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Abstract

This paper presents a theoretical and numerical investigation of the RCLSJ model (Resistively, Capacitively, and Inductively Shunted
Junction), which is described by a nonlinear current source characterized by the current-phase relationship I O (sin@-ao._1 sin2@+a._2 sin3@),
coupled with a negative conductance. The rate equations governing the RCLSJ model reveal that, depending on the parameter regions, the
system may either lack fixed points entirely or possess two or four fixed points. These regions are determined by the intensity of the
negative conductance and the second-order harmonic term, under the assumption of a normalized critical current. Our analysis demonstrates
that the presence of negative conductance suppresses certain hidden dynamical orders associated with periodic instabilities. Furthermore,
the introduction of the third-order harmonic term significantly alters the nonlinear dynamics of the RCLSJ system. In addition, master-
slave synchronization studies indicate that the third-order harmonic modifies synchronization frequencies by generating new resonance
modes. For specific threshold values of a2, it enhances synchronization, while variations in the intensity of the negative conductance lead
to higher-frequency oscillations. These different influences induced by the negative conductance and the third-order harmonic term of the
junction suggest that the system could be used in the superconducting circuits for qubits, synchronized oscillators for the generation of
THz signals, and also in computational neuroscience.

Keywords: Bifurcation and Chaos; Josephson Junction; Negative Conductance; Intermittency; Synchronization.

1. Introduction

A Josephson junction is a highly nonlinear component commonly used in applications requiring minimal power consumption, including
quantum bit implementation and microwave photonics [1], [2]. It is made up of two superconductors separated by a thin insulating barrier.
When this barrier is sufficiently thin, a supercurrent can pass through the junction without any applied voltage, a phenomenon known as
the Josephson effect. This effect enables the use of Josephson junctions in superconducting quantum interference devices (SQUIDs) for
detecting extremely weak magnetic fields [3]. Early studies, such as those by Belykh et al [4], [5], highlighted the complex dynamic
behavior of the Josephson junction. Later, in 1980, Crutchfield et al [6] constructed numerical investigations into chaotic behavior within
Josephson junctions (JJs). To model these phenomena, several approaches were developed, including linear and nonlinear (piecewise
linear) resistive-capacitive shunted JJ models [7], [8], and more advanced linear and nonlinear Resistive-Capacitive-Inductive Shunted JJ
(RCISJJ) models [9-12]. The control and synchronization of the chaotic dynamics of Josephson junctions have relied on several methods,
including sliding mode control [13, 14], backstepping control [15], Lyapunov direct method, and others. The synchronization of the non-
linear dynamics of the Josephson junction with a third-order harmonic term is a subject of study in the physics of superconductors and in
the dynamics of nonlinear systems. Synchronization in nonlinear dynamics causes a system to respond to an external excitation coherently,
adopting a frequency linked to that of the excitation. In the third-order harmonic term Josephson junction used in this paper, the dynamics
of the phase frequency of the junction display a synchronous behavior under the effect of the alternating current signal used. The presence
of the third-order harmonic term modifies the resonance conditions and generates a shift in the synchronization frequencies, the appearance
of new synchronous modes, and a transition towards chaotic behavior. All these observed behaviors differ from those obtained in [16]
when the same junction is studied without the harmonic term of order three. Master-slave synchronization is a phenomenon where a
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nonlinear system (slave) follows the dynamics of another system (master) under certain coupling conditions. Master-slave synchronization
has been successfully applied to several Josephson junctions [17], [18]. In the case of a Josephson junction with an order-three harmonic
term, the phase and frequency of the oscillations of the slave junction align with those of the master. The presence of the term a2sin3x
modifies the synchronization frequency, stabilizes the synchronous regime, and promotes nonlinear effects in the phase-locking dynamics.
The study of chaos in Josephson junctions with a third-order harmonic term coupled to a negative conductance relates to nonlinear dynamic
systems and chaotic effects in superconducting circuits. A negative conductance means that the derivative is negative, which can appear in
certain nonlinear electronic systems (tunnel diodes, unconventional superconductors, active circuits). This can induce an amplification of
oscillations, trigger dynamic instability leading to chaotic behavior, and modify oscillations by introducing bifurcations. The study of
synchronization in modified junctions is essential for superconducting qubits, where the presence of a modified nonlinear term can influ-
ence coherence times and quantum operations. In superconducting materials, higher-order harmonic Josephson junctions are used to ma-
nipulate electromagnetic waves, and these junctions are also used in superconducting oscillators that exploit nonlinear dynamics for appli-
cations in signal detection or generation. In the literature, several works have been carried out on the different types of superconducting

structures that contain a second-order harmonic term in the form of Icsinx- alc sin2x, where Ic is the critical current of the junction and a
is the second-harmonic parameter [19]. The great importance of the influence of the second harmonic term of the Josephson junction has
been extensively studied in the literature.

