For example, at p = q = 10, M; (HPG) = 32,151,960 It is approximately twice the value for M; (RPG) =
15,702,480. This trend holds across all listed TCDs, (M,, M,, mM,, ReZG; ,F, R_: SDD,H, T, A.

>
The consistently higher values of TCDs in the HPG structure compared to the RPG suggest that HPG is generally more complex, branched,
and/or possesses a greater number of edges for a given size parameter p than RPG. This structural difference can be extrapolated to influence
their physicochemical properties: TCDs such as M; and M, which are related to branching and the total T-electron energy, are significantly
higher for HPG, suggesting it has greater structural branching and likely a larger effective surface area or molecular complexity. A higher
surface area often correlates with enhanced chemical reactivity, better adsorption/catalytic capabilities, and potentially stronger intermo-
lecular forces in HPG compared to RPG. The higher values of F and A In HPG, which are sensitive to the degree of vertices, suggest a
greater contribution from vertices with higher degrees or a more complex overall topology in HPG. These higher TCD values often relate
to greater structural stability or higher melting/boiling points within similar compound classes, leading to the suggestion that HPG may
exhibit superior thermal or chemical stability compared to RPG. The correlation between TCDs and electronic properties like m-electron
energy and the band gap imply that the structural differences highlighted by the TCDs will lead to distinct electronic band structures for
HPG and RPG. Consequently, the HPG structure, with its likely greater branching and complexity, might exhibit different conductivity,
charge transport, or semiconductor properties compared to the simpler, more linear growth pattern of RPG, making one potentially more
suitable for specific electronic or sensor applications than the other.
In summary, the numerical evidence suggests that, beyond the minimal structure, the Hexagonal Porous Graphene (HPG) is structurally
more complex and has a higher density of connectivity/branching than the Rectangular Porous Graphene (RPG) for equivalent parameter
p. This structural disparity is predicted to translate into HPG having greater surface area, higher reactivity, and potentially enhanced ther-
mal/chemical stability compared to RPG.

4. Discussion

This discussion is structured to first detail the developed quantitative structure—property relationships (Section 4.1). We then address the
crucial model limitations and extrapolation uncertainty arising from the small training dataset (Section 4.2), and conclude with a compre-
hensive agenda for future research aimed at model generalization (Section 4.3).

4.1. The role of topological codescriptors in predicting binding energy

The core achievement of this study is the validation of TCDs derived from the CoM Polynomial as highly accurate and computationally
inexpensive predictors for the binding energy of small lithium clusters. The Binding energy measures the energy needed to break the cluster
into individual Li atoms, indicating the strength of the interactions maintaining the cluster's integrity, directly influencing the nucleation
and growth of lithium dendrites in battery applications. The statistical analysis aimed to determine the optimal structure-property relation-
ship, revealing a significant increase in predictive power upon moving from linear to curvilinear models. Specifically, the Symmetric
Division Codescriptor (SDD) provided a strong linear and quadratic fit with R> = 0.87 and R? = 0.97, respectively, while the Randi¢
codescriptor R_1 delivered the highest accuracy via a cubic model R? = 0.99. This strong correlation confirms that the binding energy is
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a complex, non-linear function of the cluster's topology, and the CoM Polynomial successfully captures the structural variance necessary
to model cluster stability with exceptional fidelity.

4.2. Model limitations and extrapolation

A key limitation of this study is the small dataset used to generate the regression models for binding energy. The models presented in
Equations (4)-(6) were trained on only seven data points (Li, — Li;¢). This limited size stems from the restricted availability of consistently
reported DFT-quality reference data for larger lithium clusters, which are often computationally expensive to model. Therefore, the regres-
sion-based expressions in Equations (7) — (8) should be interpreted as preliminary structure—property hypotheses, rather than fully gener-
alized predictive models across all n. For lithium clusters above n = 10, the true error band is not yet quantifiable, because no uniform
reference dataset exists that spans n > 10 Under identical computational conditions. Therefore, a critical direction for future research is
the rigorous validation and recalibration of these models; obtaining a harmonized DFT dataset for larger clusters will be essential to enable
a full error analysis, refine the curvilinear regression, and confirm whether the observed correlations hold for larger systems.

4.3. Future work
4.3.1. Strengthening and generalizing the lithium cluster framework

Future work will involve a high-level DFT campaign to generate an expanded, harmonized reference dataset for larger lithium clusters (n
> 10). This dataset is essential for performing a full quantitative error analysis of the current regression models and for recalibrating the
expressions to ensure accurate predictions in the large-n regime. In addition, a systematic study of higher-energy structural isomers (for
each n) will be performed to determine whether the present codescriptors can discriminate between small topological variations, which is
crucial for accurate modeling of cluster dynamics. The methodology will also be extended to doped lithium clusters (e.g., L, B, L, Al). This
will test the transferability of the codescriptors to heterogeneous systems and support computational screening of improved anode materials.
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Finally, the framework will be expanded to clusters of other alkali metals, particularly sodium and potassium, to evaluate whether the
structure—property relationships discovered here are generalizable beyond lithium.

4.3.2. Expanding the structural descriptor family

Future studies should evaluate additional classes of molecular-graph descriptors, including eccentricity-based, reverse-degree, eigenvalue-
based, and distance—degree descriptors. The aim is to determine whether these alternative codescriptors yield stronger, less-overfitted
correlations with binding energy than those derived from the current CoM Polynomial formulation. The reliability of the codescriptor
framework will also be assessed for predicting other fundamental properties, such as bond dissociation energy, fragmentation energy,
representative bond-length metrics, and the HOMO-LUMO gap.

4.3.3. Extending the porous graphene topology theory

A final research pillar will generalize the present porous-graphene formulation, which currently treats hexagonal and rectangular motifs,
to additional pore geometries such as trapezoidal, rhombic, Kagome, and diamond. Developing these generalized TCD expressions will
further demonstrate the versatility of the approach and support the establishment of a unified theory linking pore topology to codescriptor
scaling behaviour.

5. Conclusion

The theoretical prediction of material properties, such as the binding energy of lithium clusters, is crucial for understanding the fundamental
behavior of materials, optimizing their design, and saving significant time and resources. By guiding experiments into uncharted territory,
this approach pushes the boundaries of scientific knowledge.

In this article, we employed codescriptors derived from the CoM Polynomial and curvilinear regression analysis to theoretically predict
the binding energy of lithium clusters. Our findings indicate that the Symmetric Division codescriptor is the most effective predictor for
both linear and quadratic regression models. For the cubic model, the Randic codescriptor proves to be the superior choice. The statistical
validity of these highly significant regression equations is demonstrated in Table 3.

Furthermore, this work extends the CoM Polynomial method to derive generalized analytical expressions for degree-based codescriptors
in hexagonal and rectangular porous graphene nanostructures, accompanied by a graphical comparison. We believe the findings presented
in this article will facilitate the design of advanced energy storage devices and accelerate the materials discovery cycle.
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