International Journal of Advanced Mathematical Sciences, 12 (1) (2026) 1-8

International Journal of Advanced Mathematical Sciences

SPC

Website: www.sciencepubco.com/index.php/IJAMS
doi: https://doi.org/10.14419/thxarl 12
Research paper

The Randic Spectra of variants of corona of two regular graphs

Sebina Mathew C!* and Satheesh E.N?

| Department of Mathematics, All Saints’ College, Thiruvanathapuram - 695007 , India, and NSS Hindu College Changanassery- 686102 ,
India
2Department of Mathematics, NSS Hindu College, Changanassery, kottayam - 686102 , India
* E-mail:sebinayesu@ gmail.com

Abstract

Let G be a graph with vertex set V = {v|,vy,v3,...,v,}. Let d; represent the degree of v; in G. We compute the Randic spectrum of
neighborhood corona, extended corona, extended neighborhood corona, Identity extended corona, Identity extended neighborhood corona of
two graphs G and G in terms of the adjacency spectrum of G and G».
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1. Introduction

In this work we exclusively consider simple graph G = (V, E) with n vertices and m edges refer [1, 2, 3, 4, 5]. LetV =
{vi,v2,v3,...,v,} be the vertex set of G. The adjacency matrix of G, denoted by A(G), is defined as A(G) = (a;j)nxn Where

1 ifvivj S E(G)
@ =
Y 0 otherwise

For a given matrix M of size n, the characteristic polynomial of M is given by
O(M;x) =det(xI, — M).

where I, is the identity matrix of size n. The values A1, A2, ..., A, are the roots of ¢ (A(G);x) = det(xI, — A(G)) = 0 which are
usually referred as the Eigen values of the graph G.

For every vertex v; € V, let d; represent the degree of v; in G. If the vertices v; and v; are adjacent we denote v;v; € E(G).
The molecular structure-descriptor, Randic index, [12, 13, 14, 15, 16, 17, 18, 19] was put forward by Milan Randic in 1975

and is defined as |

idj

i~
Y~ indicates summation over all pairs of adjacent vertices v; v;.
The concept of Randi¢ matrix [22] was introduced by Rodriguez in 2005. It is a matrix representation of a graph that encodes
information about the graph’s structure and connectivity. The Randic matrix R(G) = (r;;) is defined by

] .
—— ifviv; € E(G
rij:{ Vidj ©)

0 otherwise
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In [22] Rodriguez extended this idea to spectral graph theory, giving rise to the Randi¢ characteristic polynomial and its corre-
sponding Randi¢ Eigen value. The Randi¢ spectrum is the set of eigenvalues of the Randic matrix. Studying these eigenvalues
help to understand the structure, symmetry, and behavior of graphs. The Randi¢ spectra provides a unique perspective on graph
structure, enabling researchers to extract valuable information about the graph’s properties and behavior. Mathematicians later
applied these ideas in the field of research and many results were developed [12, 13, 14, 15, 16, 17, 18, 19]. Its applications in
various fields prove it to be an important area of research in graph theory even today [18, 19, 20, 21].

The corona of two graphs is defined in [7, 8] and the variation of corona in [9, 10], along with its spectrum is discussed. Here
we compute the Randic spectrum of neighborhood corona, extended corona, extended neighborhood corona, Identity extended
corona, Identity extended neighborhood corona of two graphs G| and G, in terms of the adjacency spectrum of G| and G;. It
helps us to understand properties of these new graphs, which is useful in more complex chemical compounds and complex
networks.

2. Preliminaries

In this section, the definitions and the lemma that are useful to prove the main results are stated.

We use the following definitions.

Definition 2.1. [9] "The neighborhood corona of G and G, denoted by G| * G, is the graph obtained by taking one copy of
G\ and ny copies of Gy and joining every neighbor of the i'" vertex of Gy to every vertex in the i'" copy of G.”

Definition 2.2. [10] "The extended corona G| ® G, of two graphs G| and G is a graph obtained by taking the corona G| o G;
and joining each vertex of i'" copy of Gy to every vertex of j' copy of G» provided the vertices v; and v j are adjacent in G1.”

