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Abstract

The Beta distribution is a highly useful continuous probability distribution defined on the interval (0, 1) and characterized by two shape
parameters, a and . Accurate estimation of these parameters is crucial in various fields, ranging from reliability engineering to Bayesian
A/B testing and click-through rate smoothing in data science. This paper presents a comprehensive comparative analysis of three parameter
estimation frameworks: the Method of Moments (MOM), Maximum Likelihood Estimation (MLE), and Bayesian estimation via Maximum
A posteriori (MAP) under a Gamma prior. Building on previous investigations which demonstrated the superiority of MOM in small
sample sizes (N<50), this study conducts extensive Monte Carlo simulations across multiple scenarios (symmetric, skewed, and U-shaped
distributions) and sample sizes ranging from 10 to 500. Our results confirm that MOM remains computationally trivial and has lower mean
squared error (MSE) than MLE in extremely small samples (N=10), while MLE is asymptotically efficient and excels in large samples.
The Bayesian MAP estimator with a Gamma(2, 0.5) prior outperforms MLE in small-to-moderate samples in the skewed and symmetric
scenarios, with MSE reductions of roughly 90% in the most favourable case, and converges to MLE as the sample size increases. A
sensitivity analysis over six Gamma priors shows, however, that this gain depends on how well the prior is located relative to the true
parameters: poorly located priors give little improvement or are worse than MLE, most clearly in the U-shaped scenario. Convergence
diagnostics over 21,000 simulated datasets show no optimizer failures or boundary solutions for MLE or MAP and no variance violations
for MOM. We discuss these trade-offs and provide concrete recommendations for practitioners.

Keywords: Beta Distribution; Parameter Estimation; Method of Moments; Maximum Likelihood Estimation; Bayesian MAP; Monte Carlo Simulation;
Prior Sensitivity.

1. Introduction

The Beta distribution is a family of continuous probability distributions defined on the interval (0, 1) and parametrised by two positive
shape parameters, o and 3. Owing to its ability to take on a wide variety of shapes, including symmetric, highly skewed, uniform, and U-
shaped density curves, the Beta distribution is widely used to model continuous random variables restricted to a finite interval [2]. Typical
applications include modeling percentages, proportions, and physical limits such as project completion times in PERT networks, soil mois-
ture contents in hydrology, and reliability indices in engineering.

Despite its utility, estimating the parameters of the Beta distribution can be numerically challenging. Because the probability density func-
tion involves beta functions and gamma terms, direct closed-form estimation is often impossible under classical frameworks. In our previ-
ous work, Investigating the Parameters of the Beta Distribution [1], we comprehensively reviewed classical estimation techniques. We
formulated the system of likelihood equations for Maximum Likelihood Estimation (MLE) and contrasted them with the analytical Method
of Moments (MOM) estimators. A key discovery of that investigation was that MOM estimators are highly preferable for small sample
sizes (specifically samples under 50) because they are straightforward, computationally instantaneous, and avoid the numerical instability
or non-convergence that plagues the numerical maximization of the likelihood function. Conversely, MLE was shown to be superior in
large samples due to its asymptotic consistency and efficiency, achieving the Cramér-Rao lower bound on variance.

Following our 2023 study, we observed that while MOM is highly practical for manual calculation in small samples, it lacks the flexibility
to incorporate prior domain knowledge. In fields like digital advertising and clinical trials, practitioners often possess historical baseline
data or expert opinions. The need to bridge that gap directly motivated this paper using a Bayesian framework. While classical closed-form
alternatives have been recently investigated [4 - 7], they often lack the capacity to easily incorporate prior regularizing beliefs directly into
the optimization process.

In modern data science and statistical modeling, however, there is a growing need to handle small-sample regimes without sacrificing the
statistical properties that make MLE attractive. This is particularly relevant in online web applications, such as click-through rate (CTR)
estimation, Thompson Sampling for multi-armed bandit systems, and Bayesian A/B testing conducted by technology firms [3] (e.g., Etsy,
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Google, and Amazon). In these contexts, sparsity of data is a constant challenge; new articles, advertisements, or product listings have very
few impressions (low sample sizes), leading to highly noisy and unstable point estimates if classical MOM or MLE are used directly.

