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Abstract

Integral equations are powerful mathematical tools used to model and solve a vast array of real-world problems. Their ability to trans-
form and simplify complex systems makes them essential in theoretical and applied sciences. Volterra integral equations are essential for
modeling time-dependent, causal, and memory-influenced systems. They are mathematically tractable and appear in a wide variety of
scientific and engineering contexts. Volterra integral equations appear when we convert initial value problem to an integral equation. The
solution of volterra integral equation is much easier than the original initial value problem. Many problems of thermodynamics, biology,
chemistry, medical sciences, physics, heat flow, neutron diffusion problem, electric circuit problem, transform problem mechanics, engi-
neering can represent mathematically in terms of volterra integral equation of first kind and second kind. We used Successive approxima-
tion method; Variational iterative method and Laplace transform Method for solving volterra integral equations of second kind.

Keywords: Volterra Integral Equation; Laplace Transform Method; Inverse Laplace Transform Method,; Successive Approximation Method, Variational
Iterative Method.

1. Introduction

The theory and application of integral equations is an important subject within applied mathematics, physics, and engineering. In particu-
lar, they are widely used in mechanics, geophysics, electricity and magnetism, kinetic theory of gases, hereditary phenomena in biology,
quantum mechanics, mathematical economics, and queuing theory [19]. Volterra integral equation can be solved numerically and analyt-
ically [14]. Volterra was the first to recognize the importance of the theory and study is very systematically [12]. Volterra integral equa-
tions arise in many scientific applications such as the population dynamics spread of epidemics and semi-conductor devices. It is known
that many problems of the natural sciences are reduced to the solving of integral equations of variable boundaries, which are called inte-
gral equations of volterra type [3]. Vito Volterra (proud Italian) fundamentally investigated these equations and also reduced the mathe-
matical models of many problems of the natural sciences to solve these integral equations. It was also shown that volterra integral equa-
tions can be derived from initial value problems. Volterra started working on integral equations in 1884, but his serious study began in
1896. The name integral equation was given by du Bois-Reymond in 1888. However the name Volterra integral equation was first coined
by Lalesco in 1908 [3]. Wazwaz proposed Laplace transform method, and Successive approximation method for solving volterra integral
equation of first and second kinds [2]. Aggarwal proposed gave the application of Laplace transform for solving population growth and
decay problems [12]. Volterra integral equations such as a particularly subset among the various integral equation types because they
may have describe the dynamic evolution of systems through as a time [5] [22]. There are several methods to get the approximate solu-
tions of such as Laplace Transform method, Successive approximation method, Variational iterative method (VIM), Homotopy perturba-
tion Method (HPM), Adomain decomposition method can be applied to get approximate solution of ordinary differential equation and
partial differential equation [9].The Variational iterative method (VIM) has no specific requirements such as linearization, small parame-
ters etc. for non-linear operators [20]. The Laplace transform as one of the most important integral transforms, which have many applica-
tions in scientific life and in engineering sciences [8].

2. Methodology

Volterra Integral Equation —
A linear integral equation of the form

n(x)m(x) = f(x) + A [ k(x, Hm(t)dt (1)
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Where the upper limit of the integral is variable, n(x), f(x), k(x, t) are known functions and m(x) is unknown function, is said to be
volterra integral equation of the third kind. If A is a real or complex parameter and the function k(x, t) is the kernel of the integral equa-
tion [5].

First Kind of Volterra Integral Equation-
If we set n(x) = 0 in equation (1),

() + A [ k(x, Hm(Ddt = 0 )
Then it is called Volterra Integral equation of the first kind.

Second kind of Volterra Integral Equation-
Volterra integral equations of the second kind, the unknown function m(x) appears inside and outside the integral sign.

m(x) = f(x) + A [ k(x, hm(t)dt (3)
is called homogeneous volterra integral equation of the second kind.

a) Laplace Transform Method —
The transform of a function f(t) is defined by

L{F()} = [ f(t)e Ptdt = F(p),t = 0 %)
Where p is real or complex.