Definition 2.3. [/0] "The extended neighborhood corona G * G, of two graphs G| and G, is a graph obtained by taking the
neighborhood corona Gy x G, and joining each vertex of it copy of Gy to every vertices of j'* copy of G, provided the vertices

vi and v; are adjacent in G.”

Definition 2.4. [11] "The identity extended corona (G o G2) of two graphs G| and G is the graph obtained by taking the
corona G1 o Gy and joining the vertex vy, of i'" copy of G» to the vertex v ik of j" copy of G, provided the vertices v; and v j are
adjacent in G1.”

Definition 2.5. [11] "The identity extended neighborhood corona I,,(G1 x Gy) of two graphs G| and G, is the graph obtained
by taking the neighborhood corona Gy G, and joining the vertex vy, of i copy of Gy to the vertex v ik of j" copy of G»
provided the vertices v; and v; are adjacent in G1.”

In this paper, suppose that J denotes the a X b matrix all entries equal to one and J’ is obtained by replacing every entry of J,xp
by zero except the first element of the first row.

For a matrix M of order n we denote 1, and J,,x,, the column vector of size n and matrix of size m x n with all the entries equal
to one . M- coronal [4, 6] [);(1) is defined to be the sum of entries of matrix (A1 —M)~! ie

Cy(A) =15(A1—M)711,.
If M has constant row sum t then I'ys(4) = 7~

The kronecker product [6] A ® B of two matrices A = (a;j)nxm and B = (b;;) yx4 is the np x mq matrix obtained from A by
repalcing each element a;; by a;;B. Then

1. ® is an associative operation.

2. (AeB)T =AT @B

3. (A®B) '=A"1@B"!

4. If Aisann x nand B is an p X p, then det(A ® B) = (detA)? (detB)"

Lemma 2.1. [4] Let M|, M>, M3, My be respectively p X p, p X q, q X p, q X q matrices with M| and My invertible. Then

My M, 1
det <M3 M4> = det(M4) -det (M] — MMy M3)

=det(M)) - det (M4 — MsM, _le)
where My — MaMy~"M5 and My — MsM; "M, are called Schur complement of My and M respectively.

All graphs considered in this paper are simple.
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3. Randic Spectra of neighborhood corona

If the Adjacency spectra of two graphs G and G, are known then we calculate the Randic spectra of their neighbourhood
corona G x G».

Theorem 3.1. Let Gy be a r regular graph on ny vertices and Gy be a ry -regular graph on ny vertices. Then the characteristic
polynomial of Randic matrix of neighbourhood corona of G1 and G, G1* G, is

2 A(G o (G Ai(Gr)?
¢(R(G1*G2);X)ZH<¢< (G2) ;x)> 11(+ i(G1) i(G1) ny(ri+rp)
L ri+r i ri(1+n) (nn+r)ri(l+n2) (x(r1 +r2) —1r2)
Proof. In the neighborhood corona the vertices of G will have degree r| (1 +n;) and G, will have degree r| + r». Then by the
suitable labeling of the vertices G| * G the Randic matrix R(G) can be written as follows:

A(GY) A(Gy)

e ———————Q®Jix
r(1+nz) rp4ry)r(1+n nz
R(G) =R(G,*G,) = A(Gy) w7 & ]] 1® A(ZG)Z)
(ratrom (Lhm) 2! SRR

_ AlG) __AGY
' nllim) (ro+r)ri (14n2) ®J1xny

_ A(G1) _AGy)
(ro4r1)r1 (14ny) ®J”2X1 I"l ® (XI"Z r +r2)

= (10 (s~ 272t (o~ 5507 ) it oo (e (- 222

xI,
det(xI, — R(G)) = det

AGY) ®Jnyx1

Vit rn(ten)

Aot (a1~ ACIN" (g AGH  AGY) .
(dt(lnz r1+r2>> dt<ln' ri(1+n2) (V2+r1)r1(1+n2)rfl(+632)()>

T AG) W'ty (. MG A(G1)? na(ry+r2)
H(¢<r1+rz’x>> H(x n(l+m)  (r2+r)ri(l+n) (x(r1+r2)—r2)>

4. Randic Spectra of extended corona

In this section, if the Adjacency spectra of two graphs are known then we calculate the Randic spectra of the extended corona
of these graphs.