To address this limitation, this paper expands the scope of [1] by integrating the Bayesian paradigm. Bayesian estimation allows for the
incorporation of prior beliefs about the parameters via prior distributions, which stabilizes estimation in sparse data settings by shrinking
noisy point estimates toward a global or historical mean. Specifically, we evaluate the Maximum A posteriori (MAP) estimator under
weekly informative Gamma priors on the shape parameters. Through an extensive Monte Carlo simulation study, we evaluate the perfor-
mance of MOM, MLE, and Bayesian MAP across three shape scenarios (symmetric, highly skewed, and U-shaped) and sample sizes
ranging from 10 to 500. Because the performance of a MAP estimator necessarily depends on the prior, we also report a sensitivity analysis
over six Gamma priors and full convergence diagnostics for the numerical optimizers. This study provides statisticians and data scientists
with an evidence-based guide to choosing an estimator according to sample size, underlying population shape, and the quality of the
available prior information.

2. Mathematical Formulation of Estimators

To establish a foundation for the comparative simulation, we present the mathematical formulations for the three estimation methodologies.
LetX = {Xl,Xz' ...,XN} be an independent and identically distributed (i.i.d.) random sample of size N drawn from a Beta distribution,
denoted as X ~ Beta («, ).

The probability density function is given by:

x%"1(1-x)P-1

fx; 0, B) = Bap) 0<x<1
Wh _ T(r(@) . . .
ere B(a, B) = g the Beta function, and I'(e) Is the Gamma function.

2.1. Method of moments (MOM) estimators.

The Method of Moments matches the theoretical moments of the Beta distribution with their sample counterparts. The sample mean and
sample variance are defined respectively as

- _ 1 oN _ 1 N —
X = ﬁ2i=1 X; and s? = ﬂz'ﬂ(xi —%)?

By equating these to the theoretical mean and variance of the Beta distribution, we obtain the closed-form MOM estimators:

Qpom = X [)‘«(15;%) - 1]

Bumom = (1 —X) [@— 1]

MOM estimators are computationally trivial to evaluate and require no iterative numerical techniques. However, they suffer from two
major theoretical drawbacks. First, they are not asymptotically efficient. Second, in extremely small samples, it is mathematically possible
for the sample variance to exceed the theoretical maximum variance X(1 — %), which leads to invalid negative parameter estimates. In
practice, these must be truncated to a small positive boundary value (e.g., 107).

2.2 Maximum likelihood estimation (MLE)

Maximum Likelihood Estimation seeks to find parameter values that maximize the likelihood of the observed data. The joint log-likelihood
function for the sample is formulated as:

InL(a, B;X) = NIn['(a + B) — NIn['(a) = NIn['(B) + (a — DIN, Inx; + - 1D IN,;In (1 — x;)

Taking the partial derivatives of the log-likelihood with respect to o and 8 gives the score functions.
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Where Yi(z) = %ln[‘(z) =T"(z)/T'(z) is the digamma function. Setting both score functions to zero yields the system of likelihood equa-

tions:
Y@ - w@+p) =g Zkinx,  w(B) - w(@+p) = ;I In (1 - x).

Because this system is non-linear and coupled, it has no closed-form solution, and numerical optimization (for example, L-BFGS-B or
Newton-Raphson) is required. Newton-Raphson uses the Hessian of the log-likelihood,

A CE SRR C)) Yy (a+ ) )
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Where Y1 (z) = §’(z) is the trigamma function. H is negative definite for all a, B > 0, so the log-likelihood is strictly concave and has at
most one maximizer. As highlighted in [1], numerical optimization can nevertheless be unstable in small samples, in which case the max-
imizer may lie at very large parameter values; we therefore report convergence diagnostics explicitly (Sections 3.1 and 4.5).
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2.3. Bayesian estimation and maximum a posteriori (MAP)

Under the Bayesian paradigm, the parameters are treated as random variables. We specify independent prior distributions for a and (3.
Since shape parameters must be strictly positive, we assign them Gamma prior distributions:

a ~ Gamma(a, by) and B ~ Gamma(ay, b,)

Where the probability density of a Gamma-distributed variable is proportional to z2~* exp(—bz). According to Bayes' theorem, the joint
posterior distribution is proportional to the product of the likelihood and the priors:

p(a, B 1X) o« L(a, B; X) p(a; a3, by) p(B; az, by)
By taking the logarithm, we obtain the log-posterior distribution (excluding the normalizing constant):
Inp(a, B | X) = InL(q, B; X) + (a; — 1)Ina — by + (a, — 1)InB — b,B

We selected independent Gamma(2, 0.5) priors for both a and 8, where Gamma(a, b) denotes the shape-rate parameterization used above.
This prior has mode 2.0, mean 4.0 and standard deviation = 2.83, and places about 9% of its mass below 1. It acts as a regularizer that
prevents the numerical optimizer from drifting into extreme, unstable parameter values when the sample is small, while allowing the
likelihood to dominate as N increases. It is weakly informative for moderate shape values such as those in the skewed and symmetric
scenarios, but it is not neutral when the true shape parameters are below 1 (the U-shaped scenario). Section 4.4 therefore examines five
further Gamma priors. All priors considered have shape a = 1, so the log-prior is concave and, together with the strictly concave log-
likelihood, the log-posterior has a unique maximum. Its gradient is the score above plus (a; — 1)/a — by and (a, — 1)/B — b, For the a
and 3 components, respectively.

