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Abstract

This paper establishes a common fixed point theorem for a pair of weakly compatible mappings in Fuzzy PMS satisfying the E.A. prop-
erty. We introduce a new concept of E.A. Fuzzy Partial Metric spaces which generalizes the existing Fuzzy PMS. Our main result pro-
vides sufficient conditions for the existence of a common fixed point for two weakly compatible mappings in E.A. Fuzzy Partial Metric
spaces. The results have significant implications for fuzzy topology, fixed-point theory, and applications in image processing, machine
learning, and optimization problems involving uncertain or imprecise data.
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1. Introduction

A metric space is a fundamental concept in Mathematics, particularly in the field of analysis and topology. It provides a framework for
measuring distances between points in a set. The modern concept of a metric space was first introduced by Maurice Fréchet in 1906. In
his work on functional analysis. Fréchet defined a metric space as a set equipped with a distance function satisfying certain properties,
laying the groundwork for the rigorous study of distances in mathematical contexts.

In 1965, Fuzzy set theory was developed by Zadeh [24]. Fuzzy sets allow elements to have degrees of membership between 0 and 1,
rather than strictly belonging or not belonging to a set. In the 1970s , mathematicians began to explore the concept of fuzzy metric spac-
es, where the distance function is allowed to take fuzzy values. . In 1975, Kramosil and Michalek first introduced the concept of a fuzzy
metric space [9], which can be regarded as a generalization of the statistical metric space. Clearly this work provides an important basis
for the construction of fixed point theory in fuzzy metric space. Fuzzy metric spaces generalize traditional metric spaces by accommodat-
ing uncertainty in distance measurements. Fixed point theory has been a vibrant area of research in Mathematics, with numerous applica-
tions in various fields such as physics, engineering, economics, and computer science. The generalizations of metric spaces are the notion
of partial metric space which was given by Matthews [15] as an extension of metric space where the self-distance of any point is not nec-
essarily equal to zero. Partial metric spaces relax some of the conditions of metric spaces, such as the triangle inequality, to provide a
more flexible framework for modeling certain scenarios. In 1994, Veeramani and George introduced the modified Continuous t-norm [7].
In recent years, researchers have explored fixed point theorems in Fuzzy Partial Metric spaces, but most of these results rely on strong
assumptions, such as continuity or compatibility of mappings. To overcome these limitations, we introduce the E.A. property, a relaxed
equivalence relation that allows for more flexibility in modeling real-world problems.

A FPMS is a generalization of the classical metric space where distances can take fuzzy values, allowing for the representation of uncer-
tainty in distance measurement. In traditional metric spaces, the distance between two points is a non- negative real no. In contrast, in a
FPMS, the distance can represented as a fuzzy no. which can accommodate both the notion of closeness & uncertainity.

Impact of E, A. Property on common fixed point theorems in Fuzzy Metric space presented by Kamal Wadhawa [11]. Ashlekha proved
fixed point theorem in FMS with E. A. Property by using weackly compatible mapping [2]. Nazir present common fixed point results for
two pairs of mapping which is satisfy E. A. property in Partial Metric space [23]. Madhushrivastava present some fixed point theorems in
FMS by using occasionally weakly compatible mapping [14].The some common fixed point theorems for weakly compatible self map-
ping in FMS using (E.A.) property is generalized by Kanhaiya [10]. The new concept introduce of common fixed point theorem in FMS
& occasionally weakly compatible mapping by subhani [22]. Rakhi Namdev is developed for existence & uniqueness of common fixed
point by using two pairs of mapping satisfying E.A. property [18].

The other author’s given different concept of Fixed point theorems by using E. A. property in different spaces like S-metric space,
Menger space, Complex valued metric space [5],[8],[13],[19]. Sonam Soni explained applications of Fixed points in Computational
Mathematics by using Fuzzy & Partial metric spaces [20].

In this paper, we establish a common fixed point theorem for a pair of weakly compatible mappings in Fuzzy Partial Metric spaces satis-
fying the E.A. property. Our work builds upon existing results in Fuzzy Partial Metric spaces and fixed point theory, providing a more
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comprehensive framework for analyzing complex systems with uncertain or imprecise data. The E.A. property captures nuanced relation-
ships, enabling a more general fixed point theorem.
To establish our theorems, we first define key concepts:

2. Preliminaries

Definition 1: A Partial Metric space on ‘X’ is a Pair (‘X’, P) such that ‘X’ is a non-empty set and P: ‘X’ x ‘X’ — R* is a mapping provid-
ing the listed conditions Vp, g, » € ‘X’ such that

1) ‘Pp.p)=<P@.ary

2) Pp.p)=P(@.q)=P@p q)iff p=q’

3) ‘P(p.a)=P(ap)

4) ‘P(}’J,’I")SP(%,%)+P(4,’I")—P(@,@)’
Note that in Partial Metric space, a point's self-distance does not always equal zero. The Partial Metric ‘P’ is an ordinary metric on ‘X' if
P(p,p)=0",Vpe X. Therefore, a Partial Metric is an extension of an ordinary metric.