Theorem 4.1. Let Gy be a r regular graph on ny vertices and Gy be a ry -regular graph on ny vertices. Then the characteristic
polynomial of Randic matrix of Gy extended corona Gy, G| @ G, is
12 ( A,'(Gz) >In—]I (xz—x(li(Gl) +r2 +n2)»i(G1)> +V2&i(Gl)+n2 (/'Li(Gl)zl)>

R(GieGy);x) = X—
¢(R(G10Ga):x) g ry+narp +1 ri+ny  rp+nr+1 (r1 +n2)(ry+nar +1)

i=1

Proof. In the graph G; o Gy, the vertices of G| will have degree r| +ny and G, will have degree r» + 1. Hence in the graph
G extended corona G;, G| ® G,, G| has degree r| +ny and G, has degree riny + 2 + 1. Then by the suitable labeling of the
vertices G| ® G, the Randic matrix R(G) can be written as follows:

AG) Inl ®Jl><
R(G) =R(G,0G;) = ntm V/(rin2)(r2+nari +1) i
e al Dyxt Iy ® 2G4 AG) o
V/(r1+m) (ry+myr +1) mxl I S T 1 T A 1 Y naxm
Since G; is a r, -regular graph % is diagonalizable, R(G) = R(G| @ G;) is similar to
A(G)) _ I, ,
B= e V(ri+m)(ra+nary +1) O Vi,
I In ! D(G,) A(G1) /
\/(r1+n2)(r12+nzr1+l) OV vy I O T rn 1 @12 nyxny

So,
detx(xI — R(G)) = det(xI — B)
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Expanding |x/ — B| by Laplace’s method of expansion, we get

XI,, _ A(Gl)
. 22(Ga) Ay (G2) Lontm
I”l ®diag (x_ r2+n2r1+17""x_ ry+nyr+1 N (

vV "21111

V/(ri+m2) (ra+mary +1)

r

mA(Gy)

\/(r] +ny)(rp+nyry+1)

Simialrly A(G)) is diagonalizable, we get

— 2 _
r2+n2r1+1) ni r+nyri+1

nD(Gy)

ok,

ri+n)(ra+nyr +1)

xI, — A(Gy) \/rTZIn] xI, — D(Gy) \/'TZI"I
ety V/ (r1+m) (ry+nar +1) _ et V/(r14m) (ry+nar +1)
\/"Tzlnl ()C _ ) ) _ nzA(Gl) - \/’EIVII ()C _ r ) _
\/(r|+n2)(r2+n2r]+l) rotnpr +1/7M rtnpr +1 \/(r] +ny)(rp+nyry+1) ratnarp+1/77M rtnpr+1
Where D(G)) = diag (A1(G1),A2(G1), -, A(G2))
Thus
xI, — A(Gl) \/’TZI”I
m ri+ny \/(rl +ny)(ry+ngr+1) — det I — D(Gl)
N (x— 2= )M, — mAGy) | = rn4ny )’
\/(r|+n2)(r2+n2r1+1) rp4nyri+17""  rp4npr+1
D(G 1 D(Gy)\ !
det (X—L)[m, mD(G1) _ Vnaly, <X1n1 ( 1))
ra+mr+1 rntmr+1 \/(r+m)(ra+nr +1) ri+ny V(
2 li(Gl) I 1) nz),i(Gl) rzl,-(Gl) ny (l,‘(G] )2 — 1)
ry+no r+nr;+1 r+narp+1 (r] —|—n2)(r2 +nory + 1) (rl —|—n2)(r2 +nory + 1)

2 ()Li(Gl) N r2+n27ti(G1)> rAi(Gy) +n2 (2(Gi)* —1)
ri+np r+narp+1 (r1+n2)(r2+n2r1—|—1)

Thus the Randic characteristic polynomial of G extended corona G, G ® G» is

0 (R(G10Gy);x) = ﬁ (x MGZ)) ln‘][ <x2 y (M(Gl) n rn+mii(Gr)

i=2 7r2+n27’1+1 =1 r+ny r+nr;+1

5. Randic Spectra of extended neighborhood corona

) N nAi(G1) +ny (A(Gi)* —1)
(rl —‘r}’lg)(l"z +nory + 1)

O

In this section, we determine the Randic spectra of extended neighborhood corona of two graphs if the adjacency spectra of the

graph is known.

