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Abstract 

 

Testing the lifetime of items under normal use condition often requires a long period of time, especially for products 

having high reliability. To minimize the costs involved in testing without reducing the quality of the data obtained, the 

items run at higher than usual level of stresses to induce early failures in a short time. This article concerns with 

constant–stress partially accelerated life test with multiple censored data. The life time of test item is assumed to follow 

inverted Weibull distribution. Maximum likelihood estimates are obtained for the model parameters and acceleration 

factor. In addition, asymptotic variance and covariance matrix of the estimators is given. The confidence intervals of the 

unknown parameters and acceleration factor are constructed for large sample sizes. Simulation studies are performed to 

investigate the performance of the estimators. 
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1. Introduction 

Notations 

T The lifetime of items at normal condition 

X The lifetime of items at accelerated condition 

ti  Observed lifetime of item i tested at normal condition 

xj  Observed lifetime of item j tested at accelerated condition 

n Sample size (total number of test items) 

n1, n2   Total number of test items at normal and accelerated conditions, respectively 

n1f, n2f  Number of failed items at normal and accelerated conditions, respectively  

n1c, n2c  Number of censoring items at normal and accelerated conditions, respectively 

CL Censoring level 

α, θ Inverted Weibull shape and scale parameters ( α >0), ( θ >0).  

β  Acceleration factor (β >1) 

π  The sample proportion of test items. 

 

Manufacturing designs are improving continuously due to advancement in technology; therefore, it is becoming more 

and more difficult to obtain information about lifetime of products or materials with high reliability at the time of 

testing under normal conditions. In such problems, accelerated, life test (ALT) is used to obtain information on the life 

of the products and materials in a shorter time. The experimental items are subjected to stress conditions that are more 

severe than those encountered in normal use condition to induce early failures. The failure times observed under 

overstress conditions are analyzed in terms of a model and then extrapolated to estimate the life distribution at design 

stress. 

The major assumption in ALT is that the model or the relationship between life and stress must be known or can be 

assumed to obtain estimates of a lifetime at design stress. If such a relationship is unknown or cannot be assumed, one 
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cannot apply the ALT approach. In this case, the partial accelerated life test (PALT) comes to be an alternative 

approach to study and analyze the reliability. In PALT, test items are run at both use and accelerated conditions. PALT 

is the reasonable for estimating the acceleration factor ( β > 1), which is the ratio of the hazard rate at the accelerated 

condition to that at normal condition. 

The stress loading in a PALT can be applied in various ways. They include step-stress, constant stress and random-

stress. One way to accelerate failures is constant stress in which each test item is run at either normal use condition or at 

accelerated condition only, i.e., each item is run at a constant-stress level until the test is terminated. Nelson [11] 

pointed out that the constant-stress testing has several advantages: first, it is easier to maintain a constant-stress level in 

most tests. Second, accelerated test models for constant-stress are better developed for some materials and products. 

Third, data analysis for reliability estimation is well developed. 

In life test experiments, sometimes the experiment couldn’t be under control completely because items may break 

accidentally. However, type I and type II censoring schemes don’t allow for items to be removed from the test during 

the life testing duration. Progressive censoring schemes allow for items to be removed only under control conditions. 

However, multiple censoring schemes will be good choice in this situation. Multiple censoring allows for items to be 

removed from the test at any time during the life test duration. Multiple censoring may also occur when the testing 

component fails for more than one reason. Hence type I and II censoring are special cases of multiple censoring (see 

Tobias and Trindade [12]). 

For an overview of the constant stress-partially accelerated life test (CS-PALT), there is some of the literature on 

designing PALT. Bai and Chung [3] used the maximum likelihood method to estimate the scale parameter and 

acceleration factor for the exponential distribution under two types of PALT which are step and constant stresses in case 

of type I censoring. They also considered the problem of optimally designing constant-stress PALT that terminates at a 

pre-determined time. For items having lognormally distributed lives, PALT plans were developed by Bai et al. [4]. 

Abdel-Ghani [2] considered the estimation problem of the parameters and acceleration factor for Weibull distribution 

under CS-PALT. Ismail [7] has provided the optimum design of CS-PALT under type II censoring assuming the 

lifetime at design stress has a Weibull distribution. Hassan [6] considered the estimation problem of the parameters and 

acceleration factor for items having generalized exponential distribution in CS-PALT. Ismail et al. [8] used maximum 

likelihood approach for estimating the acceleration factor and parameters for Pareto distribution based on type. I 

censored data.  

More recently, Cheng and Wang [5] presented CS-PALT for Burr XII distribution under multiple censored data. The 

performance of the maximum likelihood estimates (MLEs) of the unknown parameters was obtained by two 

maximization methods. Zarrin et al. [13] used the maximum likelihood approach for estimating the acceleration factor 

and the parameters of Rayleigh's distribution. This work was conducted under constant-stress PALT in the case of type-

I censored data. Kamal et al. [9] considered CS-PALT plan using the type-I am censoring, assuming that the lifetimes of 

a test item at use condition follow an inverted Weibull distribution. 

This paper is concerned on the estimation problem in the case of inverted Weibull distribution under CS-PALT using 

multiple censored data. The reminder of this paper is organized as follows. In Section 2 inverted Weibull, distribution is 

introduced as the lifetime model and the assumptions of the CS-PALT are described. Section 3 presents the estimates of 

the parameters and acceleration factor for the inverted Weibull distribution based on multiple censored samples. The 

asymptotic variance and covariance matrix is investigated in Section 4. In addition, confidence intervals of the unknown 

parameters are developed in Section 5. Numerical study is presented in Section 6. Finally, conclusion is presented in 

Section 7. 

2. Inverted Weibull model for CS-PALT 

This section introduces the assumed model for the product life and also fully describes the test method. 