The Maximum A Posteriori (MAP) estimator is the mode of the joint posterior distribution, obtained by numerically maximizing the log-
posterior. The addition of the Gamma prior terms acts as a mathematical penalty or regularizer. When the sample size is small, the prior
terms prevent the estimates from taking extreme values, substantially reducing the variance of the estimator. As the sample size N grows,
the likelihood term dominates the prior terms, and the Bayesian MAP estimator converges to the classical MLE.

3. Monte Carlo simulation methodology

To rigorously evaluate the comparative performance of MOM, MLE, and Bayesian MAP estimators, we designed and executed a large-

scale Monte Carlo simulation in Python. The simulation was structured around three key shape scenarios representing diverse distributional

properties:

1) Skewed Scenario (a = 2.0,3 = 5.0): Represents a highly right-skewed distribution, typical of CTR and conversion rate data in web
systems.

2) Symmetric Scenario (a = 2.0, = 2.0): Represents a symmetric, unimodal bell-shaped distribution centered at 0.5.

3) U-Shaped Scenario (a = 0.5, = 0.5): Represents a U-shaped distribution where data is heavily concentrated near the boundaries
(0 and 1).

For each scenario, we simulated datasets of varying sample sizes, capturing both small and large-sample behaviors: N €

{10,20,30,50,100,250,500}. Each experimental condition was replicated R = 1,000 times to ensure stable statistical metrics. For the

Bayesian MAP estimator, we assigned weakly informative Gamma priors on both shape parameters with parameters a; = a, = 2.0 and b,

=b, = 0.5. This Gamma prior has a mode of 2.0 and a mean of 4.0, which reflects a mild, positive-support regularizer centered in the

typical range of shape parameters without being overly restrictive.

The performance of each estimator was rigorously evaluated using two key metrics: Bias and Mean Squared Error (MSE). These are

defined respectively as follows (using 0 to represent either parameter):

3.1. Computational implementation and convergence diagnostics.

All estimators were implemented in Python using NumPy and SciPy. MOM was computed in closed form; whenever the sample variance
violated s? < X(1 — %) (so that the bracketed term in Section 2.1 was non-positive), the estimate was truncated at 10~5 and the replication
was recorded as a MOM variance violation. MLE and MAP were obtained by minimizing the negative log-likelihood and the negative log-
posterior, respectively, with the L-BFGS-B algorithm (copy.optimize.minimize), using the analytic gradients of Sections 2.2 and 2.3, box
constraints 107> < «, B < 1000 and at most 500 iterations. Every optimization was started from two initial values, the (truncated) MOM
estimate and (a, B) = (1,1), and the solution with the smaller objective value was retained. Because the objective has a unique optimum
(Sections 2.2 and 2.3), the second start serves as a check on the optimizer rather than as a search for a global optimum.

For every fit we recorded (i) non-convergence, when the optimizer reported failure for the retained solution; (ii) a boundary solution, when
either estimate was within 10~* of the lower bound or within 1% of the upper bound; and (iii) start disagreement, when fewer than both
starting values converged. Within each scenario, sample size and replication, the same simulated dataset was supplied to every estimator
and every prior, so all comparisons are paired, and random seeds were fixed for reproducibility. The results are summarized in Section 4.5.

3.2. Design of the prior sensitivity analysis.

The baseline analysis uses a single Gamma(2, 0.5) prior for both shape parameters. To assess robustness to this choice, the whole simulation
was repeated, on the same datasets, with the five additional priors listed in Table 4, applied to both parameters. They include a vague prior
(Gamma(l, 0.1)), priors centered at or below the true values in the skewed and symmetric scenarios (Gamma(l, 1), Gamma(2, 1)), and
priors centered well above them (Gamma(2, 0.1), Gamma(5, 1)); Gamma(l, 1) is also the prior closest to the U-shaped truth. Performance
is summarized for each prior by the mean of MSE(®) and MSE(p).
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Bias(8) = 2XR., (8, — ) and MSE(8) = 1%, (8, - 6)°

4. Simulation Results

The empirical findings of our Monte Carlo simulation are informative. Below, we present the quantitative results for the three distributional
scenarios. Let us first examine the right-skewed scenario, which represents a highly common distributional shape in industrial data science
applications.