Definition 2: 4 binary operation ‘O’ on [0, 1] is called a continuous t-norm if it is satisfied following conditions: vV p, ¢, 7,8 €[0, 1]:

1) 0g=940p and*p0O(gO0r)=(p0q)Or’
2) ‘O is continuous on [0, 1] x [0, 17’

3) ‘pOl=p’

4) If‘p<g’and ‘7 <8, then‘pOr<q0.s8

Definition 3: Let ‘X’ be a non-empty set, ‘O’ be a continuous t-norm and F : ‘X' x ‘X' x (0,00) — [0,1] be a mapping. Let ‘F’ be Fuzzy
set. If the listed conditions are satisfied Vp, g, 7 € ‘X and u,v > 0, then the triplet (‘'X’, F, ©) is said to be a Fuzzy Metric space, If it
satisfies following Properties for

1) ‘F(p,g,un) >0

2) ‘F(p,gu) =1iff‘g=p

3) ‘F(p.gw = F(g,pu)y

4) F@.gu+v) 2F(pqguOF(paqv)y
5) ‘F (p, g,©) is continuous on (0, )’

If (‘'X’,F, ©) is a fuzzy metric space, then ‘F’ is a fuzzy metric on X’

Definition 4: Let ‘X’ be a non-empty set, ‘O’ be a continuous t-norm and F, - ‘X’ x X' x (0,0) — [0,1] be a mapping. Let P be Partial
metric space. If the listed conditions are satisfied Vp, g, 7 € X’ andu,v > 0, then the triplet (X', F,, O) is said to be a Fuzzy Partial
Metric space:

1) Folpg.0=0

2) ‘Fp (@, q,u)=F, (g, p,u)’

3) ‘Fp(p,r,u+tv)>F,(p g,u) OF,(gr,v)

4) ‘Folp,gu=Lu>0&F,(p g u=1"iff ‘plp q)=0

5 'F, (p, g, 0):(0,%) — [0, 1]is continuous’, Where ‘F,(p,g,u) = u+p‘(‘m)’

If (‘X F, 0 is a Fuzzy Partial Metric space, then Fp’ is a fuzzy partial metric on ‘X’
Examplel: Let ‘X’ = { p, g, 7} be a set of points. Define a fuzzy distance p as p(p, ) = 1,

P(g. 4) =1,p(p.q) =05 p(g, ») =05 p(r,») =1,

p(p. r)=0.2,p(r,p)=0.2,p(g, ) =03,p(+,q9)=0.3.

In above example, p(p.g) = 0.5 indicate that p & g are relatively close, p(p, ) = 0.2 indicate that p & #~ are not close.

Definition 5: Two self-mapping ‘M’ and ‘N’ on Fuzzy Partial mapping (X', F,, ©) are Compatible, if él_(g) E,(MNyn, NMy,u)=1", >

0, whenever {y, } is a sequence in ‘X’ such that ‘lim My, = lim Ny, =t’ vt € ‘X',

Definition 6: Two self-mapping ‘M’ and ‘N’ on Fuzzy Partial mapping (‘X/, FE,,O) are a weakly Compatible, if they commute at their
coincidence point. Vt € ‘X', ‘Mt = Nt’implies that' M Nt = NMt’ V t>0,

Definition 7: Two self-mapping ‘M’ and ‘N’ on Fuzzy Partial mapping (X', F,, ©) are satisfy E. A. property if 3 a sequence {y, } is a
sequence in ‘X'such that * lim My, = lim Ny, =t vt € X

Definition 8: Let ‘M, ‘N", ‘U’ and V" be a self-mapping of a Fuzzy Partial Metric space (X', F,, ©) . Then (M, U) and (N, V) are satisfy

common E. A. property, if 3 two sequences {x,,} and {y, }in ‘X' such that * lim Mxn = lim Ux, = lim Ny, = lim Vy, =2z’ where
zEM(X)NN(X)orzeU(X)NV(X).
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u bl
u+p(p.q)

Example2: Let X’ = [0,2) and ‘F,(p,g,u) =
min (a, #).

Vp,q € X'. Then (X, F,, ©) is a Fuzzy Partial Metric space. where a O & =

M(p) = 0.25,0 < p < 0.52,U(p) = 0.25,0 < p < 0.60,
P

=3.,p> 0.52,= p—0.25,p > 0.60,

V(p) = 0.25,0 < p < 0.60,N(p) = 0.25,0 < p < 0.95,

=2 »p>060,=p-075,p> 095,

.
We define x, = 0.5+~ 3, = 1+, Where M(X') ={0.25}U (026,1]
U('X") ={0.25}V (0.35,1.75], V(‘X) = (0.15,0.5], N('X") ={0.25}U (0.20,1.25]

lim Mx, = lim 2[0.5 +1] = 0.25 € U(X),

n—oo

lim Uxy = lim [05+2] —025 = 025 € M(X) lim Ny = lim [1+;] = 0.75 = 0.25 € V(X).

n—oo
, L1 1
lim vy, = lim - [1+:] = 025 € N(X)
Thus, lim Mx, = lim Ux, = lim Ny, = limVy, =0.25
n—oo n—oo n—oo n—oo

Where, 0.25 € M(‘'X") N N('X") or 0.25 € U(‘'X") N V(‘X").
Role of E.A. Property in providing common fixed point theorems in FPMS can be concluded followings: 1) The E. A. property helps
determine whether sequences in the FPMS converges to a point within the space.
1) Many fixed point theorems generalized results, rely on the E. A. property to confirm the existence of a fixed point for certain con-
tinuous mapping in FPMS.
2) The E. A. property can link toplogical properties of FPMS to behavior of sequences, which can study of properties like compact-
ness or completeness.
3) Understanding the E. A. property can lead to the applications in Mathematical modeling, optimization problems & other interdisci-
plinary fields where fuzzy logic is used.