 

2.1. Test procedure 
 

The inverted Weibull (IW) distribution is an important life test probability distribution which can be used in the 

reliability engineering discipline. The inverted Weibull distribution can be used to model a variety of failure 

characteristics such as infant mortality, useful life and wear-out periods. The IW distribution can also be used to 

determine the cost-effectiveness and maintenance periods of reliability maintenance activities (see Khan et al. [10]). 

The test procedure of CS-PALT based on multiple censored data assuming the life time item has inverted Weibull 

distribution is described as follows. 

i)  

𝑓1(𝑡𝑖) =
𝛼

𝜃
𝑡𝑖

−(𝛼+1)𝑒
−𝑡𝑖

−𝛼

𝜃 , 𝛼, 𝜃 > 0 ; 𝑖 = 1,2, … , 𝑛1                                                                                                           (1) 

 

𝐹1(𝑡𝑖) = 𝑒
−𝑡𝑖

−𝛼

𝜃 ,                                                                                                                                                                  (2) 
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Where 𝑡𝑖 is the ith observed life time of test item at normal condition. Under accelerated condition, the probability 

density and cumulative distribution functions of lifetime 𝑋 =  𝛽−1𝑇, where 𝛽 is an accelerated factor, 𝛽 > 1, take the 

following forms: 

 

𝑓2(𝑥𝑗) =
𝛼𝛽

𝜃
(𝛽𝑥𝑗)

−(𝛼+1)𝑒
−(𝛽𝑥𝑗)

−𝛼

𝜃  , 𝛼, 𝜃 > 0 , 𝛽 > 1 ; 𝑗 = 1,2, … , 𝑛2                                                                               (3) 

 

𝐹2(𝑥𝑗) = 𝑒
−(𝛽𝑥𝑗)

−𝛼

𝜃                                                                                                                                                               (4) 

 

where 𝑥𝑗 is the jth observed life time of test item at accelerated condition. 

 

2.2. Basic assumptions 
 

The basic assumptions are: 

i) The lifetimes of items 𝑇𝑖  , 𝑖 = 1,2, … , 𝑛1 allocated to normal condition are independent and identically distributed 

random variables with pdf (1). 

ii) The lifetimes of items Xj , j = 1,2, … , n2 allocated to accelerated condition are independent and identically 

distributed random variables with pdf (3). 

iii) The lifetimes Ti  and Xj are mutually independent. 

3. Maximum likelihood estimators 

Suppose that the observed values of the total lifetime T at normal condition are 
   11

...
n

t t  , and the observed values of 

the total lifetime X at accelerated condition are
   21

...
n

x x  . The likelihood function of the inverted Weibull 

distribution with multiple censored data is given by 

 

𝐿 = ∏ [𝑓1(𝑡𝑖)]
𝛾𝑖,1,𝑓 [1 − 𝐹1(𝑡𝑖)]

𝛾𝑖,1,𝑐  [𝑓2(𝑥𝑖)]
𝛾𝑖,2,𝑓𝑛

𝑖=1  [1 − 𝐹2(𝑥𝑖)]
𝛾𝑖,2,𝑐                                                                               (5) 

 

where, ,1,i f  , ,1,i c  , ,2,i f  , ,2,i c  be the indicator functions, 𝑖 = 1,2,… 𝑛, such that,  

 

(1, ) (1, )

1 1
,

0 0
i c i f

the unit censored at normal condition the unit failed at stress condition

otherwise otherwise
 

 
  
 

(2, ) (2, )

1 1
,

0 0
i c i f

the unit censored at normal condition the unit failed at stress condition

otherwise otherwise
 

 
  
 

 

 

and, 

 

,1, 1
1

n

i f f
i

n


  , ,2, 2
1

n

i c c
i

n


  , ,2, 2
1

n

i f f
i

n


  , ,1, 1
1

.
n

i c c
i

n


   

 

Substituting the probability density and cumulative distribution functions (1), (2), (3) and (4) in likelihood function (5), 

then: 

 

 𝐿 = ∏ [
𝛼

𝜃
 𝑡𝑖

−(𝛼+1)
𝑒

−𝑡𝑖
−𝛼

𝜃 ]𝛾𝑖,1,𝑓[1 − 𝑒
−𝑡𝑖

−𝛼

𝜃 ]𝛾𝑖,1,𝑐[
𝛼𝛽

𝜃
 (𝛽𝑥𝑖)

−(𝛼+1) 𝑒
− (𝛽𝑥𝑖)

−𝛼

𝜃
 ]𝛾𝑖,2,𝑓 𝑛

𝑖=1  [1 − 𝑒
− (𝛽𝑥𝑖)

−𝛼

𝜃
 ]𝛾𝑖,2,𝑐                           (6) 

 

It is usually easier to maximize the natural logarithm of the likelihood function rather than the likelihood function itself. 

Therefore, the logarithm of likelihood function (6) is  

 

 Ln L= 𝑛𝑓 ln
α

θ
- α n2f ln β -( α+1 ) [∑ γ

i,1,f
n
i=1  ln ti + ∑ γ

i,2,f
n
i=1  ln xi] - 

1

θ
[∑ γ

i,1,f
n
i=1  ti

-α
+ ∑ γ

i,2,f
n
i=1  (βxi)

-α]  

 

 + ∑ γ
i,1,c

n
i=1  ln  (1-𝑒

−𝑡𝑖
−𝛼

𝜃 ) + ∑ γ
i,2,c

 ln (1-𝑒
− (𝛽𝑥𝑖)