4.1. Right-Skewed Scenario (a = 2.0, = 5.0)

Table 1 summarizes the mean estimates, bias, and MSE of the three estimation methodologies across all sample sizes for the skewed
distribution.

Table 1: Mean Estimates, Bias, and MSE For the Right-Skewed Scenario (A = 2.0, B = 5.0). Bayes-MAP Uses the Gamma(2, 0.5) Prior

N Method Mean o (true=2.0) Mean f (true=5.0) Bias o Bias B MSE a MSE B
10 Bayes-MAP 1.965 4.667 -0.035 -0.333 0.294 1.487
10 MLE 2.810 7.174 0.810 2.174 3.644 23.043
10 MOM 2.517 6.431 0.517 1.431 2.811 18.296
20 Bayes-MAP 1.979 4.863 -0.021 -0.137 0.211 1.345
20 MLE 2.295 5.852 0.295 0.852 0.622 4.682
20 MOM 2.180 5.548 0.180 0.548 0.598 4.433
30 Bayes-MAP 2.000 4.947 0.000 -0.053 0.185 1.194
30 MLE 2.201 5.575 0.201 0.575 0.394 2.837
30 MOM 2.122 5.368 0.122 0.368 0.399 2.818
50 Bayes-MAP 2.010 4.983 0.010 -0.017 0.123 0.863
50 MLE 2.121 5.334 0.121 0.334 0.192 1.416
50 MOM 2.072 5.207 0.072 0.207 0.196 1.384
100 Bayes-MAP 2.004 4.995 0.004 -0.005 0.067 0.448
100 MLE 2.055 5.157 0.055 0.157 0.082 0.569
100 MOM 2.042 5.120 0.042 0.120 0.095 0.630
250 Bayes-MAP 2.005 4.996 0.005 -0.004 0.028 0.194
250 MLE 2.024 5.058 0.024 0.058 0.030 0.212
250 MOM 2.017 5.038 0.017 0.038 0.035 0.234
500 Bayes-MAP 2.000 4.997 -0.000 -0.003 0.015 0.104
500 MLE 2.009 5.028 0.009 0.028 0.015 0.108
500 MOM 2.005 5.017 0.005 0.017 0.018 0.122

The quantitative findings in Table 1 reveal an extraordinary performance advantage for the Bayesian MAP estimator in small samples. For
N = 10, the classical Maximum Likelihood Estimator exhibits massive instability, resulting in a Mean Squared Error of 3.644 for a and a
staggering 23.043 for . While the Method of Moments is slightly more stable than MLE, its MSE is still very high (2.811 for a and 18.296
for B). In contrast, the Bayesian MAP estimator achieves an MSE of only 0.294 for a and 1.487 for 3, a reduction in MSE of roughly 90-
94% relative to the two classical frameworks. This demonstrates the profound stabilizing impact of weakly informative priors in the sparse-
data regime.

Mean Squared Error (MSE) Comparison: Skewed Scenario
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Fig. 1: Mean Squared Error (MSE) Comparison for Skewed Scenario (o = 2.0, f = 5.0).

4.2. Symmetric scenario (o = 2.0, = 2.0)

Table 2 presents the statistical metrics for the symmetric bell-shaped distribution across sample sizes.
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500
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Table 2: Mean Estimates, Bias and MSE For the Symmetric Scenario (A =2.0, B =2.0). Bayes-MAP Uses the Gamma(2, 0.5) Prior