Lemma: Let (X', F,, ©) be a Fuzzy Partial Metric space, if their exist k€ (0,1) such that‘F, (p,q, k u) > F, (p, 4, w)’ then ‘p =
g u > 0ke(01),vpqgeX.

3. Main results

Theorem 1: Let M, N, U,V be a self-mapping of a Fuzzy Partial Metric space (‘X’,F,©) with a © & = min (a, 4) satisfying following
conditions:

i) (M,U)and (N,V) satisfy E. A. property.

ii) (M,U)and (N, V) are weakly compatible.

iii) Then their exist k € (0,1), forall x,y, z € ‘Xandu > 0.

E,(Mx, Ny, ku) = min [F,(Ux,Vy,u), E,(Ny,Vy,w), (F,(Ux, Vy,u). E,(Ny,Vy,u)),

Fy(Ny,Vyu)

W'Fp(Ny,Mx,u)]

Then M, N, U,V have a common fixed point.
Proof: Since (M,U)and (N,V) satisfying E. A. property then their exist two sequences {x,} and {y,}in ‘X’ such that T{lj{_}) Mx, =

lim Uy, = lim Nx, = lim Vy, =z where z € M('X) N N(X") or z € U('X') NV (X). Then z = Ut, where x € 'X..
a) Now to prove that p(Mt, Ut) = 0, that is to show that Mt = z.

Putx =t,y = ¥n in (iii) we get,
E,(Mt, Ny, , ku) = min [E,(Ut, Vyn ,u), By (NYn , VI s w), (B (Ut, VI ,w). B, (NYn , Vi s w)),

Fp(NYn Vyn )
Faom e [p NV, Mt )]

E,(Mt, Ny, , ku) = min [E,(z,z,u), F,(NYn , 2, ,u), (F, (2,2, ,u). [, (NYn , Z, 1)),

Fp(NYn,z u)
Fp(NYn zu)’

E,(NYy , Mt, u)]
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E,(Mt, Ny, , ku) = min [1, E,(NYn , z,u), (1. F,(NYn , 2, u)),1, E,(NYa , Mt, )]
E,(Mt,Nyn ,ku) = E,(N¥n,z,u),if Mt =z

By using Lemmal, we get Mt = Ny, = z. Thus Mt = z
Since (M, U) is weakly compatible. Then Mz = MUt = UMt = Uz =z
b) Now to prove that p(Vz, Nz) = 0, that is to show that Nz = z

Put x = Xn, ¥ = z in (iii) we get,
E,(Mxy, Nz, ku) = min [F,(Uxp, Vz,u), F,(Nz,Vz,u), (F,(Uxy, Vz,u). F,(Nz,Vz,u)),

Fp(Nz,Vzu)
Fp(Nz.an.u) ) Fp (NZ, M.xn, U,)]
E,(Mxy, Nz, ku) = min [F, (2, z,u), F,(Nz, z,u), (F, (2 z,u). E,(Nz z,u)),

Fy(Nz,z,u)
Fp(Nz.zu)'’

E,(Nz, Mxy, u)]
Ey,(Mxp, Nz, ku) = min [1,E,(Nz,z,u), (1. F,(Nz, z,w)),1, F, (Nz, Mxy, )]
E,(Mxy, Nz, ku) = F,(z, Mxy,u) , if Nz = z. By using Lemma 1, we get Mx, = Nz =z

Since (N, V) is weakly compatible. Then Nz =Vz = NVz=VNz =z
c) Now to prove that p(Mz, Uz) = 0 , that is to show that Mz = z.

Putx = z,y = Y, in (iii) we get,
F,(Mz, Yy, ku) > min [Fp(UZ, VYo tt), Ey (N Y Vs ), (By (U2, VY 0). Fy (NYi, Vi, u)),

Fp(NYnVynu)
Fy(Nyn,Uz,u)

B, (Nyn, Mz, u)]

F,(Mz, Ny, ku) = min [F,(2,z,u), F,(NYn, 2,u), (F, (2, 2,u). F,(NYn, z,u)),

Fp(NYn.z,u)
Fp(NYnzu)’

Ey(NYn, Mz, u)]
E,(Mz,Nyp, ku) = min [1, F,(NYy, 2,w), (1. Ey(N¥n, W), 1, By (NYn, Mz, 1)]
Ey,(Mz, Ny, ku) = (NYn, z,u), if Mz = z. By using Lemma 1, we get Mz = Ny, =z

Since (M, U) is weakly compatible. Then Mz = MUz = UMz =Uz = z
d) Now to prove that p(Vt, Nt) = 0, that is to show that Nt = z

Put x = xp,y = tin (iii) we get,
E,(Mxy, Nt, ku) = min [E,(Uxn, Vt, u), E,(Nt, Vt, u), (F,(Uxy, Vt, u). B, (Nt, Vt, u)),

Fp(Nt.Vtu)

W*Fp(Nt, Mxn,w)]