−𝛼

𝜃
 
)n

i=1 ,   

 

where 𝑛𝑓=𝑛1𝑓+𝑛2𝑓 
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MLEs of 𝛼 , 𝜃 𝑎𝑛𝑑 𝛽 are solutions to the system of equations obtained by letting the first partial derivatives of the total 

log-likelihood be zero with respect to 𝛼 , 𝜃 𝑎𝑛𝑑 𝛽 respectively. Therefore, the system of equations is as follows: 

 
∂ ln L

∂α
= 

𝑛𝑓

𝛼
− 𝑛2𝑓  ln β - [∑ γ

i,1,f
n
i=1  ln ti + ∑ γ

i,2,f
n
i=1  ln xi] + 

1

θ
[∑ γ

i,1,f
n
i=1  ti

-α
 ln ti + ∑ γ

i,2,f
n
i=1  (βxi)

-α ln(βxi)]  

 

-
1

θ

[
 
 
 
 

∑ γ
i,1,c

n
i=1  

t
i
-α

 ln ti 

( 𝑒

𝑡𝑖
−𝛼

𝜃  -1)

+ ∑ γ
i,2,c

 
(βxi)

-α
 ln(βxi)

( 𝑒
 (𝛽𝑥𝑖)

−𝛼

𝜃
 
 -1)

 n
i=1

]
 
 
 
 

                                                                                                             (7) 

 

∂ln L

∂θ
= -

𝑛𝑓

𝜃
+ 

1

θ
2 [∑ γ

i,1,f
n
i=1  ti

-α
+ ∑ γ

i,2,f
n
i=1  (βxi)

-α] -
1

θ
2

[
 
 
 
 

∑ γ
i,1,c

n
i=1

t
i
-α

 

( 𝑒

𝑡𝑖
−𝛼

𝜃 -1)

+ ∑ γ
i,2,c

 
(β xi)

-α

( 𝑒
(𝛽𝑥𝑖)

−𝛼

𝜃
 
- 1)

n
i=1

]
 
 
 
 

                                        (8) 

 

And 

 

𝜕 𝑙𝑛 𝐿

𝜕𝛽
= −

𝛼 𝑛2𝑓

𝛽
+ 

𝛼

𝜃 𝛽

[
 
 
 
 

∑ 𝛾𝑖,2,𝑓
𝑛
𝑖=1  ( 𝛽 𝑥𝑖)

−𝛼 − ∑ 𝛾𝑖,2,𝑐  
( 𝛽 𝑥𝑖)

−𝛼 

(𝑒
 (𝛽𝑥𝑖)

−𝛼

𝜃
 
−1)

 𝑛
𝑖=1

]
 
 
 
 

                                                                          (9) 

 

As it seems, there is no closed solution to the system of nonlinear Equations (7) to (9). So a numerical technique must 

be applied to solve these equations simultaneously to obtain 𝛼,̂ �̂�, and �̂�. 

4. Fisher information matrix 

Fisher information matrix is composed of the negative second derivatives of the natural logarithm of the likelihood 

function evaluated at the maximum likelihood estimates. The asymptotic variance-covariance matrix of the maximum 

likelihood estimators of the parameters can be approximated by numerically inverting the Fisher-information matrix F. 

Therefore, the asymptotic Fisher information matrix can be written as follows: 

 

𝐹 =  

[
 
 
 
 
 −

𝜕2 𝑙𝑛 𝐿

𝜕𝛼2 −
𝜕2 𝑙𝑛 𝐿

𝜕𝛼 𝜕𝜃
−

𝜕2 𝑙𝑛 𝐿

𝜕𝛼 𝜕𝛽

−
𝜕2 𝑙𝑛 𝐿

𝜕𝜃 𝜕𝛼 
−

𝜕2 𝑙𝑛 𝐿

𝜕𝜃2 −
𝜕2 𝑙𝑛 𝐿

𝜕𝜃𝜕𝛽 

−
𝜕2 𝑙𝑛 𝐿

𝜕𝛽 𝜕𝛼 
−

𝜕2 𝑙𝑛 𝐿

𝜕𝛽 𝜕𝜃 
−

𝜕2 𝑙𝑛 𝐿

𝜕𝛽2 ]
 
 
 
 
 

↓ (𝛼 = 𝛼,̂ 𝜃 = �̂�, 𝛽 = �̂�)  

 

The elements of the Fisher information matrix can be expressed as following: 

 

 
𝜕2 𝑙𝑛 𝐿

𝜕𝛼2 = −
𝑛𝑓

𝛼2  −
1

𝜃
[∑ 𝛾𝑖,1,𝑓

𝑛
𝑖=1  𝑡𝑖

−𝛼  (𝑙𝑛 𝑡𝑖)
2 + ∑ 𝛾𝑖,2,𝑓

𝑛
𝑖=1  (𝛽𝑥𝑖)

−𝛼 (𝑙𝑛(𝛽𝑥𝑖))
2 ]  

 

 +
1

θ

[
 
 
 
 

∑ γ
i,1,c

n
i=1 ti

-α
 (ln ti  )2 

𝑒

𝑡𝑖
−𝛼

𝜃 (1-
t
i
-α

θ
)-1

( 𝑒

𝑡𝑖
−𝛼

𝜃  -1)

2 + ∑ γ
i,2,c

 (βxi)
-α

 (ln(β xi))
2 

𝑒
(𝛽𝑥𝑖)

−𝛼

𝜃
 
(1-

( β xi)
-α

θ
)-1

(𝑒
(𝛽𝑥𝑖)

−𝛼

𝜃
 
 -1)

2  n
i=1

]
 
 
 
 

  

 

∂
2
ln L

∂θ
2 = 

nf

θ
2 - 

2

θ
3 [∑ γ

i,1,f
n
i=1  ti

-α
+ ∑ γ

i,2,f
n
i=1  (βxi)

-α] -
2

θ
3

[
 
 
 
 