N Method Mean a (true=2.0) Mean B (true=2.0) Bias a Bias 8 MSE a MSE B
10 Bayes-MAP 2372 2.395 0.372 0.395 0.794 0.837
10 MLE 2.764 2.791 0.764 0.791 3.304 3272
10 MOM 2.365 2.391 0.365 0.391 2310 2252
20 Bayes-MAP 2.251 2.247 0.251 0.247 0.427 0.443
20 MLE 2.339 2.336 0.339 0.336 0.701 0.736
20 MOM 2.162 2.160 0.162 0.160 0.588 0.615
30 Bayes-MAP 2.180 2.182 0.180 0.182 0.290 0.313
30 MLE 2.220 2.222 0.220 0.222 0.398 0.424
30 MOM 2.108 2.111 0.108 0.111 0.343 0.371
50 Bayes-MAP 2.129 2.123 0.129 0.123 0.172 0.171
50 MLE 2.144 2.137 0.144 0.137 0.204 0.202
50 MOM 2.068 2.062 0.068 0.062 0.193 0.194
100 Bayes-MAP 2.062 2.061 0.062 0.061 0.084 0.085
100 MLE 2.065 2.065 0.065 0.065 0.090 0.091
100 MOM 2.029 2.030 0.029 0.030 0.091 0.094
250 Bayes-MAP 2.019 2.016 0.019 0.016 0.028 0.031
250 MLE 2.020 2.017 0.020 0.017 0.029 0.031
250 MOM 2.009 2.005 0.009 0.005 0.032 0.034
500 Bayes-MAP 2.009 2.009 0.009 0.009 0.014 0.015
500 MLE 2.009 2.009 0.009 0.009 0.014 0.015
500 MOM 2.002 2.002 0.002 0.002 0.015 0.016

In the symmetric scenario (Table 2), we see a similar stabilizing trend. At N = 10, the classical MLE has high MSE (3.304 and 3.272),
whereas Bayesian MAP controls the error variance, producing a significantly lower MSE (0.794 and 0.837). MOM is reasonably stable
here but exhibits a larger variance than the MAP estimator. As N grows, the results of all three methods merge.

Mean Squared Error (MSE) Comparison: Symmetric Scenario
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Fig. 2: Mean Squared Error (MSE) Comparison for Symmetric Scenario (o= 2.0, p = 2.0).
4.3. U-Shaped Scenario (a = 0.5, § = 0.5)

Table 3 summarizes the performance metrics for the U-shaped distribution scenario.

Table 3: Mean Estimates, Bias and MSE for the U-Shaped Scenario (A = 0.5, B =0.5). Bayes-MAP Uses the Gamma(2, 0.5) Prior

N Method Mean a. (true=0.5) Mean B (true=0.5) Bias a Bias B MSE a MSE B
10 Bayes-MAP 0.774 0.763 0.274 0.263 0.243 0.224
10 MLE 0.683 0.672 0.183 0.172 0.217 0.200
10 MOM 0.542 0.534 0.042 0.034 0.175 0.185
20 Bayes-MAP 0.613 0.622 0.113 0.122 0.050 0.055
20 MLE 0.566 0.573 0.066 0.073 0.037 0.041
20 MOM 0.504 0.511 0.004 0.011 0.040 0.043
30 Bayes-MAP 0.562 0.568 0.062 0.068 0.025 0.025
30 MLE 0.531 0.537 0.031 0.037 0.020 0.020
30 MOM 0.493 0.496 -0.007 -0.004 0.027 0.024
50 Bayes-MAP 0.544 0.540 0.044 0.040 0.013 0.012
50 MLE 0.525 0.521 0.025 0.021 0.011 0.010
50 MOM 0.502 0.498 0.002 -0.002 0.014 0.013
100 Bayes-MAP 0.523 0.522 0.023 0.022 0.005 0.005
100 MLE 0.514 0.513 0.014 0.013 0.005 0.005
100 MOM 0.501 0.500 0.001 0.000 0.006 0.006
250 Bayes-MAP 0.507 0.507 0.007 0.007 0.002 0.002
250 MLE 0.503 0.504 0.003 0.004 0.002 0.002
250 MOM 0.500 0.500 -0.000 0.000 0.003 0.003
500 Bayes-MAP 0.507 0.505 0.007 0.005 0.001 0.001
500 MLE 0.505 0.504 0.005 0.004 0.001 0.001

500 MOM 0.503 0.501 0.003 0.001 0.001 0.001
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In the U-shaped scenario (Table 3), where the true shape values are small (a = = 0.5), the Gamma(2, 0.5) prior, whose mode is 2.0,
pulls the estimates upward and introduces a positive bias in small samples (mean bias of about +0.27 at N = 10, against +0.18 for MLE
and +0.04 for MOM). Consequently, MOM and MLE have lower MSE than Bayes-MAP at N = 10, and MLE also has lower MSE than
Bayes-MAP at N = 20, 30 and 50 (for example 0.037 versus 0.050 for o at N = 20). The differences become negligible only from N =
100. In this scenario,, the prior is therefore a liability rather than an asset in small samples, and the favorable behavior seen in Tables 1
and 2 should not be extrapolated to it; this is examined further in Section 4.4.