Theorem 5.1. Let Gy be a ry regular graph on ny vertices and Gy be a ry -regular graph on ny vertices. Then the characteristic

polynomial of Randic matrix of Gy x Gy is

o(R(G1xGr)ix)== [] I (x_( 2i(G)  M(G) )

1120, 225 <ns ri+r+riny)  (rn+rn)

1 <x2(2 Ai(Gy) "2 )x+r2
1<i<n, (ri+rm)  ri+rtrn (ri+rim)

Ai(Gy)

Jr(lfnz)

AX(Gy) )

(r1+rin)?

Proof. In the extended neighborhood corona the vertices of G| will have degree r| + riny and G, will have degree r| +r, +
riny. Then by suitable labeling of the vertices G * G, the Randic matrix R(G) can be written as follows:

A(Gy)

A(Gy)

ritriny

R(G) = R(Gl * GZ) = R(Iex(Gl o Gz)) = A(Gy)

V(ri+rim) (ri+rp+rin

) ® V nz‘]}{lle Inl ®

V(ri+rim) (ri+ra+rin
A(Gy)

A(Gy)

) ® \/’Tz‘lixnz

Since G; is a r; -regular graph _AG) ¢ diagonalizable, R(G) = R(G| % G) is similar to

+

ri+rytriny r

!
rm & 12y s

rit+r+ring
A(G1) A(G1) Yl U
B— gy VirslCin) f@ .
1 / ! 2 1 !
V(ririm)(ri+ryring) OVl I © 5T im T fam @12k
So,
detx(xI — R(G)) = det(xI — B)
Expanding |xI — B| by Laplace’s method of expansion we get
_ A(G) VmA(Gy)
( 2(Ga) A(Gr) ) M =7 Vornm) e orim)
y ' - - Vm2A(Gy) _ r _ mA(Gy)
1<i<n; 2<j<m (ritratnm) - (ritrin) V) (ri+ratring) <x ’1+’2+f1"2) "t

)
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Similarly A(G)) is diagonalizable, we get

det (XI—R(GI *Gz)) = )L](Gz) o A’I(Gl) )

(-
1<i<n, 2< j<n, (r+r+rnm) (rn+rn)

o D(Gy) vm2D(G1)
L \/(r1+r1n2)(r1+r2+r1n2)
/m2D(Gy) (x— r ), — mD(Gy)
1

rytryt+riny ritring

V(r1+r1m) (r +ra+riny)
Ai(G2)  A(Gi) )

1<l-<,,12<j<n2< C(rnt+rntrnm)  (rn+rn)

)4(G1) r ﬂ,,'(Gl) A»Z(Gl)
. :_ (2 i ) n (1 =) 2
lgli_gIn] (x ( (rn+rm) ri+rn+trnn g rz(rl +riny) (1=m) (r1 +rinp)?

O

6. Randic Spectra of Identity extended corona

In this section we determine the Randic spectra of Identity extended corona of two graphs if the adjacency spectra of the graphs
are known.

Theorem 6.1. Let Gy be a ry regular graph on ny vertices and G, be a ry -regular graph on ny vertices. Then the characteristic
polynomial of Randic matrix of Iex(Gl 0Gy) is

2 Ai(G1)+A(Ga)
o wlua(@oGa) =TT (5= )

ny . ) ' . 2
H x2_x< A«Z(Gl) +A«I(Gl) n r )+r2)L,(G1)+)Ll(Gl) n
i=1 ri+rn+l rn4+n rn+ntl (r1+r+1)(r +n)

Proof. In the Identity extended corona, the vertices of G| will have degree r| 4+ n, and G, will have degree r; +r, + 1. The
Randic matrix of 1,,(G o G2) can be expressed in the form:

A(Gy) I,,—]®J1><n

ri+n 1 5

R(G) = R(Iex(G10G2) = I e J ./ (’1+'('2)(>Vl+rz+ )( G )
Torom) i Dmxt ® a2l 4+ AL e,

Since A(G») is a real Hermitian matrix, it is orthogonally diagonalizable and Since G, is rp-regular, A(G,) = PD(G,)PT
where P is a square matrix of order n, and PPT = I, and D(G,) = diag(r2,22(G2), A3(G2),. . ., Any (G2)).