∑ γ
i,1,c

n
i=1

t
i
-α

 

( 𝒆

𝒕𝒊
−𝜶

𝜽  -1)

+ ∑ γ
i,2,c

 
(βxi)

-α

(𝒆
(𝜷𝒙𝒊)

−𝜶

𝜽  
 -1)

n
i=1

]
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 -
1

θ
4

[
 
 
 
 

∑ γ
i,1,c

 n
i=1

 t
i
-2α

 𝒆
𝒕𝒊
−𝜶

𝜽  

( 𝒆

𝒕𝒊
−𝜶

𝜽  -1)

2 + ∑ γ
i,2,c

 
 (βxi)

-2α
 𝒆

(𝜷𝒙𝒊)
−𝜶

𝜽  
 

(𝒆
(𝜷𝒙𝒊)

−𝜶

𝜽  
 -1)

2
n
i=1

]
 
 
 
 

,   

 

∂
2

ln L

∂β
2 = 

α n2f

β
2  - 

α

θ β
2

[
 
 
 
 

∑ γ
i,2,f

n
i=1  (β xi)

-α- ∑ γ
i,2,c

 
( β xi)

-α
 

(𝒆
(𝜷𝒙𝒊)

−𝜶

𝜽  
 -1)

 n
i=1

]
 
 
 
 

  

 

 - 
α2

θ β
2

[
 
 
 
 

∑ γ
i,2,f

n
i=1  (β xi)

-α- ∑ γ
i,2,c

 (βxi)
-α 

𝒆
(𝜷𝒙𝒊)

−𝜶

𝜽  
 (1-

(β xi)
-α

θ
 )-1

(𝒆
(𝜷𝒙𝒊)

−𝜶

𝜽  
 -1)

2  n
i=1

]
 
 
 
 

,  

 

𝜕2𝑙𝑛 𝐿

𝜕𝜃𝜕𝛽
= −

𝛼

𝛽𝜃2
∑ 𝛾𝑖,2,𝑓

𝑛
𝑖=1  (𝛽𝑥𝑖)

−𝛼 +
𝛼

𝛽𝜃2

[
 
 
 
 

∑ 𝛾𝑖,2,𝑐  (𝛽𝑥𝑖)
−𝛼  

𝑒
(𝛽𝑥𝑖)

−𝛼

𝜃
 
 (1−

( 𝛽 𝑥𝑖)
−𝛼

𝜃
)−1

(𝑒
(𝛽𝑥𝑖)

−𝛼

𝜃
 
 −1)

2
𝑛
𝑖=1

]
 
 
 
 

,   

 

∂
2

ln L

∂β∂α
= -

 n2f

β
+ 

1

θ β

[
 
 
 
 

∑ γ
i,2,f

n
i=1  (β xi)

-α- ∑ γ
i,2,c

 
(β xi)

-α
 

(𝐞
(𝛃𝐱𝐢)

−𝛂

𝛉  
 -1)

 n
i=1

]
 
 
 
 

- 
α

θβ
∑ γ

i,2,f
n
i=1  (βxi)

-α ln(βxi)    

 

 +
α

θβ
∑ γ

i,2,c
 (β xi)

-α ln(βxi)  

𝐞
(𝛃𝐱𝐢)

−𝛂

𝛉  
 (1-

(β xi)
-α

θ
 )-1 

(𝐞
(𝛃𝐱𝐢)

−𝛂

𝛉  
 -1)

2 , n
i=1   

 

∂
2

ln L

∂α∂θ
=

1

θ
2  

[
 
 
 
 

∑ γ
i,1,c

n
i=1

t
i
-α

 ln ti 

( 𝐞

𝐭𝐢
−𝛂

𝛉  - 1)

+ ∑ γ
i,2,c

 
(β xi)

-α
 ln(β xi)

(𝐞
(𝛃𝐱𝐢)

−𝛂

𝛉  
 -1)

 - ∑ γ
i,1,f

n
i=1  ti

-α
 ln ti - ∑ γ

i,2,f
n
i=1  (β xi)

-α ln(β xi)
n
i=1

]
 
 
 
 

  

 

 -
1

θ
3  

[
 
 
 
 

∑ γ
i,1,c

n
i=1

t
i
-2α

 e

ti
−α

θ  ln ti 

( e

ti
−α

θ  -1)

2 + ∑ γ
i,2,c

(β xi)
-2α

 e
(βxi)

−α

θ
 
 ln(βxi)

(e
(βxi)

−α

θ
 
 -1)

2  n
i=1

]
 
 
 
 

 .   

 

So, an asymptotic variance covariance matrix 1( )V F   defined by inverting the Fisher information matrix F  and 

substituting ̂  for  , ̂  for   and ̂  for .
 

5. Interval estimates 

A confidence interval for the parameters is the probability that a value of the parameters will fall between an upper and 

lower bounds of a probability distribution. A confidence interval for the parameters is the probability that a value of the 

parameters will fall between an upper and lower bounds of a probability distribution. For large sample size, the 

maximum likelihood estimators, under appropriate regularity conditions, are consistent and asymptotically normally 

distributed. Therefore, the two sided approximate confidence limits for the maximum likelihood estimate ̂  of a 

population parameter ( , , )    can be constructed, such that  
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ˆ
[ ] 1 ,

ˆ( )
p z z

 


 


       

 

where, z  is 100(1 − γ 2⁄ ) the standard normal percentile, and γ is the significant level. Therefore, an approximate 

confidence limits for a population parameter   can be obtained, such that  

 
ˆ ˆ ˆ ˆ[ ( ) ( )] 1p z z                                                                                                                                               (10) 

 

where, ˆ ˆ( )L z      and ˆ ˆ( )U z     are the lower and upper confidence limits for . The two sided approximate 

confidence limits for ,   and   will be constructed with confidence levels 95 % and 99 % (see Tables 5 and 6) .  

