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Abstract 
 

Volterra integral equations appear when we convert an initial value problem to an integral equation. The solution of the Volterra integral 

equation is much easier than the original initial value problem. Many problems of thermodynamics, biology, chemistry, medical sciences, 

physics, heat flow, neutron diffusion problem, electric circuit problem, transform problem mechanics, and engineering can be represented 

mathematically in terms of Volterra integral equations of the first and second kind. Numerical Method for solving Third Kind Volterra 

Integral Equations (VIEs) using Simpson's Rule. By approximating the unknown function using Lagrange Polynomial interpolation and 

applying Simpson's rule for numerical integration, we obtain a system of linear algebraic equations. The solution of this system provides 

an approximation to the original integral equation. 

 
Keywords: Volterra Integral equation; Simpson's 1/3 rd Rule; Simpson's 3/8 th Rule. 

1. Introduction 

Volterra was the first to recognize the importance of the theory and studied it very systematically [12]. Volterra integral equations arise 

in many scientific applications, such as population dynamics, the spread of epidemics, and semiconductor devices. It is known that many 

problems of the natural sciences are reduced to the solving of integral equations of variable boundaries, which are called integral equa-

tions of Volterra type [3]. Vito Volterra (proud Italian) fundamentally investigated these equations and also reduced the mathematical 

models of many problems of the natural sciences to solve these integral equations. It was also shown that Volterra integral equations can 

be derived from initial value problems. Volterra started working on integral equations in 1884, but his serious study began in 1896. The 

name integral equation was given by du Bois-Reymond in 1888. However, the name Volterra integral equation was first coined by 

Lalesco in 1908 [3]. Wazwaz proposed the Laplace transform method and the Successive approximation method for solving the Volterra 

integral equation of the first and second kinds [2]. The advantage of that approach is that it reduces the problem; equations make the 

method efficient and easy to implement [12]. For the two-dimensional Volterra integral equations, there are only a few introductions 

[20]. Some of the most well-known numerical techniques used to approximate solutions of integral equations are multistep methods, 

spectral methods, product integration method, Picard's method, Adomain decomposition method, etc. [16]. In 1911, the Third kind of 

Volterra integral equations with various types of kernel singularities were studied by Evans [17]. The Simpson’s 3/8 rule is used to solve 

the nonlinear Volterra integral equations system. Using this rule, the system is converted to a nonlinear block system, and then by solving 

this nonlinear system, we find an approximate solution of the nonlinear Volterra integral equations system [2]. Hafez and Youssri used 

spectral relationships in the form of Legendre-Chebyshev to discuss the numerical solution of nonlinear VIE with a stable kernel [10]. 

The solution of the integral equation using the Trapezoidal Rule and Simpson's Rule [11]. 

 

Volterra Integral Equation – 

A linear integral equation of the form 

 

n(x)m(x) = f(x) + λ ∫ k(x, t)m(t)dt
x

a
                                                                                                                                                          (1) 

 

Where the upper limit of the integral is variable, n(x), f(x), k(x, t) are known functions and m(x) It is an unknown function, said to be a 

Volterra integral equation of the third kind. If λ is a real or complex parameter, and the function k(x, t) Is the kernel of the integral equa-

tion [5]. 
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First Kind of Volterra Integral Equation- 

If we set n(x) = 0 In equation (1), 

 

f(x) + λ ∫ k(x, t)m(t)dt = 0
x

a
                                                                                                                                                                        (2) 

Then it is called the Volterra Integral equation of the first kind. 

 

Second kind of Volterra Integral Equation- 

Volterra integral equations of the second kind, the unknown function m(x) appears inside and outside the integral sign. 

 

m(x) = f(x) + λ ∫ k(x, t)m(t)dt
x

a
                                                                                                                                                                 (3) 

 

It is called a homogeneous Volterra integral equation of the second kind.  

 

Third Kind of Volterra Integral Equation- 

Consider the Volterra integral equation of the third kind, 

 

 xβm(x) = f(x) + ∫ (x − t)−αx

0
K(x, t)m(t)dt                                                                                                                                               (4) 

 

Where xϵ[0, T], αϵ[0, 1], β > 0, ∝ +β > 0 and f(x) Represents a continuous function on I. That is f(x) = xβg(x) , m(x) is an unknown 

function that is to be determined. Now, 𝑘(𝑥, 𝑡) is continuous on ∆= {k(x, t)/0 ≤ t ≤ x ≤ T} and defined by k(x, t) = x∝+β−1k1(x, t) . 