This work highlights, through complementary experimental and theoretical approaches, the central role of negative conductance in con-
trolling and tailoring superconducting states. The experimental study on NbSe: thin films [20] under surface acoustic wave (SAW) irradi-
ation demonstrates the feasibility of inducing a negative resistance within the superconducting gap via dynamic modulation of the charge
density wave. This provides direct evidence that out-of-equilibrium interactions can invert the voltage-current relationship, offering a novel
route for precise tuning of superconducting transport properties. In parallel, the theoretical and numerical analysis of the RCLSJ model
with higher-order harmonics shows that negative conductance can profoundly reshape system dynamics: altering the number and stability
of fixed points, suppressing unstable periodic regimes, generating new resonance modes, and enhancing synchronization. The experimental
observations in NbSez can thus be interpreted as a tangible realization of effects predicted by the RCLSJ model, while the latter provides
a predictive framework to guide and optimize future experiments. Together, these results not only pave the way for the design of multi-
functional superconducting circuits but also reveal a previously unexplored mechanism for out-of-equilibrium control of superconductivity,
with promising applications in THz signal generation, quantum information processing, and neuromorphic computing. Articles [21] and
[22] investigate third-harmonic generation (THG) in superconductors under intense THz excitation, where the THG arises from nonlinear
interactions between quasiparticles and collective modes (notably the Higgs amplitude mode) and is strongly influenced by disorder. The
third harmonic here emerges as a phenomenon induced by the external driving field. This paper, on the other hand, introduces an intrinsic
third-harmonic term (o2sin3¢) directly into the current-phase relation of a modified RCLSJ Josephson junction. This structural nonlinearity
alters dynamic stability, generates new resonance frequencies, and enhances oscillator synchronization, providing a direct parametric con-
trol. Thus, while articles [21] and [22] treat the third harmonic as a signature of nonlinear response, this paper integrates it as a fundamental
control tool for superconducting dynamics and THz applications. The experimental realization of negative conductance in superconducting
circuits faces challenges related to stability, precise control of active components, and cryogenic compatibility. Incorporating a third-order
harmonic term also requires fine-tuning of the Josephson junction’s nonlinear properties, involving advanced fabrication techniques. These
phenomena directly impact superconducting qubit performance, particularly coherence times, as well as the spectral purity of THz signals.
Thus, mastering parameter ranges and damping mechanisms is crucial to harnessing these nonlinear effects for practical applications.
Despite the different aspects of the chaotic dynamics of the junctions Josephson addressed in the literature, the study of junctions Synchro-
nization of the chaotic dynamics of a Josephson junction with a third-order harmonic term coupled to a negative conductance has not yet
been addressed. Josephson with a harmonic term of order three coupled with a negative conductance has not yet been addressed. This is
the reason why we have produced such a model in order to show the influence of negative conductance on the circuit and then show that
the third-order harmonic term modifies the nonlinear dynamics of the Josephson junction by favoring a modification of the synchronization
frequencies, the appearance of new synchronous modes. The remainder of this paper is organized as follows: Section 2 introduces the
circuit model and its governing equations. Section 3 discusses the analytical and numerical analysis. Section 4 presents the numerical
simulations. Section 5 addresses the synchronization study, and Section 6 concludes the work.

2. Model and Equation of Oscillations
The circuit in Figure 1 consists of an external alternating voltage source, a nonlinear Josephson junction characterized by a supercurrent of

the form I (sin® — a;sin2@ + «a,sin3@), a passive RL element carrying the current Ig, and a negative conductance gn is introduced into
the system. The nodal equation at the junction, Kirchhoff’s loop law, and the voltage-phase relationship.
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Fig. 1: Circuit of the Model Studied.