6. Numerical study 

A simulation study is carried out to investigate the performance of the estimators for items having inverted Weibull 

distribution based on multiple censored samples. The performance of estimators has been considered in terms of their 

bias and means square error. A simulation study is performed according to the following steps via Mathcad 14: 

Step 1: Divided the total sample size n in two subsamples 

n1 = n π and n2 = (1 − π) n where π is the sample proportion. 
Step 2 Generate 

11,1 ,1... nt t   random samples of size n1 as normal condition samples from inverted Weibull 

distribution. Furthermore, Generate 
21,2 ,2... nt t   random samples of size n2 as stress condition samples from inverted 

Weibull distribution.  

Step 3: 1000 random samples of sizes 100 (50) 500 are generated from inverted Weibull distribution. The parameters' 

values are chosen as case 1 = (0.8, θ= 0.8, β= 1.2), case 2 = (α= 0.8, θ= 0.8, β= 1.4), case 3 = (α =0.6, θ=0.9, β=1.2), 

and case 4 = (α =0.6, θ=0.9, β=1.4). The selected censoring level is CL=0.4.  

Step 4: For each sample and for the selected sets of parameters, the distribution parameters and the acceleration factor 

are estimated in CS-PALT under multiple censored samples. An iterative technique is applied for solving the nonlinear 

Equations (7), (8) and (9) to get the estimates of α, θ, and β. 

Step 5: The Bias and MSE of the estimators for the distribution parameters and acceleration factor for all sample sizes 

are computed. 

Step 6: The asymptotic variance and covariance matrix of the estimators for different sample sizes are obtained. 

Step 7: The two sided confidence limits with confidence levels 0.95   and 0.99   of the acceleration factor and the 

two parameters are constructed using Equation 10 for ,   and  . 

Under multiple censored samples, simulation results are summarized in Tables (1)-(6). Tables (1) and (2) represent the 

estimate, bias and MSE for the selected sets of parameters. The asymptotic variance and covariance and standard 

deviation( σ) of the estimators are presented in Tables (3) and (4). The approximated confidence limits of the intervals 

at 95% and 99% for the parameters and the acceleration factor are displayed in Tables (5) and (6) respectively. 

From these tables, the following conclusions can be observed in the properties of the estimated parameters from the 

inverted Weibull lifetime distribution in CS-PALT:  

1) As it seems from Fig.1, the MSE of the estimates of α is stable for the four selected sets of parameters for different 

sample sizes. The MSE of the estimates of α decrease as the value of θ increases. MSE of the estimates of α for 

the set of parameters (α= 0.6, θ= 0.9, β= 1.4) has the smallest MSE with respect to the corresponding estimates of 

the other sets of parameters. 

 

 
Fig. 1: MSE of the Estimates Α for Different Sample Sizes and Different Sets of Parameters. 



78 International Journal of Advanced Statistics and Probability 

 

 
2) Considering the MSE of the estimates of θ, as the value of α increases the MSE of the estimates of θ decreases for 

the same value of β. The MSE of the estimates of θ decreases as the value of β decreases for the same values of α. 

Fig. 2 represents the MSE of the estimates of θ for the four selected set of parameters for different sample sizes. 

Cleary the MSE of the estimates of θ for the set of parameters (α= 0.8, θ= 0.8, β= 1.2) is the smallest one among 

the estimates of the other set of parameters. 

 

 
Fig. 2: MSE of the Estimates Θ for Different Sample Sizes and Different Sets of Parameters. 

 

3) As the sample size increases, the MSE for the estimates of β decreases. The MSE of the estimates of β increases as 

the value of acceleration factor increases for the same values of parameters α and θ. The MSE of the estimates of 

β for all sample sizes and for the four selected set of parameters is displayed in Fig. 3. Moreover, as the value of θ 

increases and the value of α decrease, the MSE of the estimates of β increases. As it seems from Fig. 3, the MSE 

of the estimates of β for the set of parameters (α= 0.8, θ= 0.8, β= 1.2) is the smallest one.  

 

 
Fig. 3: MSE of the Estimates Β for Different Sample Sizes and Different Sets of Parameters. 

 

1) The maximum likelihood estimates for the set of parameters (α= 0.8, θ= 0.8, β= 1.2) have the smallest biases 

among the four selected sets of data for all sample sizes.  

2) As the value of the acceleration factor increases the MSE of the estimates for the unknown parameters decreases.  

3) The covariance between estimators is the smallest one for the set of parameters (α= 0.8, θ= 0.8, β= 1.2), while the 

asymptotic variances are the smallest one for the set of parameters (α=0.6, θ= 0.9, β= 1.4).  

4) The asymptotic variances of the estimates decrease as the sample size increases. (see Tables 3 and 4). 

5) The width of the interval of the estimates decreases when the sample size increases. Also, the width of the interval 

of the estimates at 0.99   is greater than the corresponding at 0.95   (see Tables 5 and 6). 

7. Conclusion 

This paper presented a constant stress PALT for inverted Weibull distribution using multiple censored data. In a CS-

PALT, each test item is subjected to constant stress level until the censoring time is reached. The maximum likelihood 

estimates of the acceleration factor and parameters were obtained numerically. Performance of constant-stress testing 

plans and model assumptions are usually evaluated by the properties of the maximum likelihood estimates of model 
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parameters. The observed Fisher information matrix of estimators was obtained. In addition, the two-sided confidence 

limits of the model parameters were constructed. 