Where k1 It is a continuous function. 

 

Simpson's 
𝟏

𝟑
𝐫𝐝 Rule – 

Let the interval [a, b] be divided into n even subintervals. That is h =
b−a

n
 

Define the nodes x0 = a, x1 = h, x2 = 2h, … . , xn = b 

Then, 

 

∫ f(t)dt 
x

0
≈  

h

3
 [f(t0) + 4 ∑ f(ti

n−1
odd i=1 ) + ∑ f(ti)

n−2
even i=2 + f(tn)]                                                                                                             (5) 

 

But we define f(t) =  (x − t)−∝k(x, t)m(t) 

From equation (5), 

 

∫ (x − t)−∝k(x, t)m(t)dt 
x

0
≈  

h

3
 [f(t0) + 4 ∑ f(ti

n−1
odd i=1 ) +  ∑ f(ti)

n−2
even i=2 + f(tn)]                                                                                  (6) 

 

To find the value of the integral is appropriate to substitute equation (5) into equation (6), then.  

 

xβm(x) ≈ f(x) + 
h

3
 [f(t0) + 4 ∑ f(ti

n−1
odd i=1 ) + ∑ f(ti)

n−2
even i=2 + f(tn)]  

 

m(x) ≈
f(x)

xβ +  
h

3xβ  [f(t0) + 4 ∑ f(ti
n−1
odd i=1 ) + ∑ f(ti)

n−2
even i=2 + f(tn)]                                                                                                       (7) 

 

To find the value of m(x). 

 

The Convergence Theorem (Error bound) – 

The convergence theorems of Simpson's 
1

3
 Rd. Rule, 

 

Error =  − 
(b−a)

180
 h4 f 4(ξ ), for some ξ ∈ (a, b)                                                                                                                                          (8) 

 

Assuming that the fourth f 4(x ) exists and is continuous on [a , b ] 
The error is proportional to h4. So, the rule converges very quickly as you decrease h. 

1) Simpson's rule is a fourth-order method. 

2) If the fourth derivative of the function is small or zero. Simpson's rule can give exact results. 

  

Interpretation of Convergences –  

If f ∈ C4[a, b] The fourth derivative exists and is continuous. 

Then lim
n→∞

Simpson′s approximation = ∫ f(x)dx
b

a
 

This is a convergence part of the theorem as n → ∞ , h → 0 And the approximation convergence to the exact value of the integral. 

 

Example I) –  

 

The Volterra integral equation of the Third kind, 

 

x u(x) =
6

7
 x3 √x + ∫

1

2

x

0
 u(t)dt, x ∈ [0, 2]   

 

Where the exact solution is u(x) =  𝑥
5

2 . By using Simpson's 
1

3
 rd Rule for n =  15 . 
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Put x = 0, 0.14, 0.29, … , 2 to obtain a solution of the exact equation u(x) =  x
5

2 then 

u(0) = 0 

u(0.14) = 0.007714 

u(0.29) = 0.043634 and so on up to u(2) = 5.656854. 

Using MATLAB or Python to find the Numerical solution of Simpson's 
1

3
 Rd Rule. 

 

Table 1: Absolute errors of u(x) at n = 15 for Example I 

X Simpson's 
1

3
 rd Numerical Solution u(x) Exact Solution u(x) Error 

0 0 0 0.00E+00 

0.14 0.008815 0.007714 1.10E-03 

0.29 0.045263 0.043634 1.63E-03 
0.43 0.122267 0.120243 2.02E-03 

0.57 0.249189 0.246834 2.36E-03 

0.71 0.433836 0.431201 2.63E-03 
0.86 0.6831 0.680194 2.91E-03 

1 1.003181 1 3.18E-03 

1.14 1.397349 1.396304 1.05E-03 
1.29 1.877875 1.874395 3.48E-03 

1.43 2.442939 2.439242 3.70E-03 

1.57 3.09943 3.095541 3.89E-03 
1.71 3.851795 3.84776 4.03E-03 

1.86 4.704282 4.700167 4.11E-03 

2 5.661259 5.656854 4.40E-03 

 

 
Fig. 1: Comparison of the exact solution and numerical solutions for Example I 

 

Above Figure 1 shows the comparison of the exact solution and the numerical solution of Simpson’s 
1

3
 Rd Rule. 

 

Example II) –  

 

The Volterra integral equation of the Third kind,  

 

x u(x) =  x2 (1 − 
x

3
 ) + ∫ t

x

0
u(t)dt, x ∈ [0, 2]   

 

Where the exact solution is u(x) =  x. By using Simpson's 
1

3
 rd Rule for n =  15 . 