The nodal equation at the junction, Kirchhoff’s loop law, and the voltage-phase relationship specific to the Josephson junction together
form the governing equation of the circuit.
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A group of dimensionless variables and parameters is defined by:
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The system under investigation is described by the following set of differential equations:
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3. Equilibrium Points

This section focuses on identifying the constant values of the dynamic variables for which all time derivatives vanish, assuming the external
source E¢sin(wt) is not present. This leads us to the following analysis:

e sin(x*) + aysin(2x*) — a,sin(3x*) = 0, (a)

To
y =0,(b) ©)
z*=0,(c)

The fixed point E (x* ; 0; 0) of system (3) is therefore defined by an algebraic equation on the phase: i—g— sin(x*) + a;sin(2x*) —
0

aysin(3x*) = 0. The equation has several solutions depending on the parameters Ig, Iy, ay, a; which induces multistability. The fixed
points can be stable or unstable, depending on the derivative of the nonlinear term with respect to x*. ( as shown in Figure 2a). The
characteristic polynomial of the system (3) evaluated at the fixed-point E is given by:

1. b b;+1 | Cosx*—2a;cons2x*+3a,sin3x” Cosx*—2a4 cons2x*+3a,sin3x*
Xt (F2)ar 4 (B2 : ) 4. & L RLES (7)
§ € &e € 133
Setting
1. b
a; = ¢ + _1,
13 €
Cosx*—2a, cons2x*+3a,sin3x* (8)
d_ byi+1, Cosx*—2a;cons2x*+3aysin3x* A3 = )
2= , g
e €
With b; = 1(2).
The eigenvalue equation becomes:
}\3 + 317\2 + 327\ + dz = 0 (9)

Based on the Routh-Hurwitz criterion, all the roots of equation (7) will have negative real parts if and only if the following conditions are
satisfied:

dq > 0,
az >0, (10)
a;a, > ag
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Given a;> 0, the stability of the fixed points E is influenced by the parameters ;—g, a, and a,. The analysis of the stability of these fixed
0

points as a function of I—g for two values of the non-harmonic junction parameters o and a;, is illustrated by the curves in Figure 2. Figure
0

2(a) shows the region where fixed points exist or do not exist. Figure 2(b) indicates that when a; = 0.4 and a,= 0, the system has two fixed
points — one stable and the other unstable [23]. In contrast, for a; = 0 and o, = 0.4, the system has four fixed points, including two stable
and two unstable, as illustrated in Figure 2(c) (Figure 2(b, ) and 2(c;) show that with a; = 0.8; a; = 0 and a; = 0; a, = 0.8, the system
also exhibits four fixed points, consisting of two stable and two unstable ones. The rectangular dashed curves represent the stable fixed
points. It is also observed that the system consistently exhibits four fixed points when for a, > 0.4, a condition not fulfilled when a;= 0.4.
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Fig. 2: A) Limit of Existence of Fixed Points in the Parameter Space Covering A, and Ig/I;; B), C), B,), C, Curves of the Stability or Not of the Fixed Points
Compared to the Parameter Ig/I0 for A1 =0.4; A2=0and Al =0; A2=0.4 for B), C). A;=0.8; A,=0and A, =0; A, =0.8 for B)), C)).

4. Bifurcation and Chaotic Oscillations

Figure 3 shows a bifurcation diagram obtained with the Runge-Kutta algorithm of order 4 method, while varying the control parameter o
in the range 0.27 < oy < 0.4 for different ;. The other parameters are held constant at values € =0.707; E=3 like [17] and lo=1; w=1;
E¢= 35. As shown in Figure 5, the presence of a harmonic term of order three with a slightly high value of a> modifies the bifurcation
diagrams. Compared to Figure 3, the only chaotic region, namely (0.358 < a; < 0.4 at a, = 0.08) in Figure 5, is shifted to (0.299 <oy <
0.317 at a, = 0.2). In addition, the width of the chaotic region is reduced by 0.024. The distance between the chaotic regions for the
different values of a,(0.08 and 0.2) shows that the third-order harmonic term significantly alters the nonlinear dynamics of the RCLSJ
model of the Josephson junction. The different regular and chaotic behaviors observed in Figure 3 and Figure 5 are respectively confirmed
by the phase space curves of Figure 4 and Figure 6.