E,(Mxy, Nt, ku) = min [F, (2, z,w), E,(Nt, z,w), (F, (2, 2, u). F,(Nt, z, u)),

Fp(Nt,z,u)
Fp(Nt.zu)’

E,(Nt, Mxn, u)]

E,(Mxn, Nt, ku) = min [1, F,(Nt, z,u), (1. E,(Nt, z,u)),1, E,(Nt, Mxp, u)]
E,(Mxy, Nt, ku) = E,(Nt, z,u), if Nt = z. By using Lemmal, Mx, = Nt =z

Since (N, V) is weakly compatible. Then Nt =Vt = NVt = VNt =z

Thus, Mz = Uz = Nz = Vz = z. Therefore M, N, U,V have a common fixed point.
Uniqueness: Suppose t & z are two common fixed point of M, N, U,V with t # z,
Then (iii) becomes

E,(Mt, Nz, ku) = min [F,(Ut,Vz,u), F,(Nz,Vz,u), (F,(Ut,Vz,u).F,(Nz,Vz,u)),
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Fp(Nz,Vzu) F.(Nz, M
Fp(Nz,Utu)’ P( z,Mt,u)]

PutMt=Ut=t, , Nz=Vz=2z

Fy(z.zu)

E,(t, z, ku) = min [F, (¢, z,w), B, (2, z,w), (¢ z,u). E, (2, z,w)), i)’ E,(z t,u)]

Fy(tz,kw) = min [Fy(6,2,1), 1, Fy (6, 2.0). 1, s By (2 £, 0)]
ez

E,(t,z, ku) = E,(t, z,u)

By using Lemma 1, t = z. Hence proved.

Theorem 2: Let M, N, U,V be a self-mapping of a Fuzzy Partial Metric space (‘X’,F,,©) witha © 4 = a O 4 satisfying following con-
ditions:

i) (M, U)and (N, V) satisfy E. A. property.
ii) (M, U)and (N,V) are weakly compatible.
iii) Then their exist k € (0,1), forallx,y,z € ‘X’ andu > 0.

Fp (Ny,Vyu)

E,(Mx, Ny, ku) = [E,(Ux,Vy,u) O RNy M)

O (B,(Ux,Vy, u). F,(Ny, Vy,u)) ©

E,(Ny,Vyu) Fp(Ny,Mx,u)
Fp(Ny,Ux,u) Fp(Ny,Vyu)

|

Then M, N, U,V have a common fixed point.

Proof: Since (M,U)and (N, V) satisfying E. A. property then their exist two sequences {x,} and {y,} in ‘X’ such that r{g{}o Mx, =
il_fg Uyn = ilj{}o Nx, = il_fg Vyn =z wherez € M(X)NN(X)orz € U(X) NV(X). Then z = Ut, where x € ‘X'.

a) Now to prove that p(Mt, Ut) = 0, that is to show that Mt = z.
Putx =t,y = ¥n in (iii) we get,

Fy(NYn,Vynt)

Fp(Mtr Nynr ku) = [Fp(Ut! Vyn'u) @ O (Fp(Utl Vynlu)'Fp(Nyn' VYn'u)) O

Fyp(NYn.Mt,u)
Fp(NYn,Vynu) Fp(NYn.Mt,u)
Fp(Nyn,Ut,u) Fp (NanVJ’nru)]
F,(Nyn.zu)
E,(Mt, Ny, ku) = [F,(22,u) O m O (Fy(z z,u). E,(NYn, z,u)) ©
Fp(NYnzt) __ Fp(Nyn.Mtu)
Fp(Nyn'z'u) Fp(NanZvu) ]
Fy(NYn.z ) Fyp(NYnMt,u)

Fy(Mt, Ny, ku) = [10O OMEKEWNYzZu)O10 ]

Fp(NYn.Mt,u) Fp(Nyn.zu)

E,(Mt,Nyn, ku) = F,(Nyn, z,u), if Mt = z,

By using Lemmal, we get t = z . Therefore Mt = Ut = z
Since (M, U) is weakly compatible. Then Mz = MUt = UMt = Uz =z
b) Now to prove that p(Vz, Nz) = 0, that is to show that Nz = z
Put x = Xpn, ¥y = z in (iii) we get, put Vz = z = Ux, = Mx,, show that Nz =z

Fp(Nz,Vzu)

E,(Mxn, Nz, ku) = [E,(Uxp,Vz,u) O P Nz M)

O (B,(Uxp,Vz,u). E,(Nz,Vz,u)) ©

Fp(Nz,Vzu) Fy (Nz.Mxn.u)]
Fp(Nz,UXn,u) Fp(Nz,Vzu)

Fy(Nz,zu)
Fp(Nz,MXn,u)

Ey,(Mxp, Nz, ku) = [Fy(z,z,u) O O (Fy(z zu).F,(Nz,z,u)) ©

Fy(Nz,z,u) Fp(Nz.Mxn.u)]
Fy(Nz.z,u) Fy(Nz,z,u)

FE,(Mxn, Nz, ku) = [1 O

Fp(Nz,MXn,u)
Fy(Nz,zu)

Fp(Nz,z,u)
Fp(Nz,MXn,u)

O (1.KR(Nz2zu)O10 ]
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E,(Mxn,Nz,ku) = F,(Nz,z,u),if Nz =z