Theorem 1: Laplace Transform for Convolution type linear Volterra Integral Equation of Second Kind -

The Volterra integral equation of second kind is,

m(x) = f(x) + A [J k (x—t) m(t) dt

By applying Laplace Transform both sides, we have

LIm(x)] = L[f()] + A L[ f, k (x — t) m(t) dt]

Lm(x)] = LIf(x)] + A L[k(x)|L[m(x)]

By Taking Inverse Laplace transform, we get

_ -1 [ LIEX]
m(x) =L [1-1 L[k(x)]]

Laplace transform of some basic mathematical functions —

Sr. No. F(t) LIF®]=f(p)
1
1 1 -
p
1
2 T F
2!
3 t2 F
I'n+1
4 tn'n > -1 M
p(n+1)
5 eat 1
p—a
_ a
6 sin at —pz Taz
7 ¢ _Pr
cosa p2 +a2
8 sinh at p% —az
p
9 coshat m

Now, we apply Laplace Transform Method to solve Volterra Integral Equation of second kind.
Solving Volterra integral second kind equation by using Laplace Transform method.

Example I — Solve m(x) = x3 + f(;( sin(x — )m(t)dt

Solution- Taking Laplace Transform both sides, we have
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Lim(x)] = L[x3] + L[foX sin(x — )m(t)dt]

Lim&x)] = 5 + L[sinx] L[m(x)]

LImG9] = 6[ + ]

By Taking inverse Laplace transform both sides, we get
3, %
m(x) = x° + % 5)

This is required solution of volterra integral equation of second kind.
Putx=0,0.1,0.2,0.3, ..., 1 in equation (5) to obtain the solution of example I.

Put x = 0 thenm(0) =0

Putx = 0.1 then m(0.1) = 0.001001

Put x = 0.2 then m(0.2) = 0.008032 and so on upto
Putx = 1 then m(1) = 0.9275

Table 1: Solution of m(x) in [0, 1] of Example L.

X m(x)
0 0
0.1 0.001001
0.2 0.008032
0.3 0.027243
0.4 0.064512
0.5 0.125781
0.6 0.216384
0.7 0.340273
0.8 0.499712
0.9 0.695401
1 0.9275
s Graph of m{x) = 2 4+ x5f20
1
0.8
=3
‘é’ 0.5
[ )
0.2
L]
o .2 Q.4 0. 0.8 1

s

Fig. 1: Graphical solution m(x) = x3 + % of Example 1.
Above Figure - 1 show the graphical solution of example I.
Example —II Solve m(x) = x? + fox(x — tm(t)dt
Solutions - Applying Laplace Transform both sides, we have

Lm(x)] = L[x?] + L[ fo"(x —t) m(t)dt |

(= Lmeor = %

Lim®x)] = 2( L )

p (p?-1)
Applying inverse Laplace transform both sides, we get
m(x) = 2 coshx

The series is,
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_ 2 X4 X6
m(x) =2 +x°+ -+ o4 (6)
This is required solution of volterra integral equation of second kind.
Putx=0,0.1,0.2,0.3, ..., 1 in equation (6) to obtain the solution of example II.
Put x = 0 then m(0) = 2
Put x = 0.1 then m(0.1) = 2.01
Put x = 0.2 then m(0.2) = 2.09 and so on upto
Put x = 1 then m(1) = 3.0862
Table 2: Solution of m(x) in [0, 1] of Example II
X m(x) = 2Coshx
0 2
0.1 2.01
0.2 2.09
0.3 2.0907
0.4 2.1621
0.5 2.2553
0.6 2.3709
0.7 2.5103
0.8 2.6749
0.9 2.8662
1 3.0862
e m{x)=2 coshi(x)
=
2.8
=
iz
=
2.4
2.2
2
o 0.2 0.4 0.6 0.8
=<
Fig. 2: Graphical solution m(x) = 2 cosh x of Example II
Above Figure - 2 show the graphical solution of example II.
b) Method of Successive Approximation for solving Volterra Integral equation of the second kind —
Let the volterra integral equation of the second kind be,
m(x) = f(x) + A f, K(x,t). m()dt @)
And also f(x) be continuous is [0, a] and K(x,t) be continuous for0 < x<a,0 <t<x.
Given function my(x) continuous in [0, a].then, replace by m(t) on R.H.S. of equation (7) by m,(t), we have
m; (x) = f(x) + A fy K(x, ). mo(t)dt ®)
But m, (x) is not discontinuous in [0, a] .
m, (x) = f(x) + A ) K(x,t). m; (Ddt )
But m,(x) is not discontinuous in [0,a] .
We proceed similarly and arrive at a sequence of functions m3(x), my (%), ..., my (%), ...
m, (x) = f(x) + A f; K(x, ). my_; (D)dt (10)
Because of continuity of (x) and K(x,t) , the sequences {m, (x)} converges as n — oo
That is m(x) = lim m, (x) (11)
n—oo