Figure 7 shows the bifurcation diagrams obtained with the Runge-Kutta algorithm of order 4 using the amplitude of the current source as
the control parameter, varied in the range 32 < Er < 35 for different values of Ig and a,. The other parameters are held constant at values ¢
=0.735; £=3;Io=1; w=0.95; a; = 0.1. This figure shows that the system is stable for 32 < Ef < 34.14 and becomes chaotic for 34.14 <
Er <35 when Ig = 1.188 and a, = 0. These behaviors, compared to those in Figure 9, show an expansion from 34.02 < Ef < 34.14 in the
chaotic region when the intensity of the negative conductance Ig varies from 1.188 to 1.191, while a, = 0. This shows that at low values
of the negative conductance intensity, the system loses energy and the chaotic dynamics transition into regular oscillations (attenuation of
certain hidden modes of the system that are periodically unstable). The increase in the chaotic region also shows that the negative conduct-
ance enhances the chaotic oscillations of the excitation current at high values of its intensity, Ig. The different regular and chaotic behaviors
observed in Figure 7 and Figure 9 are respectively confirmed by the phase space curves of Figure 8 and 10. Figure 11, obtained for Ig =
1.191 and a2 = 0.015, shows that the system is stable from 32 < Er < 34.70 and becomes chaotic beyond 34.70. These behaviors show a
large reduction in the chaotic region compared to the behaviors observed in Figure 7. This again shows that the harmonic term of order
three modifies the nonlinear dynamics of the RCLSJ model of the Josephson junction. These different behaviors observed are largely
different from those observed in [16] when the same junction is used at the harmonic term of order two. This then shows the contribution
of the third-order harmonic term and negative conductance to the dynamics of the RCLSJ model of the Josephson junction.

From a physical perspective, these mathematical results provide important insights into the actual behavior of the Josephson junction-based
circuit. Stable fixed points correspond to robust operating regimes where oscillations remain periodic and predictable, ensuring controlled
energy transfer with minimal losses, a condition desirable for reliable superconducting devices. Unstable fixed points and bifurcation
thresholds represent critical conditions where small perturbations, such as noise or parameter fluctuations, can drastically alter the system’s
operation, leading to undesirable instability. Chaotic regions correspond to irregular, broadband oscillations that increase energy dissipation
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and reduce coherence, which can severely limit the performance of superconducting circuits in applications such as qubits or resonant
detectors. The observation that the third-order harmonic term and negative conductance reshape the chaotic regions implies that these
parameters can be used as tuning knobs: reducing chaos to stabilize quantum states for quantum computation, or conversely, enhancing
chaotic oscillations for applications in secure communications and random signal generation.

In the specific context of superconducting qubits, these results underline the dual role of nonlinear dynamics. Stable oscillatory regimes
correspond to coherent quantum states with long lifetimes, which are essential for reliable qubit operation and quantum gate fidelity.
Conversely, chaotic dynamics introduce decoherence through enhanced energy dissipation and unpredictable phase fluctuations, leading
to reduced qubit performance. The ability of the third-order harmonic term (o2) to shrink and shift chaotic regions indicates that finetuning
nonlinear coupling can suppress decoherence pathways, thus preserving quantum coherence. Similarly, the modulation of chaos by negative
conductance (Ig) highlights a mechanism to control energy flow within the circuit, either minimizing dissipation for quantum information
storage or intentionally amplifying fluctuations for tunable microwave sources. Therefore, understanding and controlling these nonlinear
effects is crucial not only for optimizing Josephson-based circuits but also for advancing the design of stable, low-dissipation supercon-
ducting qubits in practical quantum technologies
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Fig. 3: Bifurcation Diagram and Its Corresponding Lyapunov Exponent of the System (3) for E=3; E=0.707, Q=1;'=0.01; Er=35;1,=1.
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Fig. 4: Phase Portraits for A1 =0.275; A; =0.35; A; =0.357 and A, = 0.36 Respectively of Curves (A); (B); (C) and (D) of Fig.3.
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Fig. 6: Phase Portraits for A; = 0.28; A;=0.295; A= 0.299; A, = 0.30;A,= 0.31 and A= 0.33 Respectively of Curves (A); (B); (C); (D); (E) and (F) of
Fig.5.
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5. Synchronization of The RCLSJ Junction