Since (N, V) is weakly compatible. Then Nz =Vz=NVz=VNz =z
c) Now to prove that p(Mz, Uz) = 0 , that is to show that Mz = z.
Putx = z,y = Y in (iii) we get,

Epy(NYnVYnu)
Fp(NYyn.Mz,u)

E,(Mz, Nyn, k) = [Fy(Uz, VYn,u) O O (By(Uz, VY, ). Ey(N¥n, VY, w)) ©

Fpy(NYnVynu) Fy(N. yn,Mz.u)]
Fp(Nyn,Uzu) Fp(NYn,Vynu)

Fp(NYn.z,u)

E,(Mz,Nyn, ku) = [F, (2 z,u) © XCEA)

O (F(z zu). E,(Nyn, z,u)) ©

Fp(NYn.z,u) Fp(NYnMz,u)
Fy(Nynzu) Fp(NYn,zu)

|

Fy(NYnozu)
Fp(Nyn.Mz,u)

Fp (NYn,Mz,u)
Fp(NYn.zu)

FE,(Mz,Nyn, ku) = [1 O OWMEWNY,zZu)O10 ]

Ey(Mz, Ny, ku) = E,(NYn, z,u), if Mz = z.
Since (M, U) is weakly compatible. Then Mz = MUz = UMz = Uz = z

d) Now to prove that p(Vt, Nt) = 0, that is to show that Nt = z
Put x = xp,y = tin (iii) we get,

Fp(Nt,Vtu)
E,(Mxp, Nt, ku) = [F,(Uxp, Vt,u) O m O (E,(Uxn, Vt,u). F,(Nt, Vt,u)) ©
Fp(Nt,Vtu) Fp(Nt,MXn,u)
Fyp(Nt,UXn,u) Fp(Nt.Vtu) ]
Fy(Ntzu)

E,(Mxn, Nt, k) = [Fy(2,2,u) O O (Fy(2z.u). F,(Nt, z,1)) ©

Fy(NE,MXp,u)

Fyp(Nt.z:u) Fp(Nt.Mxn,u)]
Fyp(Nt.z,u) Fy(Nt,zu)

Fp(Nt.zu)
Fp(Nt,MXn,u)

Fp(Nt,MXn,u)

Fy (M, Nt k) = [1O AT,

O (1.F(Ntzu) 010

F,(Mxp, Nt,ku) = F,(Nt,z,u),if Nt = z

Since (N, V) is weakly compatible. Then Nt =Vt = NVt = VNt =z

Thus, Mz = Uz = Nz = Vz = z. Therefore M, N, U,V have a common fixed point.
Uniqueness:

Suppose t & z are two common fixed point of M, N, U,V with t # z, Then (iii) becomes

Fy(Nz,Vz,u)
Fy(Nz,Mtu)

E,(Mt,Nz,ku) = [F,(Ut,Vz,u) O O (KUt Vz,u).F,(Nz,Vz,u)) ©

Fy(Nz,Vz,u) Fpy (Nz,Mt,u)]
Fp(Nz,Utw) ~ Fp(Nz,Vzu)

PutMt=Ut=t, ,Nz=Vz=12z

Fy(z.zu)

E(tzku) 2 [t zu) O —— O (KBt zw).E(z2zu) O

Fy(z,z,u) Fp(z,tu)
Fy(ztu) @

Fp(z,tw) Fy (z,z,u)]

Btz kw) 2 [Ftzw) O —— O (Fy(t 2,1).1) © o O 22

Fp(z,tu) Fy(z,tu) 1 1
Ey(t,z, ku) = F(t,zu)
By using Lemma 1, t = z. Hence proved.
Definition 9: Let ¢ be the class of all mapping ¢ : /0, 1] — [0,1] such that

i) ¢ isnon-decreasing and lim ¢™ (1) = 1, V1 € (0,1]
i) e >LVIeE(0Dii)pl) =1
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Theorem 3: Let M, N, U,V be a self-mapping of a Fuzzy Partial Metric space (‘“X’,Fp,©) with a © 6 = min (a, &) satisfying following
conditions:

i) (M,U)and (N, V) satisfy E. A. property.
i) (M,U)and (N,V) are weakly compatible.
iii) Then their exist k € (0,1), forallx,y,z€ ‘X' andu > 0.

Fp(Ux,Vyw)F,(Ny,Uxu) Fp(Ux,Vyu)F,(Ny, Vyu) Fp(Ux,Vyu)F,(Ny,Vyu)

Fp (Mx, Ny, ku) = (p{min [ Fp(Mx,Vy,u) ’ Fp(Mx,Vy,u) ’ Fyp(Ny,Ux,u)

y

Fy(NyVyWE,(Mx,Vyu) Fpy(Mx,Vyu)Fy, (Ny,Mx,u)]}
Fp(Ny,Ux,u) ’ Fp,(Vy,Ux,u)

Then M, N, U,V have a common fixed point.
Proof: Since (M,U)and (N,V) satisfying E. A. property then their exist two sequences {x,} and {y,} in ‘X’ such that r{lj{}o Mx, =
lim Uy = lim Nx, = Lim Vy, =z wherez € M('X') N N(X') or z € U(X) NV(X). Then z = Ut, where x € 'X..

a) Now to prove that p(Mt, Ut) = 0 , that is to show that Mt = z.