Mean Squared Error (MSE) Comparison: U-Shaped Scenario
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Fig. 3: Mean Squared Error (MSE) Comparison for U-Shaped Scenario (a« = 0.5,  =0.5).
4.4. Prior sensitivity analysis
Table 4 lists the six priors and Table 5 reports the mean MSE of the three estimators under each of them. All comparisons are paired: the
same datasets are used for every row of a given scenario and sample size. The Gamma(2, 0.5) rows of Table 5 reproduce Tables 1-3 up to

Monte Carlo error, since they come from an independent set of random datasets.

Table 4: Gamma Priors Used in the Sensitivity Analysis (Shape-Rate Parameterization, Applied to Both A and B).

Prior (shape, rate) Mode Mean SD Prior mass below 1 Role

Gamma(2, 0.5) 2.0 4.0 2.83 9.0% Baseline (Sections 2-4.3)
Gamma(l, 0.1) 0.0 10.0 10.00 9.5% Vague (exponential)
Gamma(l, 1) 0.0 1.0 1.00 63.2% Exponential, centred low
Gamma(2, 1) 1.0 2.0 1.41 26.4% Moderate, centred low
Gamma(2, 0.1) 10.0 20.0 14.14 0.5% Diffuse, centred high
Gamma(5, 1) 4.0 5.0 2.24 0.4% Informative, centred high

Table 5: Mean MSE (Average of MSE(d) and MSE(f)) of MLE, MOM and Bayes-MAP Under Six Gamma Priors.

Estimator N=10 N=20 N =30 N =50 N =100 N =250 N =500
Right-skewed (o =2.0, § =5.0)

MLE 17.56 3.215 1.566 0.784 0.356 0.120 0.056
MOM 13.15 2.845 1.515 0.801 0.366 0.135 0.062
MAP, Gamma(2, 0.5) 0.964 0.882 0.666 0.492 0.276 0.109 0.054
MAP, Gamma(l, 0.1) 4.603 1.998 1.154 0.665 0.325 0.116 0.055
MAP, Gamma(l, 1) 4.085 2.003 1.223 0.708 0.313 0.116 0.057
MAP, Gamma(2, 1) 2.128 1.144 0.752 0.505 0.261 0.107 0.054
MAP, Gamma(2, 0.1) 13.29 3.871 1.918 0914 0.393 0.126 0.057
MAP, Gamma(5, 1) 0.992 0.892 0.694 0.506 0.289 0.112 0.054
Symmetric (o = 2.0, B =2.0)

MLE 3.717 0.675 0.395 0.202 0.076 0.030 0.016
MOM 2.641 0.571 0.343 0.192 0.083 0.032 0.017
MAP, Gamma(2, 0.5) 0.845 0.409 0.294 0.172 0.071 0.029 0.016
MAP, Gamma(l, 0.1) 1.826 0.529 0.336 0.184 0.073 0.029 0.016
MAP, Gamma(l, 1) 0.507 0.278 0.180 0.124 0.062 0.027 0.015
MAP, Gamma(2, 1) 0.267 0.210 0.167 0.121 0.060 0.027 0.015
MAP, Gamma(2, 0.1) 4.874 1.002 0.560 0.258 0.088 0.032 0.016
MAP, Gamma(5, 1) 2.138 0.907 0.605 0.300 0.104 0.035 0.017
U-shaped (a = 0.5,  =0.5)

MLE 0.178 0.043 0.024 0.012 0.0050 0.0017 0.0009
MOM 0.130 0.043 0.026 0.015 0.0066 0.0025 0.0013
MAP, Gamma(2, 0.5) 0.211 0.056 0.029 0.015 0.0055 0.0018 0.0009
MAP, Gamma(l, 0.1) 0.152 0.040 0.023 0.012 0.0049 0.0017 0.0009
MAP, Gamma(l, 1) 0.053 0.027 0.018 0.010 0.0046 0.0016 0.0008
MAP, Gamma(2, 1) 0.126 0.044 0.025 0.013 0.0052 0.0017 0.0009
MAP, Gamma(2, 0.1) 0.345 0.069 0.033 0.016 0.0057 0.0018 0.0009
MAP, Gamma(5, 1) 0.707 0.166 0.073 0.031 0.0090 0.0023 0.0010

Shaded cells: MAP has a larger mean MSE than MLE. The highlighted rows are the baseline Gamma(2, 0.5) prior. Each cell is based on
1,000 replications.
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Skewed scenario. At N = 10 five of the six priors reduce the mean MSE relative to MLE by between 74% (Gamma(1, 0.1)) and 95%
(Gamma(2, 0.5)). Only the diffuse, upward-centred Gamma(2, 0.1) gives a small gain (24%), and by N = 20 it is 20% worse than MLE.
The gains of the better-located priors persist at N = 50 (Gamma(2, 0.5), Gamma(2, 1) and Gamma(5, 1) reduce MSE by 36% to 37%) and
are small by N = 250.