The objective of this section is to drive the synchronization error to zero by ensuring the global asymptotic stability of the master-slave
system using the Lyapunov direct method. The two RCLSJ systems are defined such that one acts as the master (X, ,y; ,Z; ) and the other
as the slave (X, , 2,2, ), and they take the following form:

X = Zi/
;= Erg T, —vY
= Y sin(wt) + f( Zi — ¥i) (11)
7, = é(yi —1(z))z; — sin(x;) + oy sin(2x;) — a,sin(3x;) + i—i)
Withi = 1,2

Synchronization error

€, = Xy —Xq,
€2 =Y2—"Yu (12)
€3 =23 =7y,

Error dynamics
From the system equations, we obtain:
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€; = ez,
. 1
€, = g(—es —ep), (13)

é3 = f(XllXZ'ZI'ZZ) + K,
With
f(x1,Xp,21,23) = i [—T(ZZ)ZZ + t(z1)z1 + sin(x;) — sin(x,) + al(sin(sz) - sin(2x1)) + az(sin(le) — sin(3x2)) + ez]

Choice of the Lyapunov function
To ensure asymptotic stability and the convergence of the errors, we choose a candidate Lyapunov function of the form:
12,12, 1002
Ve—gel +Ee2+ze3 (14)
Derivative of V, with respect to time
Let’s use the direct derivative:

Vo = érer + éxex + €363 (15)

Replacing (13) into (15), following a consistent development, we find:

1

£63 — gz + eaf(y, Xz, 21, 2) + e3u (16)

Ve = eje3 — 3
Choice of control law u

The idea is to cancel the e3f(x4, X,, 21, Z,) term via a corrective term in the control law.
We choose u as:

u= —f(xq,X2,21,2,) — kye; —Kye, — kze; (17), with kq, ks, k3 the gain constants.
Replacing (17) into (16), following a consistent development, we find:

Ve = (1—k1)e1e3—%e%—(%+ kz)e2e3— kse3 (18)
To simplify the derivative of the Lyapunov function and make the stability analysis more straightforward, while maintaining a physical
structure consistent with the controlled system, we choose k; = 1, k2 = 0,and k3 = 1. The choice k; = 1 normalizes the primary feed-
back gain, simplifying the Lyapunov derivative while preserving the physical scaling of the controlled system. Setting k2 = 0 eliminates
certain coupling terms, reducing analytical complexity without omitting the dominant dynamics. Similarly, k3 = 1 normalizes the scaling
of the associated feedback term, maintaining consistency with the system’s energy balance. Together, these parameter choices simplify the
stability analysis while retaining the essential physical behavior of the system. For this purpose, we have:

1

13

P 2 1 2
Ve = €2 _23263 — €3

Let us apply Young’s inequality to the cross term. Forall 8 > 0,

924 Loz 1 1824 L2
|eze3|§2e2+29e3: Ee2e3§E(2e2+26e3
By bounding V., we obtain
Vo<G— 2)ed-(1-—)e}

e—z 2t 2 20% 3
By setting c2(8) =~ (1 — 9), c3(8) =1 — —
y setting c2(0) =1 (1 = ), c3(0) o

We have
Vi, < -c2(8)e3 - c3(8)e3
To ensure c2(0) > 0, and ¢3(8) > 0 it is necessary to

1- g>0=>0<e<2,

1 1
1—2—9€>0$9>2—E

Then & > i
o ifE> % there exists 0 € (ziz’ 2) (therefore c2(8), ¢3(8) > 0 ) and we have V, < 0 therefore, negative definite ;

o iff= % the interval is reduced, and we obtain semi-negativity;
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o iff< " there does not exist a 0 satisfying both inequalities, and Young’s inequality, without further modification, does not guarantee

V. <0.
u become:

u= E[T(ZZ)ZZ — 1(z1)z1 — sin(xy) + sin(x;) — al(sin(sz) - sin(2x1)) - az(sin(le) - sin(3x2)) - ez] —e; —e;

Based on Equation (14), when € is greater than or equal to one-fourth, the error signal V. maintains a positive value while V, is negative
or semi-negative, ensuring asymptotic convergence and thereby achieving complete synchronization between the master and slave systems.