Putx =t,y = ¥n in (iii) we get,

Fp(Ut.VYn ) Fy (NYn,Utw) Fp(Ut.VYna)Fy(NYnVYnat) Fp(UtVYn)Fy(Ny,VYnu)
Fp(Mt,Vynu) ! Ep(Mt,Vynu) ’ Fp(Nyn,Ut,u)

E,(Mt, Nyp, ku) = o{min [

y

Fp(NYnV Ynt) Fy (MEV Yn,) Fp(Mt,Vyn.u)Fp(Nyn.Mt.u)]}
Fp(NYn,Ut ) ’ Fp(VYn,Utw)

Fp(2:2u)Fp(NYnzu) Fp(Z2:2u)Fy(NYnzu) Fp(z.2u)F,(Ny.zu)
Fp(Mt.zu) ’ Fp(Mt,z,u) ’ Fp(Nynzu) '

E,(Mt, Nyp, ku) = o{min [

Fp(NYnzw)Fy(Mt,z,1) Fp(Mt.Z.u)Fp(NYn.Mt.u)]}
Fp(NYn,zu) ’ Fp(z.z:u)

1.Fp(NYnzu) 1.Fp(NYnzu)
Fp(Mtzu) ’ Fp(Mt.zu)

Fy (Mt,z,u) Fy (NYn,Mt,u)
1

E,(Mt, Nyp, ku) = o{min [ ,1.1,1. F,(Mt, z,u), 1}

Fp(NYn,zu) Fp(NYn.zu)
Fp(Mt.zu) ’* Fp(Mt,z,u)

E,(Mt, Ny, ku) = gp{min [ , 1, 1. E,(Mt, z,u), E,(Mt, z,u) F, (NYn, Mt, u)]}

Fy(Nynzu) Fp(NYnzu)
Fp(zzu) ' Fp(z.zu)

E,(Mt, Nyp, ku) = o{min [ 1,1.Fy(z,2,u), By (2, 2, u)Ey, (NYn, 2, W) ]},

if Mt = z.

E,(Mt, Nyn, ku) = o{min [E,(NYn, z,u), F,(NYn, 2,u), 1, 1, B, (NYn, 2, w)]}, if Mt = z.
E,(Mt, Ny, ku) = @{FE,(NYn, z,u)}, if Mt = z

Since ¢(1) = I, forall L € (0,1], it is possible only if F,(NYn. z,u) = 1
E,(Mt, Nyn, ku) = F,(NYn, z,u), if Mt = z

By using Lemmal, we get t = z . Therefore Mt = Ut = z

Since (M, U) is weakly compatible. Then Mz = MUt = UMt = Uz =z

b) Now to prove that p(Vz, Nz) = 0, that is to show that Nz = z
Put x = xp,y = z in (iii ) we get,

Fp(UXnVZU)Fy(NZ,UXnu) Fp(UXnVZu)Fp(Nz,Vzu) Fp(UXnVZu)Fy(Nz,Vz,u)
Fp (MXn,Vz,u) ’ Fyp(MXn,Vzu) ’ Fp(Nz,UXn,u)

y

E,(Mxn, Nz, ku) = @{min [

Fp(NZVZUW)Fy(MXnVZU) Fy(MXnVZU)F, (NZ.Mxn,u)]}
Fy(Nz,Uxn,u) ’ Fp(VZ,UXn1t)

Fp(UXnzu)Fy(Nz,UXnu) Fp(UXnzu)Fp(Nz,zu) Fp(UXnzu)F,(Nz,z,u)

By (Mxp, Nz, ku) 2 ¢{min | Fp (MXnz0) T R(Mxpzw) ' E(NzUxnu)

)

Fy(Nz,z,u)Fy(MXn,zu) Fp(MXn,z,u)Fy(Nz,MXn,u)
Fy(Nz,UXn,u) ’ Fp(2,UXnu)
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Fy(z.zu)Fy(Nz,zw) Fy(z.zu)Fy(Nzzu) Fy(Uzzu)Fy(Nz.zu)
Fp(Mxpzu) ' F,(Mxpzu) Fp(Nz,z,u) ’

E,(Mxp, Nz, ku) = p{min [

Fp(Nz,zu)Fy(MXn.zu) Fp(MXn,z,u)Fp(Nz,MXnu)
Fp(Nz.zuw) ’ Fp(z.z:u)

Fy(2,zu)Fy(Nz,zw) Fy(z,zu)Fp(Nzzuw) F,(Uzzu)Fy(Nz,z,u)
! Fy(z,2.1) ! Fp(Nz,z,u) ’

Fy(Mxy, Nz, ku) = g{min [ Fp(z.z:0)

Fy(Nz,zu)Fy(z.zu) Fp(2,2u)Fy(Nz,z,u)
Fp(Nz.z,u) ’ Fp(z,z:u)

Fy(Mxy, Nz, ku) = o{min|F,(Nz,z,u), F,(Nz,z,u), F,(Uz z,u), 1, F,(Nz, z,u)|}
ButUz = z.