Symmetric scenario. Gamma(2, 1), Gamma(1l, 1) and Gamma(2, 0.5) reduce MSE at N = 10 by 93%, 86% and 77%, respectively. The
diffuse, upward-centred Gamma(2, 0.1) is 31% worse than MLE at N = 10, and at N = 20 both Gamma(2, 0.1) and the informative
Gamma(5, 1) are worse than MLE (49% and 34% higher MSE).

U-shaped scenario. Here the baseline prior is a poor choice: Gamma(2, 0.5) has 18% higher mean MSE than MLE at N = 10 and 32%
higher at N = 20, and the informative Gamma(5, 1) prior has 3.9 times the MSE of MLE at N = 20. Only Gamma(1, 1), the prior with
most mass near the true value 0.5, improves on MLE at every sample size up to N = 100, reducing MSE by 70% at N = 10. The positive
small-sample bias of the baseline prior is also visible: at N = 10 the mean bias of the baseline MAP estimator is +0.25, against +0.16 for
MLE.

By N = 500 the MSE of MLE and of all priors except Gamma(5, 1) agree to within about 7%, and the differences between estimators have
narrowed considerably by N = 100; the strongly informative Gamma(5, 1) prior remains up to about 17% worse than MLE at N = 500 in
the symmetric and U-shaped scenarios. The size of the MAP advantage is therefore governed by how well the prior is located relative to
the true parameters and by how small the sample is: when the prior has substantial mass near the truth the gain can be large, but a prior
centred in the wrong place can make MAP worse than MLE or MOM. The roughly 90% MSE reduction reported for the skewed scenario
in Table 1 should accordingly be read as the outcome for a prior whose mean (4.0) lies between the true values a = 2 and § = 5, and not
as a general property of MAP estimation with weakly informative priors.

4.5. Convergence and boundary diagnostics

Table 6 reports the diagnostics defined in Section 3.1, aggregated over the seven sample sizes. Across the 21,000 simulated datasets, L-
BFGS-B reported convergence for every one of the 147,000 MLE and MAP fits (one MLE fit and six MAP fits per dataset); no estimate
lay on a bound, and both starting values converged in every case. No MOM variance violation (and hence no truncation at 10~%) occurred
in any dataset, although such violations are possible in principle in very small samples. In our implementation, therefore, the poor small-
sample performance of MLE and MOM seen in Tables 1 and 2 is statistical rather than numerical: it arises from very large and highly
variable estimates (for instance, the mean MLE of 3 at N = 10 in Table 1 is 7.17 against a true value of 5.0), not from failed optimizations
or boundary truncation. This conclusion is specific to the implementation used (analytic gradients, box-constrained L-BFGS-B and a mo-
ment-based starting value); optimizers without gradients, without bounds or with poor starting values may fail more often in small samples,
as noted in [1].

Table 6: Numerical Diagnostics, Aggregated Over N = 10, 20, 30, 50, 100, 250, 500 (1,000 Replications Each). MLE: 7,000 Fits Per Scenario; MAP: Six
Priors, 42,000 Fits Per Scenario

Scenario Da- MOM variance vi-  MLE non-con- MI_HE boundary so-  MAP non-con- M/_\P boundary so-  Start disa-
tasets olations vergence lutions vergence lutions greement

Right- 7000 0 0 0 0 0 0

skewed

Symmetric 7,000 0 0 0 0 0 0

U-shaped 7,000 0 0 0 0 0 0

Total 21,000 0 0 0 0 0 0

5. Discussion & Practical Implications

The simulation results offer several insights that bridge classical statistics and modern data science. In our previous study, [1] established
that the Method of Moments is preferable to MLE for small sample sizes because it is simpler and more numerically stable. Tables 1-3 are
consistent with the accuracy side of that recommendation: at N = 10 MOM has a lower MSE than MLE in all three scenarios. The present
results show, however, that the choice is not confined to the frequentist pair. For small samples, the Bayesian MAP estimator with the
Gamma(2, 0.5) prior has a lower MSE than both MOM and MLE in the skewed and symmetric configurations, by a wide margin for N <
20 and by roughly 10-55% for 30 < N < 50 (Tables 1 and 2). In the U-shaped configuration, the same prior does worse than MLE and
MOM up to N = 50 (Table 3), so the advantage is not uniform across shapes.