Thus, the solution m(x) is obtained.
Now, we apply Successive Approximation Method to solve Volterra Integral Equation of second kind.
Solving Volterra integral second kind equation by using Successive approximation method.
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Example ITI Solve m(x) = 1 — 4 [ m(t)dt
Solution — Here f(x) = 1,1 = —4,K(x,t) =1

For the zeroth approximation, we can choose my(x) = 1
By successive approximation method,

my(x) =1 -4 f, my_;(Ddt (12)
Put n = 1 in equation (12), we get

m;(x) =1—4x

Put n = 2 in equation (12), we get

m;(x) = 1—4x+%

Similarly,

42 2 43 3
mz(x) =1—4x+ 2)!( - 3)!(
And so on.
The nth term is,
42 2 43 3 4_n n
mp() =1 —dx+ ===+ (=" =+
4k k
my () = Too(-DFEE
Hence,
9 k4ka
m() = lim (Zhoo(-DF40)
m(x) = e™*
The series is,
42 2 4_3 3
m(x) =1—4x+ z)!( - 3)!( + - (13)

This is required solution of volterra integral equation of second kind.
Putx =0,0.1,0.2,0.3, ..., 1 in equation (13) to obtain the solution of example III.

Putx = 0 then m(0) = 1

Put x = 0.1 then m(0.1) = 0.6703

Put x = 0.2 then m(0.2) = 0.4493 and so on upto
Put x = 1 then m(1) = 0.0183

Table 3: Solution of m(x) in [0, 1] of Example III.

X m(x)

0 1
0.1 0.6703
0.2 0.4493
0.3 0.3012
0.4 0.2019
0.5 0.1353
0.6 0.0907
0.7 0.0608
0.8 0.0408
0.9 0.0273

1 0.0183
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Graph of m(x) = e =

o 012 014 0:6 0_I8
Fig. 3: Graphical solution m(x) ): e™** of Example 111
Above Figure - 3 show the graphical solution of example III.
Example I'V- Solve m(x) = x — f;(x —t) m(t)dt (14)
Solution — Here f(x) = x,A = —1,K(x,t) = (x — t)

For the zeroth approximation, we can choose my(x) = 0
By successive approximation method,

m,(x) = x — [ (x — ). my_; (Dt (15)
Put n = 1 in equation (15), we get

m; (x) = x

Put n = 2 in equation (15), we get

m,(x) =x+ );—3'

Put n = 3 in equation (15), we get

X3

ms(x) =x+ o

5
X
+ =
5!

And so on.
The nth term is,

X3 XS X7 X2n+1

ma() =143+ 5+ + o
n X2k+1
m, (x) = Zk=om
Hence,
_ ) n X2k+1

m(x) = IP—I};}O (Zk:o (2k+1)!)
m(x) = sinhx (16)

The series is,
x3 x5
m(x) =x+ 5+ +-

This is required solution of volterra integral equation of second kind.
Putx =0,0.1,0.2,0.3, ..., 1 in equation (16) to obtain the solution of example IV.