The bias and MSE of the estimators were obtained for four sets of parameters. For the first set of parameters, the 

maximum likelihood estimates have good statistical properties. As the sample, size increases the asymptotic variance- 

covariance of estimators decreases. Regarding the confidence interval of estimators, it can be observed that the interval 

of the estimates at 0.99 % is greater than the corresponding interval at 0.95 %. Furthermore, as a sample size increases 

the width of the interval of the estimators decreases in the confidence levels and for four sets of parameters. 

 
Table 1: The Bias And MSE of the Estimators for Different Sample Sizes 

n Parameters 

Case 1 Case 2 

(α= 0.8 , θ= 0.8, β= 1.2) (α= 0.8 , θ= 0.8, β= 1.4) 

Estimate Bias MSE Estimate Bias MSE 

100 
α 0.541 0.259 0.069 0.545 0.255 0.067 
θ 0.705 0.095 0.014 0.709 0.091 0.019 

β 1.257 0.057 0.111 1.447 0.047 0.127 

150 
α 0.538 0.262 0.070 0.539 0.261 0.069 
θ 0.712 0.088 0.011 0.708 0.092 0.011 

β 1.213 0.013 0.070 1.423 0.023 0.084 

200 

α 0.538 0.262 0.070 0.536 0.264 0.071 

θ 0.711 0.009 0.010 0.712 0.088 0.010 

β 1.211 0.011 0.047 1.407 0.007 0.066 

250 
α 0.535 0.265 0.071 0.537 0.263 0.070 
θ 0.709 0.091 0.010 0.706 0.094 0.011 

β 1.219 0.019 0.037 1.431 0.031 0.057 

300 
α 0.537 0.263 0.070 0.536 0.264 0.070 
θ 0.712 0.088 0.009 0.707 0.093 0.010 

β 1.202 0.002 0.031 1.426 0.026 0.043 

350 
α 0.535 0.265 0.071 0.536 0.264 0.070 
θ 0.711 0.089 0.009 0.708 0.092 0.010 

β 1.210 0.010 0.025 1.413 0.013 0.032 

400 
α 0.535 0.265 0.071 0.534 0.266 0.071 
θ 0.711 0.089 0.009 0.711 0.089 0.009 

β 1.202 0.002 0.024 1.417 0.017 0.032 

450 

α 0.534 0.266 0.071 0.534 0.266 0.071 

θ 0.707 0.093 0.010 0.707 0.093 0.010 

β 1.221 0.021 0.023 1.425 0.025 0.032 
500 

 

 

α 0.534 0.266 0.071 0.534 0.266 0.071 

θ 0.711 0.089 0.009 0.711 0.089 0.009 

β 1.204 0.004 0.016 1.405 0.005 0.022 

 
Table 2: The Bias and MSE of the Estimators for Different Sample Sizes 

n Parameters 

Case 3 Case 4 

(α= 0.6 , θ= 0.9, β= 1.2) (α=0.6 , θ= 0.9, β= 1.4) 

Estimate Bias MSE Estimate Bias MSE 

100 

α 0.404 0.196 0.039 0.408 0.192 0.038 

θ 0.763 0.137 0.025 0.769 0.131 0.023 

β 1.294 0.094 0.208 1.482 0.082 0.245 

150 

α 0.403 0.197 0.039 0.404 0.196 0.039 

θ 0.769 0.131 0.021 0.767 0.133 0.021 

β 1.241 0.041 0.131 1.443 0.043 0.156 

200 

α 0.403 0.197 0.039 0.404 0.196 0.039 

θ 0.768 0.132 0.020 0.769 0.131 0.020 

β 1.230 0.030 0.094 1.449 0.049 0.130 

250 

α 0.402 0.198 0.040 0.402 0.198 0.040 

θ 0.769 0.131 0.019 0.767 0.133 0.020 

β 1.210 0.010 0.065 1.437 0.037 0.093 

300 

α 0.401 0.199 0.040 0.401 0.199 0.040 

θ 0.771 0.129 0.019 0.765 0.135 0.020 

β 1.214 0.014 0.055 1.440 0.040 0.081 

350 

α 0.401 0.199 0.040 0.401 0.199 0.040 

θ 0.768 0.132 0.019 0.768 0.132 0.019 

β 1.211 0.011 0.043 1.436 0.036 0.063 

400 

α 0.401 0.199 0.040 0.401 0.199 0.040 

θ 0.769 0.131 0.019 0.769 0.131 0.018 

β 1.208 0.008 0.043 1.407 0.007 0.047 

450 

α 0.400 0.200 0.040 0.401 0.199 0.040 

θ 0.769 0.131 0.018 0.767 0.133 0.019 

β 1.211 0.011 0.037 1.411 0.011 0.049 

500 

α 0.400 0.200 0.040 0.401 0.199 0.040 

θ 0.768 0.132 0.018 0.768 0.132 0.018 

β 1.208 0.008 0.030 1.417 0.017 0.045 
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Table 3: Asymptotic Variance and Covariance Matrix of Estimators for Different Sample Sizes 

n Parameters 

Case 1 Case 2 

(α= 0.8 , θ= 0.8, β= 1.2) (α= 0.8 , θ= 0.8, β= 1.4) 
α θ β α θ β 

100 

α 0.00423 0.00016 0.00133 0.00428 0.00010 0.00340 

θ 0.00016 0.00215 -0.00783 0.00010 0.00192 -0.00634 
β 0.00133 -0.00783 0.10000 0.00340 -0.00634 0.08200 

150 

α 0.00282 0.00011 0.00082 0.00286 0.00006 0.00221 

θ 0.00011 0.00143 -0.00521 0.00006 0.00129 -0.00429 
β 0.00082 -0.00521 0.06700 0.00221 -0.00429 0.05500 

200 

α 0.00211 0.00009 0.00058 0.00214 0.00005 0.00164 

θ 0.00009 0.00106 -0.00389 0.00005 0.00096 -0.00318 
β 0.00058 -0.00389 0.05000 0.00164 -0.00318 0.04100 