5.1. Fixed Points and Stability

The control law:

u= E[T(ZZ)ZZ — 1(z1)z1 — sin(xy) + sin(x;) — al(sin(sz) - sin(2x1)) - az(sin(le) - sin(3x2)) - ez] —e;—e3 2D
So we have:
u= —f(x1,%Xz,21,2;) — €1 — €3 (22)

Substituting (22) into (13), we find:

e‘l = €3,
. 1
€ = E(_e3 —ey), (23)
€3 = —ey —e3,

e Fixed points
The fixed points are defined by:

€, =¢,= 6;=0.

We solve
€3 = 0,
{_E3 — € = 0,
—€; —e3 = Or
0
So the origin My | 0 | is the only fixed point of the system (23)
0

o Stability analysis
The system (23) is already linear, so we can directly analyze its Jacobian matrix:

0 0 1
A=[ o0 ‘?1 ‘?1 (24)
-1 0 —1/y,

The characteristic polygon gives:

- 0 1
1 -1
det(Ayo —AD =0 - (h + g) T (25)
-1 0 —(1+)

After canceling the characteristic polynomial, we find the following eigenvalues:

-1

}\1 - ?,
Ay = B (26)
A = —1+i\/§,

2

The fixed point at the origin is a stable focal node ( or a three-dimensional attractive focal point). The dynamics of the considered system,
characterized by a triplet of eigenvalues with strictly negative real parts, correspond to an asymptotically stable linear system, admitting a
focal attractor at the origin. An appropriate choice of coupling parameters (k; = 1,k, = 0,k3; = 1) leads to an exponential convergence
of the synchronization error to zero. Thus, complete synchronization between the two systems is asymptotically achieved. A numerical
confirmation of this result is presented below using the fourth-order Runge-Kutta method, for a range of values of the negative conductance
intensity and the second-order anharmonic term of the junction.
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Figures 13 and 14 show the synchronization of the system in the absence of negative conductance when a2 = 0.015. The state variables of
the master and slave systems follow each other and coincide ( figure 13) while all errors converge to zero (figure 14) when the controller
value is greater than or equal to 270. Figures 15 and 16 show the same behavior when o2 = 2. By comparing these curves, we observe a
modification in the synchronization frequency when o> increases from 0.015 to 2. This demonstrates that the third-order harmonic term
modifies the synchronization frequencies by introducing new resonance modes. These different behaviors are markedly different from
those reported in [16], where the same junction was used with a second-order harmonic term. This highlights the specific contribution of
the third-order harmonic term to the dynamics of the RCLSJ Josephson junction model.

Figures 17 and 18 show the synchronization of the system in the presence of negative conductance and the harmonic term of order three
when Ig = 1.191 and a2 = 0.015. The state variables of the master and slave systems follow each other and coincide (figure 17), and all
errors converge to zero (figure 18) when the controller value is greater than or equal to 270. Compared with Figures 13, these results show
that increasing the intensity of the negative conductance from 0 to 1.191, while keeping a2 = 0.015, enhances higher-frequency oscillations.
Synchronization of the system when I;=0 and 02=0.015.

o 100 200 SO0 300 500

v TO0 EC 300 o 00

Fig. 13: Time Stories of the Systems 11 Synchronization Variables for X; and X, Y, and Y, and Z, and Z,. the Parameters of Simulation Are: = =3; E =
0.735; I, =1; Q=0.95; T = 0.01; E;=33; A, = 0.1 with Initial Conditions: (X;(0); Y(0); Z,(0)) = (0; 0; 0) and (X»(0); Y2(0); Z»(0)) = (1; 2; 0) for the
Systems 11. When the Controller Is Applied at the Date T> 270s, the Slave System follows the Master System.
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Fig. 14: Time Stories of the Systems 11 Synchronization Errors for 2= 3; E =0.735; Iy = 1; Q = 0.95; I' = 0.01; E¢= 33; A, = 0.1 with Initial Conditions:
(X4(0); Y1(0); Z1(0)) = (0; 0; 0) and (X2(0); Y2(0); Z2(0)) = (1; 2; 0) for the Systems 11. When the Controller Is Applied at the Date T > 270s, the Synchro-

nization Error Tends to zero.