Putx = 0 then m(0) = 0
Put x = 0.1 then m(0.1) = 0.1002
Put x = 0.2 then m(0.2) = 0.2013 and so on upto

Putx = 1then m(1) = 1.1752
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Table 4: Solution of m(x) in [0, 1] of Example IV.

X m(x) = sinhx
0 0
0.1 0.1002
0.2 0.2.013
0.3 0.3045
0.4 0.4108
0.5 0.5211
0.6 0.6367
0.7 0.7586
0.8 0.8881
0.9 1.0265
1 1.1752
m{x) = sinh(x

o (<) (<)

1 -4

o.8 1

=3
— 0.6 1
=
0.4 4
0.2 1
O <>
o 0.2 0.4 0.5 o.8 b
>

Fig. 4: : Graphical solution m(x) = sinhx of Example IV
Above Figure - 4 show the graphical solution of example IV.

¢) Variation Iteration Method (VIM) —

The Variational iteration method is employed to solve the time dependent reaction diffusion equation which has special importance in
engineering and sciences and constitutes a good model for many systems in various fields [3]. The Variation Iteration Method was de-
veloped in 1999, by J.H. He. This method is, now, widely used by many researchers to study linear and non-linear problems. The method
introduced a reliable and efficient process for a wide variety of scientific and engineering applications. It is based on Lagrange multiplier
and it has the merits of simplicity and easy execution [19]. The main idea of variational iteration method is to approximate the solution of
differential equation by using an iteration formula in the form of a correctional functional which involves Lagrange’s multiplier. By ap-
plying variational theory, Lagrange’s multiplier can be determined. The iteration is initiated by a simple function such as linear function.
To illustrates the main concept of this method [13].

Consider the following,

Tm(t) = g(t) (17)

Where T is a differential operator that acts on sufficiently smooth function u defined on such an interval I € R. The given function g is
also defined in . Initially, split T into its linear and non-linear part, namely,

Lm(t) + Nm(t) = f(t)

Where L and N are linear and non-linear operator respectively.
A correctional functional for equation (17) is then defined iteratively as,

Mp41()) = my(©) + [ A@(Lm(r) + Nm(r) — £(r))dr

Where A(r) is Lagrange multipliers, uy, is the nth approximate solution and m,, is restricted variations so that, m, = 0.
This means that m, 1 (t) can be considered as an approximated solution for equation,

Mp1()) = My (0) + f3 AW (Lmy (r) + Nmy (1) — £(r))dr

Now, we apply Variational Iteration Method to solve Volterra Integral Equation of second kind.
Solving Volterra integral second kind equation by using Variational iteration method

Example V Solve m(x) = 5 + 2x? — fox(x — m(t)dt (18)
Solution — differentiate with respect to x both sides of equation (18), we get
m' (%) = 4x— = [[(x — Hm(Ddt]

By using Leibnitz rule,
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m'(x) = 4x — fox m(t)dt

m'(x) — 4x + foxm(t)dt =0

The correctional functional formula is,

Mp41(0) = my () + 3 A (' () — 4r + [ m(Bdt)dr

We find that A(r) = —1
Therefore,

mpy1(X) = my(x) — fox(m’n(r) —4r+ for m, (t)dt)dr

We can choose initial conditions my(x) = m(0) =5 & m’y(x) =0
Put n = 0 in equation (20), we get

2
my(t) =5— X?
Put n = 1 in equation (20), we get

x?  x*
mz(x) = 5_;+Z

Similarly,

x? x*  x®
m3(X)=5—Z+Z—E

& so on.
The nth term is,

—c_ X X Xy
m,(x) =5 2!+4! 6!+ +(-1)

in

2n!

Hence,

mGo = lim (4 + Zioo(-D"5))

2n!
m(x) = 4 + cosx
The series is,

x?  x* x°
m(x) =5—z+;—a+

This is required solution of volterra integral equation of second kind.

Putx=0,0.1,0.2,0.3, ..., 1 in equation (21) to obtain the solution of example V.