250 

α 0.00170 0.00007 0.00052 0.00172 0.00004 0.00137 

θ 0.00007 0.00085 -0.00311 0.00004 0.00077 -0.00256 
β 0.00052 -0.00311 0.04000 0.00137 -0.00256 0.03300 

300 

α 0.00141 0.00006 0.00037 0.00144 0.00003 0.00114 

θ 0.00006 0.00071 -0.00259 0.00003 0.00064 -0.00213 
β 0.00037 -0.00259 0.03300 0.00114 -0.00213 0.02700 

350 

α 0.00121 0.00005 0.00038 0.00123 0.00003 0.00096 

θ 0.00005 0.00061 -0.00221 0.00003 0.00055 -0.00182 

β 0.00038 -0.00221 0.02800 0.00096 -0.00182 0.02300 

400 

α 0.00106 0.00004 0.00030 0.00107 0.00003 0.00085 

θ 0.00004 0.00053 -0.00194 0.00003 0.00048 -0.00157 
β 0.00030 -0.00194 0.02500 0.00085 -0.00157 0.02000 

450 

α 0.00094 0.00003 0.00029 0.00095 0.00002 0.00076 

θ 0.00003 0.00048 -0.00174 0.00002 0.00043 -0.00141 
β 0.00029 -0.00174 0.02200 0.00076 -0.00141 0.01800 

500 

α 0.00085 0.00003 0.00024 0.00086 0.00002 0.00068 

θ 0.00003 0.00043 -0.00156 0.00002 0.00038 -0.00126 
β 0.00024 -0.00156 0.02000 0.00068 -0.00126 0.01600 

 

 

 
Table 4: Asymptotic Variance and Covariance Matrix of Estimators for Different Sample Sizes 

n Parameters 

Case 3 Case 4 

(α= 0.6 , θ= 0.9, β= 1.2) (α=0.6 , θ= 0.9, β= 1.4) 

α θ  β α θ β 

100 

α 0.0029 0.0005 0.0030 0.0029 0.0005 0.0039 

θ 0.0005 0.0015 -0.0037 0.0005 0.0013 -0.0030 

β 0.0030 -0.0037 0.0630 0.0039 -0.0030 0.0560 

150 

α 0.0019 0.0003 0.0019 0.0019 0.0003 0.0026 

θ 0.0003 0.0010 -0.0025 0.0003 0.0009 -0.0021 

β 0.0019 -0.0025 0.0420 0.0026 -0.0021 0.0370 

200 

α 0.0014 0.0002 0.0014 0.0014 0.0002 0.0019 

θ 0.0002 0.0007 -0.0019 0.0002 0.0007 -0.0015 

β 0.0014 -0.0019 0.0320 0.0019 -0.0015 0.0280 

250 

α 0.0011 0.0002 0.0011 0.0012 0.0002 0.0016 

θ 0.0002 0.0006 -0.0015 0.0002 0.0005 -0.0012 

β 0.0011 -0.0015 0.0250 0.0016 -0.0012 0.0220 

300 

α 0.0009 0.0002 0.0010 0.0010 0.0002 0.0013 

θ 0.0002 0.0005 -0.0012 0.0002 0.0004 -0.0010 

β 0.0010 -0.0012 0.0210 0.0013 -0.0010 0.0190 

350 

α 0.0008 0.0001 0.0008 0.0008 0.0001 0.0011 

θ 0.0001 0.0004 -0.0011 0.0001 0.0004 -0.0008 

β 0.0008 -0.0011 0.0180 0.0011 -0.0008 0.0160 

400 

α 0.0007 0.0001 0.0007 0.0007 0.0001 0.0010 

θ 0.0001 0.0004 -0.0009 0.0001 0.0003 -0.0008 

β 0.0007 -0.0009 0.0160 0.0010 -0.0008 0.0140 

450 

α 0.0006 0.0001 0.0006 0.0006 0.0001 0.0009 

θ 0.0001 0.0003 -0.0008 0.0001 0.0003 -0.0007 

β 0.0006 -0.0008 0.0140 0.0009 -0.0007 0.0120 

500 

α 0.0006 0.0001 0.0006 0.0006 0.0001 0.0008 

θ 0.0001 0.0003 -0.0007 0.0001 0.0003 -0.0006 

β 0.0006 -0.0007 0.0130 0.0008 -0.0006 0.0110 
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Table 5: Confidence Bounds of the Estimates at Confidence Level at 0.95,0.99   

 

Table 6: Confidence Bounds of the Estimates at Confidence Level at 0.95,0.99   

 
Case 3 Case 4 

n Parameters 

(α= 0.6 , θ= 0.9, β= 1.2) (α=0.6 , θ= 0.9, β= 1.4) 

Confidence interval ( 

z=1.96) 

Confidence interval 

(z= 2.58 )  σ  

Confidence interval 

 ( z=1.96) 

Confidence interval 

(z= 2.58 ) σ 
Lower Upper Lower Upper Lower Upper Lower Upper 

100 

α 0.34 0.47 0.32 0.49 0.03 0.35 0.47 0.33 0.49 0.03 

θ 0.61 0.91 0.57 0.96 0.08 0.63 0.91 0.58 0.96 0.07 

β 0.42 2.17 0.14 2.44 0.45 0.53 2.44 0.22 2.74 0.49 

150 

α 0.35 0.46 0.33 0.47 0.03 0.36 0.45 0.34 0.47 0.03 

θ 0.65 0.89 0.61 0.93 0.06 0.65 0.88 0.62 0.92 0.06 

β 0.54 1.95 0.31 2.17 0.36 0.67 2.21 0.43 2.46 0.39 

200 

α 0.36 0.45 0.34 0.46 0.02 0.36 0.45 0.34 0.46 0.02 

θ 0.67 0.87 0.63 0.90 0.05 0.67 0.87 0.63 0.91 0.05 

β 0.63 1.83 0.44 2.02 0.31 0.75 2.15 0.53 2.37 0.36 

250 

α 0.36 0.44 0.35 0.45 0.02 0.36 0.44 0.35 0.45 0.02 

θ 0.68 0.86 0.65 0.88 0.05 0.68 0.85 0.66 0.88 0.04 

β 0.71 1.71 0.55 1.87 0.25 0.85 2.03 0.66 2.22 0.30 

300 

 