A(Gy) In)

R(G) = R(In(G1 0 Gy) = (m ®F 0 ritn ot &\ ept o
ex\U1 2 0 I, 1”—1@] I, ® D(G )+ A(Gy )®I 0 I,
(ri+m)(ri+r2+1) mxb I SR T T AT 2 im
Thus R(Ix(G) 0 Gy) is similar to
A(G) o

B= , ritm (r1+n2)(r1+r2+1)®]1><n2

SN — D A Y Y- A

(ri+n2)(ri+ra+1) 2 L rptr+l U o4+l 2

. Thus
det ((xI —R(I.x(G1 0 G>)) =det ((xI — B))

A(Gy) —lny /
xI, — & /naJ’
"ot (r1+n2)(r 472 +1) 2y

T 7] D(G2) A(G1)
V (ri+no)(ri4r+1) ”2><1 Iy @ <x1n2 ri+r+l rit+r+l1 ®In,

det(xI —B) =

By using Laplace expansion

det(xl—B)zdet(Inl®diag<x— 1(G2) X — 4(G2) X — Ay (G2) )— AGy) ®In21>

rAn+lT ot ittt ri+r+l
¥l — AG) —Vial
i (ri4n2)(ri+r2+1)
— Vol r A(Gy)

x— _ 2%
\/(r|+n2)(r1+r2+1) ri+r+1 ) ri+r+1
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Since A(G)) is diaganalizable, we get

Ai(Gy) B A(Gl)
det(xI — B) Hdt(< r1+r2+l> r+rn+l

xI _D(Gl) 7\/”721’”
e (ri+m)(ri+r2+1)
—Vmalny r [ _ DGy

VI (o
(r1+m)(ri+ry+1) ritr L )Tt

ny .
(- 20 @ 3
! r+rn+1 r+rn+1

i=2
dt ¥l _D(Gl) ﬁ y— r _ )u,'<G1) _ ny 1
"t ri+rn+l rn+rn+l (n+m)(r+rn+l) (x_/lf(fl))
ry—rnp
:ﬁ”‘ (x— 4i(G2)  Ai(Gi) )
2ol ri4+rn+l r4+rn+l)’
= <x_7ti(Gl))I"—ll o kG ny 1
e ri+m )iy rtrnt+l rn+nt+l (n+m)(n+rn+l) (x_it;(ir;;2)>

:ﬁﬁ (x— Ai(G2)  A(Gi) )
i=2 j=1 r4+rn+l r4+n+l)’
nj ) ) ‘ A 2
H x2_x( AI(GI) 4 A«I(Gl) 4 r ) " rz)Ll(Gl)—Fll(Gl) ny
r+nrn+l rn4+n rn+rn+l (r1+r2+1)(r1+n2)

i=1
Finally
12 T Gl +;L(G2)>
G oG | | | | _—
¢((ex( 1 2 ,2/1< it

d <x2—x( Ai(G1) +)~i(G1)+ r >+r2/15(G1)+/1i(G1)2—n2>

g ri+rt+l r4+n rnt+rn+l (r+r+1)(r+n)

7. Randic Spectra of Identity extended neighborhood corona

In this section we determine the Randic spectra of Identity extended corona of two graphs if the adjacency spectra of the graphs
are known.