Putx = 0 then m(0) = 5
Put x = 0.1 then m(0.1) = 4.995
Put x = 0.2 then m(0.2) = 4.98 and so on upto

Put x = 1 then m(1) = 4.5403

Table 5: Solution of m(x) in [0, 1] of Example V.

(19)

(20

(2]

X m(x)
0 5
0.1 4.995
0.2 4.98
0.3 4.95534
0.4 4.9211
0.5 4.87758
0.6 4.8253
0.7 4.7684
0.8 4.9553
0.9 4.6216

4.5403
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Graph of m(x) in [0, 1]

4.95
a9
4.85 |-
4.8 |

% 4.75
a7 |
4.65 |-
a6

4.55 -

[—e— m(x) Series Values |

4.5 L L
o 0.2 0.4

0.6 0.8 1
x

Fig. 5: Graphical solution m(x) = 4 + cosx of Example V

Above Figure - 5 show the graphical solution of example V.

Example VI Solve m(x) =1+ 2x+ 4 fOX(X — t)m(t)dt

22)

Solution - Differentiate with respect to x both sides of equation (22), we get

m' (%) = 2 + 4 ([x - Hm(Ddr)

By using Leibnitz rule,

m’(x) = 2 + 4 f; m())dt

m'(x) —2—4 [, m(Hdt =0

The correctional functional is,

my;(x) = my(x) + fox A (m'y(r) —2—4 f;‘ m, ()dt)dr
We find that A(r) = —1

my (%) = my(x) — fox(m’n(r) -2- 4f;‘ m, (t)dt)dr

We have to choose initial condition my(x) = m(0) =1 & m’y(x) =0
Put n = 0 in equation (24), we get

2,2
my(x) =1+2x+ 22)!(
Put n = 1 in equation (24), we get

23x3  24x*
3! 4!

2,2
mz(x)=1+2x+22—):+

And so on.
The nth term is,
m,(x) =1+ 2x+¥+ 233’!(3 ¥+ - 2':!‘"
Hence,
) = iy (23022

n-co n!
m(x) = e**
The series is,

23%3

22x?2
m(X)=1+2X+T+ 3

This is required solution of volterra integral equation of second kind.

(23)

24)

(25

Putx =0,0.1,0.2,0.3, ..., 1 in equation (25) to obtain the solution of example VI.
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Putx = 0 then m(0) = 1

Put x = 0.1 then m(0.1) = 1.2214

Put x = 0.2 then m(0.2) = 1.4918 and so on upto
Put x = 1 then m(1) = 7.3891

Table 6: Solution of m(x) in [0, 1] of Example V1.

m(x)

X

0 1
0.1 1.2214
0.2 1.4918
0.3 1.8221
0.4 22255
0.5 2.7183
0.6 3.3201
0.7 4.0552
0.8 4.953
0.9 6.0496
1 7.3891

Graph of m(x) = eZ*

(
F N W R OO N @

O 0.2 0.4 0.6 0.8 1

>
Fig. 6: : Graphical solution m(x) = e?* of Example VI

Above Figure - 6 show the graphical solution of example VI.

3. Conclusion

In this paper, we solved successfully the linear volterra integral equation of second kind by Laplace transform Method, Successive Ap-
proximation Method and Variational Iteration Method. The research finding indicate that the Laplace transform, Successive Approxima-
tion Method and Variational Iterative Method is very useful integral transform for solving a linear Volterra Integral equation of the sec-
ond kind. Through comparative analysis, it can be concluded that all three methods are reliable and complementary. The Laplace Trans-
form Method is best suited for problems with well-behaved kernels and known transform pairs, while the Successive Approximation and
VIM are more flexible for complex or nonlinear cases. In the future, the proposed scheme can be applied for nonlinear Volterra integral
equations and their systems.

Future scope

1) Extension to Nonlinear and Complex Kernel Systems

2) Hybrid and Modified Methods

3) Comparative Computational Analysis

4) Application to Fractional and Stochastic Volterra Equations
5) Algorithm Automation and Symbolic Computation

6) Incorporation of Artificial Intelligence and Machine Learning
7) Real-World and Multidisciplinary Applications
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