α 0.36 0.44 0.35 0.45 0.02 0.37 0.44 0.35 0.45 0.02 

θ 0.69 0.85 0.66 0.88 0.04 0.68 0.85 0.66 0.87 0.04 
β 0.76 1.67 0.61 0.18 0.23 0.89 1.99 0.71 2.17 0.28 

350 

α 0.37 0.43 0.36 0.45 0.02 0.37 0.44 0.35 0.45 0.02 

θ 0.69 0.84 0.67 0.87 0.04 0.70 0.84 0.67 0.86 0.04 
β 0.80 1.62 0.67 1.75 2.08 0.95 1.92 0.80 2.08 0.25 

400 

α 0.37 0.43 0.36 0.44 0.02 0.37 0.43 0.36 0.44 0.02 

θ 0.70 0.84 0.68 0.86 0.04 0.70 0.84 0.68 0.86 0.04 
β 0.80 1.61 0.67 1.74 0.21 0.98 1.83 0.85 1.97 0.22 

450 

α 0.37 0.43 0.36 0.44 0.02 0.37 0.43 0.36 0.44 0.02 

θ 0.70 0.83 0.68 0.85 0.03 0.70 0.83 0.68 0.85 0.03 
β 0.84 1.59 0.72 1.71 0.19 0.98 1.85 0.84 1.98 0.22 

500 

α 0.37 0.43 0.36 0.44 0.01 0.37 0.43 0.37 0.44 0.01 

θ 0.71 0.83 0.69 0.85 0.03 0.71 0.83 0.69 0.85 0.03 
β 0.87 1.55 0.76 1.65 0.17 1.00 1.83 0.87 1.96 0.21 

 

 

n Parameters 

Case 1 Case 2 

(α= 0.8 , θ= 0.8, β= 1.2) (α= 0.8 , θ= 0.8, β= 1.4) 
Confidence interval 

(z=1.96) 

Confidence interval (z= 

2.58 )  σ 

Confidence interval 

(z=1.96) 

Confidence interval 

(z=2.58 ) σ  
Lower Upper Lower Upper Lower Upper Lower Upper 

100 
α 0.46 0.63 0.43 0.65 0.04 0.46 0.63 0.44 0.66 0.04 
θ 0.57 0.84 0.52 0.89 0.07 0.58 0.84 0.54 0.88 0.07 

β 0.64 1.88 0.44 2.07 0.32 0.76 2.14 0.54 2.36 0.35 

150 
α 0.48 0.61 0.16 0.63 0.03 0.47 0.61 0.45 0.63 0.03 
θ 0.61 0.81 0.57 0.84 0.05 0.60 0.81 0.57 0.85 0.05 

β 0.71 1.72 0.55 1.88 0.26 0.86 1.99 0.68 2.17 0.29 

200 
α 0.48 0.60 0.46 0.62 0.03 0.48 0.59 0.46 0.61 0.03 
θ 0.62 0.80 0.59 0.83 0.05 0.62 0.81 0.59 0.84 0.05 

β 0.77 1.65 0.63 1.79 0.22 0.91 1.91 0.75 2.07 0.26 

250 
α 0.48 0.59 0.47 0.60 0.03 0.49 0.59 0.47 0.60 0.03 
θ 0.63 0.80 0.60 0.82 0.04 0.62 0.79 0.60 0.82 0.04 

β 0.83 1.61 0.70 1.74 0.20 0.97 1.90 0.82 2.04 0.24 

300 

α 0.49 0.59 0.47 0.60 0.03 0.49 0.58 0.47 0.60 0.02 

θ 0.64 0.79 0.61 0.81 0.04 0.63 0.78 0.61 0.81 0.04 

β 0.85 1.56 0.73 1.67 0.18 1.02 1.83 0.90 1.96 0.21 

350 

α 0.49 0.58 0.48 0.59 0.02 0.49 0.58 0.48 0.60 0.02 

θ 0.64 0.78 0.62 0.80 0.04 0.64 0.78 0.62 0.80 0.04 

β 0.88 1.54 0.78 1.64 0.17 1.06 1.77 0.95 1.88 0.18 

400 

α 0.49 0.58 0.48 0.59 0.02 0.49 0.58 0.48 0.59 0.02 

θ 0.65 0.78 0.63 0.80 0.03 0.64 0.78 0.62 0.80 0.04 

β 0.89 1.51 0.79 1.61 0.16 1.07 1.77 0.96 1.88 0.18 

450 

α 0.50 0.57 0.48 0.58 0.02 0.50 0.57 0.48 0.58 0.02 

θ 0.64 0.77 0.62 0.79 0.03 0.64 0.77 0.62 0.79 0.03 

β 0.93 1.51 0.84 1.60 0.15 1.08 1.77 0.97 1.88 0.18 

500 

α 0.50 0.57 0.48 0.59 0.02 0.50 0.57 0.48 0.59 0.02 

θ 0.65 0.77 0.64 0.79 0.03 0.65 0.77 0.64 0.79 0.03 

β 0.93 1.48 0.84 1.57 0.14 1.12 1.70 1.02 1.79 0.15 
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