Synchronization of the system when Ig Oand 02=2.
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Fig. 15: Time Stories of the Systems 11 Synchronization Variables for _Xl and X,, Yl and Y, and Z; and Z,. t-he Parameters of Simulation Are: Z=3; E =
0.735; o= 1; Q=0.95; T = 0.01; Ef=33; A, = 0.1 with Initial Conditions: (X,(0); Y(0); Z,(0)) = (0; 0; 0) and (X2(0); Y2(0); Z»(0)) = (1; 2; 0) for the
Systems 11. When the Controller Is Applied at the Date T > 270s, the Slave System follows the Master System.
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Fig. 16: Time Stories of the Systems 11 Synchronization Errors for E;; E; and E;. the Parameters of Simulation Are: 2=3; E=0.735;1,=1; Q=0.95;T =
0.01; E=33; A, = 0.1 with Initial Conditions: (X;(0); Y1(0); Z,(0)) = (0; 0; 0) and (X»(0); Y2(0); Z>(0)) = (1; 2; 0) for the Systems 11. When the Controller

Is Applied at the Date T > 270s, The Synchronization Error Tends to zero.
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Synchronization ofthe system when Ig 1.191and 2=0.015.
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Fig. 17: Time Stories of the Systems 11 Synchronization Variables for X1 and X5, Y; and Y, and Z; And Z,. the Parameters of Simulation Are: 2= 3; E =
0.735; I = 1; Q=0.95; ' = 0.01; Ef=33; A, = 0.1 with Initial Conditions: (X;(0); Y(0); Z:(0)) = (0; 0; 0) and (X2(0); Y2(0); Z»(0)) = (1; 2; 0) for the
Systems 11. When the Controller Is Applied at the Date T > 270s, the Slave System follows the Master System.
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Fig. 18: Time Stories of the Systems 11 Synchronization Errors for E;; E; And E;. the Parameters of Simulation Are: E=3; E=0.735; [, =1; Q=0.95;T
=0.01; E;=33; A; =0.1 with Initial Conditions: (X;(0); Y1(0); Z,(0)) = (0; 0; 0) and (X5(0); Y2(0); Z>(0)) = (1; 2; 0) for the Systems 11. When the Controller
Is Applied at the Date T > 270s, the Synchronization Error Tends to Zero.

6. Conclusions

Theoretical and numerical analysis of the RCLSJ model ( Resistively, Capacitively, and Inductively Shunted Junction) modeled by a
nonlinear current source with a current-phase relationship lo(sinx — ausin2x + a2sin3x) coupled to a negative conductance are studied in
this paper. The rate equations describing the RCLSJ model do not have fixed points for some regions but admit two ( when o1 = 0.4 and a2
= 0) or four ( when a1 = 0.8 and o2 = 0) and ( when a1 = 0 and o2 > 0.4) fixed points for other regions covering the negative conductance
intensity and the second-order harmonic term of the junction when the critical junction intensity is normalized. The presence of a third-
order harmonic term with a slightly high o2 value modifies the bifurcation diagrams. This induces a shift in the chaotic region of the model
studied. We therefore deduce that the harmonic term of order three modifies the nonlinear dynamics of the RCLSJ model of the Josephson
junction. We have shown that at low values of the negative conductance intensity, the system loses energy and the chaotic dynamics
become regular ( attenuation of certain hidden orders of the system, which present periodically unstable modes). At a high value of the
intensity of the negative conductance, we note an increase in the chaotic region; this shows that the negative conductance reinforces the
oscillations of the excitation current. Compared to what was done in [23], this new paper shows that the negative conductance behaves like
a multi-periodic pulse source when the same RCLSJ model is used, but with a second-order harmonic term. It supplies energy to the system
instead of absorbing it as its intensity increases. We have also shown that the third-order harmonic term modifies the synchronization
frequencies by introducing new resonance modes, and the negative conductance enhances an increase in the frequency oscillations. In view
of the important results of this work, a follow-up study could be proposed to experimentally verify the shift in synchronization frequencies
observed numerically. This experiment would use a Josephson junction circuit with tunable negative conductance, allowing precise control
of the system’s nonlinear parameters. Such a setup would enable validation of the effects of negative conductance on synchronized dy-
namics and resonance modes, paving the way for controlled applications in superconducting electronics.
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