Fy(Mxn, Nz, ku) = {min[F,(Nz, z,u), F,(Nz,z,u), F, (2, z,u), 1, F,(Nz,z,u)|}
FE,(Mxn, Nz, ku) = p{min|F,(Nz,z,u),F,(Nz,z,u),1,1, F,(Nz,z, W]}
E,(Mxp, Nz, ku) = o{F,(Nz,z,u)}

Ey(Mxp, Nz, ku) = F,(Nz,z,u)

Since @(1) = 1, for all € (0,1], it is possible only if £,(Nz,z,u) = 1

By using Lemmal, we get Nz = z. Therefore Nz =Vz =z

Since (N, V) is weakly compatible. Then Nz =Vz =NVz=VNz =z

¢) Now to prove that p(Mz, Uz) = 0 , that is to show that Mz = z.

Putx = z,y = Y in (iii) we get,

Fp(UzVynw)Fp(NYnUzu) Fp(UzVYnu)Fp(NYnVynu) Fp(Uz,VYnu)F,(Ny,VYnu)
Fp(M2z,Vynu) ’ Fp(M2z,V ynu) ’ Fp(NYn,Uzu) ’

E,(Mz, Nyp, ku) = p{min [

Fyp(NYnVYnl) Fy (Mt VYnat) Fp(MzVYnu)Fy (Nyn.Mz.u)] }
Fp(NYn,Uz,u) ’ Fp(VynUzu)

Fy(2,2zu)Fy(NYnozw) Fp(z.2,u)Fp(NYnzu) Fyp(z,.2u)Fp(Ny.z,u)
Fp(Mz,z,u) ’ Fp(Mz.z,u) ’ Fy(NYnzu) ’

E,(Mz, Nyp, ku) = p{min [

Fy(NYnzw)Fy(Mz,zu) Fp(Mz,zu)Fy (Nyn.Mz.u)]}
Fyp(NYn.z:u) ’ Fy(z,21)

1.Fpy(NYnzu) 1.Fp(NYn.zu)
Fy(Mz,zw) ' Fp(Mz,zu)

Fp(Mz,z,u)FEy(NYn,Mz,u)
,1.1,1.Fy(Mz,z,u), % . 13

E,(Mz, Nyp, ku) = p{min [

Fy(Nynzu) Fp(NYnzu)
Fpy(Mz,zu) * Fp(Mz.zu) ’

E,(Mz, Nyp, ku) = p{min [ 1,1.E,(Mz, z,u), E,(Mz, z, u)E,(NYn, Mz, u)]}

Fy(Nynzu) Fp(NYn.zu)
Fp(zzu) ' Fp(z.zu)

E,(Mz, Nyp, ku) = p{min [ 1,1.E,(z,2,u), By (2, 2, w)E,(NYn, 2, W]}, if Mz = z.

E,(Mz, Nyp, ku) = o{min [E,(NYn, z,u), F,(NYn, z,u), 1, 1, E,(NYn, Z, 0]}, if Mz = z,
E,(Mz,Nyp, ku) = o{F,(NYn, z,u)}, if Mz = z

Since (1) = 1, for all I € (0,1], it is possible only if £, (Nyn, z,u) = 1

E,(Mz,Nyp, ku) = E,(Nyn, z,u), if Mz = z

By using Lemmal, we get z = z . Therefore Mz = Uz = z

Since (M, U) is weakly compatible. Then Mz = MUz = UMz =Uz =z
d) Now to prove that p(Vt, Nt) = 0, that is to show that Nt = z

Put x = xp,y = tin (iii ) we get,

Fp(UXn VEU)Fy(NEUXnU) Fp(UXn VEUW)Fy(NEVEW) Fy(UXnVEU)Fy(NEVEW)

E,(Mxn, Nt, ku) = ¢{min | Fp(Mxn,Vtu) ’ Fp(MXn,Vtw) ’ Fp(Nt,UXn 1) ’

Fp(NEVEUW)Fy (MXnVtL) F,,(Mxn.Vt.u)F,,(Nt,Mxn,u)]}
Fp(Nt,UXnu) ’ Fp(VEUXn,u)
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Fy(UXnzW)Fy (NELUXnw)  Fy(UXnzw)Fy (Ntzu) Fp(UXnzu)Fy(Nt.zu)
Fp(MXn,z,u) ! Fp(MXn,z,u) ’ Fp(Nz,Uxpu) '

E,(Mxp, Nt, ku) = @{min [

Fp(Nz,zu)Fy(MXn,zu) Fp(MXn,z,u)Fp(Nz,MXnu)
Fp(Nz,UXnu) ’ Fp(z.UXnu)

Fy(z.zu)Fy(Nt.zw) Fyp(2,2u)Fy(Nt.zu) Fp(Uz.zu)Fy(Ntzu)
Fy(MXnzu) ' Fp(MXpzu) Fp(Nt,zu) !

E,(Mxp, Nt, ku) = @{min [

Fp(Nt.zu)Fy(MXn.zu) Fp(MXn,zu)Fp(NtMXnu)
Fp(Nt.zu) ’ Fp(z,zu)

Fp(zzu)Fp(Nt,zu) Fp(z,2u)Fp(Nt.zu) Fp(Uz.zu)Fp(Ntzu)
’ Fy(z,z:u) ’ Fp(Nt.zu) ’

E,(Mxp, Nt, ku) = ¢{min [

Fy(z,zu)

Fp(Nt,zu)Fy(z.zu) Fp(z,:2u)F,(Nt,z,u)
Fp(Nt,zu) ’ Fp(z,z:1)

Fy(Mxy, Nt, ku) = @{min[F,(Nt, z,u), F,(Nt, z,u), F,(Uz, z,u), 1, F,(Nt, 2, W)}
ButUz = z.