Put x = 0, 0.14, 0.29, … , 2 to obtain a solution of the exact equation, then 

u(0) = 0 

u(0.14) = 0.142857 

u(0.29) = 0.285714 and so on up to u(2) = 2. 

Using MATLAB or Python to find the Numerical solution of Simpson's 
1

3
 Rd Rule. 

 

Table 2: Absolute errors of u(x) at n = 15 For example II 
X Simpson's one-third solution u(x) Exact Solution u(x) Absolute Error 

0 0 0 0 
0.14 0.142857 0.142857 0 

0.29 0.285714 0.285714 0 

0.43 0.428571 0.428571 0 
0.57 0.571429 0.571429 0 

0.71 0.714286 0.714286 0 

0.86 0.857143 0.857143 0 
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1 1 1 0 

1.14 1.142857 1.142857 0 

1.29 1.285714 1.285714 0 

1.43 1.428571 1.428571 0 

1.57 1.571429 1.571429 0 
1.71 1.714286 1.714286 0 

1.86 1.857143 1.857143 0 

2 2 2 0 

 

 
Fig. 2: Comparison of the exact solution and numerical solutions for Example II 

 

Above Figure 2 shows the comparison of the exact solution and the numerical solution of Simpson’s 
1

3
 Rd Rule. 

 

Simpson's 
𝟑

𝟖
 th Rule – 

Let the interval [a, b] be divided into n even subintervals. That is h =
b−a

n
 And n must be a multiple of 3, i.e. n = 3m 

Define the nodes x0 = a, x1 = h, x2 = 2h, … . , xn = b  

Then, 

 

∫ f(t)dt 
x

0
≈  

3h

8
 [f(t0) + 3 ∑ f(ti

n−1
 i=1 ) + f(tn)]                                                                                                                                            (17) 

 

But we define f(t) =  (x − t)−∝k(x, t)m(t) 

From equation (17), 

 

∫ (x − t)−∝k(x, t)m(t)dt 
x

0
≈  

3h

8
 [f(t0) + 3 ∑ f(ti

n−1
 i=1 ) + f(tn)]                                                                                                                 (18) 

 

To find the value of the integral is appropriate to use equation (18) in equation (17). 

 

xβm(x) ≈ f(x) + 
3h

8
 [f(t0) + 3 ∑ f(ti

n−1
 i=1 ) + f(tn)]  

 

m(x) ≈
f(x)

xβ +  
3h

8xβ  [f(t0) + 3 ∑ f(ti
n−1
 i=1 ) + f(tn)]                                                                                                                                       (19) 

 

To find the value of m(x). 

 

The Convergence Theorem (Error bound) – 

The convergence theorems of Simpson's 
3

8
 Th. Rule 

 

Error =  − 
(b−a)

80
 h4 f 4(ξ ), for some ξ ∈ (a, b)                                                                                                                                        (20) 

 

Assuming that the fourth f 4(x ) exists and is continuous on [a , b ] 
 

Example – III) 

 

To find the Volterra integral equation of the Third Kind  

 

x m(x) = x2  (1 −
x

3
) + ∫ t m(t)

x

0
dt, x ∈ [0, 1]   

 

And the exact solution is m(x) =  x . Use n = 15 Subintervals. By using Simpson's 
3

8
 The Rule.  

Put x = 0, 0.071,0.143, … , 1 to obtain a solution of the exact equation, then 

m(0) = 0 
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m(0.071) = 0.071429 

m(0.143) = 0.142857 and so on up to m(1) = 1. 