Theorem 7.1. Let G| be a ry regular graph on ny vertices and G, be a ry -regular graph on ny vertices. Then the characteristic
polynomial of Randic matrix of Iex(Gl o G2) is

T Ai(Gr)

# RUle( G2 G2)) Eﬂ( 2r1+r2 2r1+r2>
ﬁ(xz_x(rﬁ-/li(Gl) MGy +r27ti(G1)+7L,~2(Gl)> B ny )
i1 2r1+nr r1(1 +n2) 2r1+nr 1(1 +n2)(2r1 +r2)

Proof. In the Identity extended neighbourhood corona, the vertices of G will have degree | (1 +n;) and G, will have degree
2r1 4+ r». The Randic matrix of I,,(G o G3) can be expressed in the form:

) T,
o _ ri(1+ny r1(1+n2)(2r1+r2)
71 (14n2)(2r1+12) e " 2r1+r2 2r1+r2 "

Since A(Gy) is a real Hermitian matrix, it is orthogonally diagonalizable and Since G, is rp-regular, A(G,) = PD(G,)PT
where P is a square matrix of order n,.

Iy
R(G) = n g T
1 (14+np)(2r1+12) O Jnyx1 Aoy @ 2ri+r; + 2ri+r; @Iy
_ <In, QP 0) rﬁgi'n)ﬁ m ©Jixm (1,,] @ P! 0)
O B\ e e men It adeh )\ 0
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Therefore,
A(Gy) VN2In, ,
XInl - ri(1 Y e N JlX
dEI(XI—R) = det S 1(1+n2) (1+n2)(2r1+r2) ny
P (1+my) 2ry+rp) — Tm2xL mo 2r1+r2 2r1+r2 "2

= (In] o diag (x_ W(G)  M(G) xnz(cz)> ~ A(G) ®In2>

2ri+r ’ 2r1+nr T 2r1+nr 2r1+r
A(Gl) \/'T21i1| !/
xl,, — ———RJ
det o (1+m) ri(14+na)(2r1+r2) Ixmy
_ \/rTzl,” ®J/ (x_ r) I — A(Gy)
ri(14m) 2y +ry) X 2yt )T 2t

Since A(G)) is diagonalizable

det(xI —R) = fg ((x_ ;ril(izrl) B 2f:1(i122>

.X'I . D(Gl) . \/HZIHI
det | 0 ol () 2n+r2)
_ Vol (xf r _ D(Gy)
r1(14m2) (2r1+12) 2ri+ry )M 2r4n

- H (( 2r) i232> a ;l(iljz)

D(Gl) i rz—i—),,-(Gl) ny 1
det \ xI,, — ————— — —
¢ (X ! r1(1—|—n2)>H o 2ri+n r1(1+n2)(2r1+r2) (x_ AG) )
r1(1+n2)
:ﬁ — (x— Ai(G2) lj(G1)>
i=2 j=1 2rni+r 2rn+n
3 <X_MG1))ﬁ L tAG) n 1
pall ri(l+ny) i1 2r1+rp ri(L+n2)(2r +172) (x_ A(G) )
r1(1+n2)
:ﬁﬁ (x_ %(Ga) /lj(Gl)>
=2 =1 2ri+r  2ri+n
al (xz_x(rz—f—)q(Gl) _ A«,’(Gl) n I’zli(Gl)-i-liz(Gﬂ) _ np )
P 2r1+n ri(l+ny) 2r1+n ri(L+np)(2r + 1)
Hence,
T Gy)  Ai(G1)
¢ (Rlex(Gr0Gr)): 111_11< 2r1+r2_2r1+r2
1 J D
ﬁ(xzx(rzM(Gl) (G ng(Gl)M,?(Gl)) ) m )
= 2r1+nr r1(1+n2) 2r1+nr r1(1+n2)(2r1+r2)

Conclusion and Future Scope

The Randi¢ spectrum constitutes an important extension of spectral graph theory, offering a degree-sensitive approach to
analyzing graph structure. Its ability to reflect molecular branching, network heterogeneity, and structural irregularity makes it
highly valuable in both theoretical investigations and applied research. As interest in graph-based models continues to grow, the
Randi¢ spectrum remains a significant analytical tool in chemistry, network theory, and mathematical graph characterization.
In future, the study can be extended to new family of graphs which are still open. It helps expand research in various fields as
referred above.
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