E,(Mxp, Nt, ku) = p{min|F,(Nt, z,u), B, (Nt, z,w), F, (2, z,w), 1, E,(Nt, z, )]}
Fy(Mxn, Nt, ku) = p{min[F, (Nt z,u), F,(Nt, z,u), 1,1, F,(Nt, z,w) |}

Fy (M, Nt k) 2 @{F, (Nt 2,1)}

Ey(Mxp, Nt, ku) = {F,(Mxp,z,u) },if Nt = z

Since @(1) = 1, for all I € (0,1], it is possible only if £,(Mxp,z,u) =1

E,(Mxy ,Nt, ku) = E,(Mxy,z,u), if Nt = z. By using Lemmal, we get = z .
Therefore Nt =Vt =z

Since (N, V) is weakly compatible. Then Nt = NVt = VNt =Vt =z

Thus, Mz = Uz = Nz = Vz = z. Therefore M, N, U,V have a common fixed point.

Uniqueness:
Suppose t & z are two common fixed point of M, N, U,V with t # z,Then (iii )becomes

Fp(UtVzu)Fy(Nz,Utu) Fp(UtVzZu)F,(Nz,Vzu) F,(UtVz,u)Fy(Nz,Vzu)

g p (Mt, Nz, ku) = (p{min [ Fp(Mt,VzZ,1) ’ Fp(Mt,Vz,u) ’ Fyp(Nz,Utu) ’

Fp(N2VZW)F,(MtVZu) Fp(MtVzZu)Fy(Nz,Mtu)
Fp(Nz,Utu) ’ Fp(Vz,Utu)

PutMt=Ut=t,  ,Nz=Vz=z

Fp(tzu)Fy(z,tu) Fp(tzuw)Fy(zzu) Fp(tzu)Fy(z.zu)
Fp(t.zu) ! Fp(t.zu) ! Fp(ztu)

E,(t, z, ku) = p{min [

Fp(z:zW)Fp(t.zu) Fp(tzu)Fy(ztw)
Fp(z,tw) ’ Fp(z,tw) }

Fy(t,2 ku) = p{min[Fy(z t:w), 1,1, 1, Fy (6 2 W]}
E,(t, z, ku) = @{F, (2 t,u)}, Since ¢(1) = [, for all I € (0,1], it is possible only if F,(t,z,u) = 1
Fy(t,z, ku) = Fy(t, z,u)

That is ¢ = z. Hence Proved.
Generalization Theorem: Let M = {M1, M, ... .., M}, N = {N1, Ny, .. ..., Ny},
U={Uy,Uz .. Uy}, V = {V1, V3, ... ..., 1} be a self-mapping of a Fuzzy PMS (‘X’,F;,,©) with
a © 6 = a © & satisfying following conditions:
1) (M,U)and (N,V) satisfy E. A. property.
2) (M,U)and (N,V) are weakly compatible.
3) Then their exist k € (0,1), forall x,y, z€ X’ and u > 0.

Fp(Ny,Vyu)

Fp(Mx; Ny; ku) = [Fp(Ux; Vy; u) G W

O (B (U, Vy, ). By (Ny, Vy, 1)) ©
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Fp(Ny,Vyu) Fp(Ny,Mx,u)
Fp(Ny,Ux,u) Fy(Ny,Vyu)

]

Then M, N, U,V have a common fixed point.

4. Conclusion

This paper establishes a common fixed point theorem for two weakly compatible mappings in FPMS with the E.A. property. Our result
generalizes existing fixed point theorems in FPMS by relaxing the compatibility condition and introducing the E.A. property. The E.A.
property allows for more flexibility in modeling real-world problems with uncertain or imprecise data.

The main result provides a sufficient condition for the existence of a common fixed point, which is a crucial concept in fixed point theory
with numerous applications in various fields. The theorem's proof demonstrates the significance of the E.A. property in establishing the
convergence of sequences in FPMS.

Real life Example in computer is Image Compression with Fuzzy Similarity.

Imagine a situation where we want to compress an image while maintaining a degree of "fuzzy" similarity. Instead of exact pixel-by-
pixel comparison, we might want to consider how similar groups of pixels are, and how that similarity changes as we compress.

A fuzzy partial metric could model this similarity. Instead of a crisp distance, the distance between two groups of pixels could be fuzzy —
representing a range of possible similarities. This fuzzy partial metric would need to satisfy specific axioms of partial metric spaces. The
E-A property would be a condition ensuring that the compression algorithm converges to a "best" approximation of the original image
within the constraints of the fuzzy similarity. The fixed point would represent the compressed image. It's the image where the compres-
sion process, using the fuzzy partial metric, doesn't lead to a further approximation. It's the "most optimal™ image representation accord-
ing to the specific fuzzy similarity.

Future scope

e  Exploring the relationships between the E.A. property and other fuzzy partial metric space properties.
e Investigating the applications of this theorem in image processing, machine learning, and optimization problems.
e  Extending the result to more general fuzzy partial metric spaces or other fuzzy structures.
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