Using MATLAB or Python to find the Numerical solution of Simpson's 
3

8
 The Rule. 

 

Table 3: Absolute errors of m(x) at n = 15 For example III 
x Simpson's Three-Eighths solution m(x) Exact Solution m(x) Absolute Error 

0 0 0 0.00E+00 

0.071 0.071367 0.071429 6.16E-05 

0.143 0.142607 0.142857 2.50E-04 
0.214 0.213714 0.214286 5.72E-04 

0.286 0.28468 0.285714 1.03E-03 

0.357 0.355497 0.357143 1.65E-03 
0.429 0.426159 0.428571 2.41E-03 

0.5 0.496656 0.5 3.34E-03 

0.571 0.566983 0.571429 4.45E-03 
0.643 0.63712 0.642857 5.74E-03 

0.714 0.707069 0.714286 7.22E-03 

0.786 0.776813 0.785714 8.90E-03 
0.857 0.846345 0.857143 1.08E-02 

0.929 0.915648 0.928571 1.29E-02 

1 0.984715 1 1.53E-02 

 

 
Fig. 3: Comparison of the exact solution and numerical solutions for Example III 

 

Above Figure 3 shows the comparison of the exact solution and the numerical solution of Simpson's 
3

8
 The Rule. 

 

Example – IV  

 

The Volterra integral equation of the Third kind,  

 

x
3

2 m(x) = f(x) + ∫
√2

2π

x

0
 t (x − t)−

1

2 m(t)dt, x ∈ [0, 1]   

 

Where f(x) =  x
33

10  (1 −
Г( 

19

5
)

√2π  Г 
43

10
 
) And the exact solution is m(x) =  x

9

5 . Use n = 15 

Subintervals. By using Simpson's 
3

8
 The Rule. 

Put x = 0, 0.066667,0.0.133333, … , 1 to obtain a solution of the exact equation, then 

m(0) = 0 

m(0.066667) = 0.007639 

m(0.133333) = 0.0266 and so on up to m(1) = 1. 

Using MATLAB or Python to find the Numerical solution of Simpson's 
3

8
 th Rule 

 

Table 4: Absolute errors of m(x) at n = 15 For example IV 
X Numerical Solution m(x) Exact Solution m(x) Absolute Error 

0 0 0 0 

0.066667 0.006024 0.007639 0.001615 

0.133333 0.020975 0.0266 0.005625 
0.2 0.04577 0.055189 0.009419 

0.266667 0.076986 0.092628 0.015642 

0.333333 0.1182 0.138415 0.020214 

0.4 0.166791 0.19218 0.025389 

0.466667 0.21818 0.253637 0.035456 

0.533333 0.282925 0.32255 0.039625 
0.6 0.353952 0.398724 0.044772 

0.666667 0.423145 0.481987 0.058842 
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0.733333 0.510237 0.572193 0.061956 

0.8 0.602585 0.669209 0.066625 

0.866667 0.687997 0.772919 0.084922 

0.933333 0.796648 0.883215 0.086566 

1 0.909534 1 0.090466 

 

 
Fig. 4: Comparison of the exact solution and numerical solutions for Example IV 

 

Above Figure 4 shows the comparison of the exact solution and the numerical solution of Simpson's 
3

8
 The Rule. 

2. Conclusion 

In this paper, we solved successfully the Volterra integral equation of the third kind by Simpson's 1/3rd Rule and Simpson's 3/8th Rule. 

The numerical solution of Volterra integral equations of the third kind using Simpson’s Rule provides an effective and reliable approxi-

mation technique. By discretizing the integral operator and applying Simpson’s 1/3 rule, Simpson's 3/8th Rule, the problem is reduced to 

a system of algebraic equations that can be solved step by step. The method ensures higher-order accuracy compared to simple quadra-

ture rules such as the trapezoidal method, provided that the integrand is sufficiently smooth. The results obtained demonstrate that Simp-

son’s Rule achieves good agreement with the exact solution, and the error decreases significantly as the number of subintervals increases. 

The Simpson's rule-based method provides an efficient and accurate numerical solution for third-kind Volterra integral equations, mak-

ing it a valuable tool in applied mathematics, physics, and engineering applications. The methods' convergence and error estimation en-

sure reliable results. 

3. Future Scope 

Future scope on solving Volterra integral equations of the third kind can focus on adaptive Simpson’s methods, hybrid techniques, and 

high-performance computing to improve accuracy and efficiency. Parallel computing and extensions to multi-dimensional problems can 

broaden applicability. Expanding applications in science and engineering will further enhance the method’s practical relevance. 

4. Limitations 

Simpson’s rule is simple and effective for smooth problems; its limitations include the need for even subdivisions, error accumulation in 

iterative integral equations, inefficiency for oscillatory or singular kernels, high computational cost, and possible instability in stiff third-

kind Volterra equations. Simpson’s Rule is widely taught in numerical analysis, making it intuitively familiar and easy to implement in 

computational environments like MATLAB or Python. 
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