The mechanism is straightforward. In small samples, the sample variance can fluctuate widely, which makes the MOM estimates occa-
sionally very large (or, rarely, invalid), and the likelihood surface of the MLE is flat along the direction of large shape values, so that
estimates are inflated and highly variable (Tables 1 and 2). The diagnostics of Section 4.5 show that this is not a failure of the optimizer:
the optimizations converged in all cases. The Gamma prior adds a smooth penalty that pulls the estimates away from extreme values; this
shrinkage reduces variance at the price of some bias. It pays off when the prior is centered reasonably near the true parameters, as in the
skewed scenario at N = 10, where the MSE is reduced by roughly 90% (Table 1), and it costs accuracy when the prior is centered far from
them, as in the U-shaped scenario (Table 3) and for the poorly located priors in Table 5.

The Bayesian MAP estimator also converges to the classical MLE. As the sample size increases (N = 100the contribution of the prior
terms in the log-posterior diminishes, and by N = 500 the mean, bias and MSE of MAP and MLE are virtually identical in Tables 1, 2 and
3, and the MSE agrees to within about 7% for five of the six priors in Table 5 (the strongly informative Gamma(5, 1) prior remains up to
about 17% above MLE in the symmetric and U-shaped scenarios). In the settings studied, a practitioner who uses MAP therefore pays no
penalty in large samples. In small samples, however, the outcome depends on the prior, which is why we recommend that the sensitivity
of the estimates to the hyperparameters is always examined, as done in Section 4.4.

This study has limitations. Only independent Gamma priors on the two shape parameters were considered, with six hyperparameter settings;
MAP (the posterior mode, which is not invariant to re-parameterization) was studied rather than the posterior mean or fully Bayesian
inference; three parameter configurations and 1,000 replications per condition were used, so differences of a few per cent between estima-
tors should not be over-interpreted; and the convergence diagnostics refer to the specific optimizer configuration described in Section 3.1.
These trade-offs have direct, practical implications in industrial data science. Modern e-commerce and advertisement platforms frequently
use Beta-Binomial models to estimate click-through rates (CTR) and user engagement. In these systems, estimating the Beta hyperparam-
eters (a, B) from noisy and sparse click data is a core task (often called Empirical Bayes or rate smoothing, as seen at companies like Etsy).
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Our research indicates that using a pure MLE or MOM to estimate these hyperparameters can lead to highly volatile results for new listings
or items with few impressions. Assigning weak priors and utilizing a Bayesian MAP approach can give more stable CTR estimates, pro-
vided the prior is chosen with care, and so supports fairer and more robust content ranking and recommendation algorithms.

6. Conclusion

This study has presented a comparative analysis of the Method of Moments, Maximum Likelihood Estimation, and Bayesian Maximum A
Posteriori estimators for the parameters of the Beta distribution. Our simulation results confirm and extend the classical findings of [1].
MOM remains a computationally trivial alternative for quick approximations, and MLE remains the standard for large-sample frequentist
analysis. With the Gamma(2, 0.5) prior, Bayesian MAP achieves a substantial reduction in MSE in small samples when the prior is rea-
sonably located (up to roughly 90% in the highly skewed case) and converges to MLE as the sample size increases. The sensitivity analysis
shows, however, that this advantage is conditional: priors that are centered far from the true parameters give little gain or are worse than
MLE and MOM, as the U-shaped scenario illustrates. Numerical diagnostics showed no optimizer failures or boundary solutions for MLE
or MAP and no MOM variance violations in 21,000 datasets.

We therefore recommend that practitioners consider Bayesian MAP estimation in sparse-data applications such as CTR estimation, Thomp-
son Sampling, and small-scale clinical trials when genuine prior information is available, that they choose the prior so that its mass covers
the plausible range of the shape parameters (in particular not centered above small shape values), and that they report how the estimates
change under alternative priors. When no such information exists, MOM or MLE, or a vague prior, are safer choices in small samples.
Future research can explore fully Bayesian MCMC inference to capture the whole posterior distribution, empirical-Bayes choice of the
hyperparameters, and further priors, such as Jeffreys’ prior or non-informative flat priors.
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