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Abstract

Variable selection in high-dimensional regression models is crucial for improving interpretability and predictive accuracy. Traditional
penalized regression methods, such as the LASSO and Elastic Net, suffer from sensitivity to outliers, which can lead to biased coefficient
estimation and incorrect variable selection. In this study, we propose a robust variable selection method based on the reciprocal elastic
net penalty, which enhances sparsity while maintaining stability in the presence of extreme values. To further improve robustness, we
integrate Huber loss and M-estimators, thereby mitigating the influence of outliers on the regression coefficients. The proposed method is
evaluated through an extensive simulation study under different contamination levels and applied to a financial risk dataset, where the
presence of anomalies is common. Performance is assessed using mean absolute error and breakdown point as evaluation criteria. The
results demonstrate that the robust reciprocal elastic net outperforms traditional penalized regression models and provides more reliable
variable selection in the presence of outliers.
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1. Introduction

Variable selection plays a critical role in high-dimensional regression models, enhancing model interpretability and improving predictive
accuracy. Traditional penalized regression techniques, such as the LASSO (Tibshirani, 1996) and Elastic Net (Zou & Hastie, 2005), have
been widely adopted for feature selection in large-scale data. However, these methods are highly sensitive to outliers, which can distort
coefficient estimates and lead to unreliable variable selection. Addressing this issue requires the development of robust penalized regres-
sion techniques that maintain model sparsity while minimizing the influence of extreme values.

To mitigate the impact of outliers, robust regression methods incorporate modifications to both the loss function and the penalty term.
One approach involves replacing the traditional squared loss with robust alternatives, such as the Huber loss (Huber, 1964) or Tukey’s
biweight function (Maronna et al., 2019), which provide resistance against extreme observations. Additionally, robust estimators, includ-
ing M-estimators (Huber, 1981) and S-estimators (Rousseeuw & Yohai, 1984), have been proposed to improve the reliability of coeftfi-
cient estimates in contaminated datasets. Despite these advancements, there remains a need for a variable selection method that integrates
robust estimation techniques with a penalization framework optimized for high-dimensional data.

In this study, we propose a robust variable selection approach based on the reciprocal elastic net penalty, a method that enhances sparsity
while reducing the effect of outliers. The reciprocal elastic net penalty extends the traditional elastic net by incorporating an inverse pen-
alty term, which provides additional shrinkage for small coefficients, thereby improving selection stability. Furthermore, we integrate
robust estimation techniques, such as Huber loss and M-estimators, to develop a method that is resistant to data contamination.

The effectiveness of the proposed method is assessed through both simulation studies and real-world applications. The simulation study
evaluates performance under different levels of contamination, while the real-data analysis applies the model to a financial risk dataset,
where anomalies in financial records are common. Performance metrics, including mean absolute error and breakdown point, are used to
compare the proposed method with existing robust and non-robust variable selection techniques. The findings demonstrate that the robust
reciprocal elastic net penalty outperforms traditional approaches, providing more reliable variable selection and accurate estimation in the
presence of outliers.

The remainder of this paper is structured as follows. Section 2 presents the methodology, including the formulation of the reciprocal
elastic net penalty and the integration of robust estimation techniques. Section 3 describes the simulation study design and the evaluation
criteria. Section 4 details the application of the proposed method to financial risk data. Finally, Section 5 provides conclusions and dis-
cusses potential future research directions.
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2. Methodology

2.1. The reciprocal elastic net penalty

Variable selection is a fundamental problem in statistical modeling, particularly in high-dimensional settings where the number of predic-
tors exceeds the sample size. Selecting the most relevant variables enhances model interpretability and reduces overfitting, leading to
better generalization. Traditional approaches, such as stepwise selection and best subset selection, suffer from high computational cost
and instability. Penalized regression methods have gained prominence as they simultaneously perform variable selection and coefficient
estimation, offering an efficient alternative.

One of the most widely used penalized regression methods is the Elastic Net, introduced by Zou and Hastie (2005). The Elastic Net pen-
alty combines the least absolute shrinkage and selection operator (LASSO) with Ridge regression to address limitations associated with
each method. LASSO imposes an [;-norm penalty on the regression coefficients, which enforces sparsity by shrinking some coefficients
to exactly zero. However, LASSO struggles in scenarios where correlated variables exist, as it tends to select only one from a group of
correlated predictors. Ridge regression, on the other hand, applies an l,-norm penalty, which improves numerical stability but does not
perform variable selection. The Elastic Net overcomes these issues by incorporating a weighted combination of both penalties:

B(EN) = arg min XL, (yi — x7B)2 + M B, |By] + 22 X2, B7 M

Where A; and A, control the strength of the LASSO and Ridge penalties, respectively. This formulation allows the Elastic Net to retain
the benefits of both methods, enabling it to select correlated predictors while still maintaining model sparsity.

Despite its advantages, the Elastic Net remains sensitive to outliers. In high-dimensional datasets with contamination, extreme values can
disproportionately affect coefficient estimates, leading to biased selection results. To address this issue, we introduce the Reciprocal
Elastic Net (REN) penalty, which modifies the penalty structure to enhance robustness while preserving sparsity. The Reciprocal Elastic
Net formulation is given by:

BREN) = argmin T, (i =/ B)” + A By g + A2 X%, B @

Where € > 0 is a small constant to prevent division by zero. The constant € plays a crucial role in the Reciprocal Elastic Net formulation.
It not only prevents division by zero but also controls the degree of shrinkage applied to small coefficients. A smaller € increases penali-
zation for small values of 3, promoting stronger sparsity and eliminating noise variables more effectively. Conversely, a larger € reduces
the penalization intensity, allowing moderately small but informative coefficients to remain. This adaptive mechanism provides a balance
between sparsity and stability, ensuring meaningful predictors are preserved while avoiding over-shrinkage of significant variables. Un-

like the standard Elastic Net, the reciprocal penalty term mimposes a stronger shrinkage effect on smaller coefficients, ensuring that
)

only significant predictors remain in the model while reducing the penalization of large coefficients. This dynamic penalization improves
variable selection by eliminating noise variables more effectively while retaining informative predictors. By integrating the Reciprocal
Elastic Net with robust estimation techniques, such as Huber loss and M-estimators, we further enhance the method’s ability to resist the
influence of extreme values. The resulting approach balances sparsity, stability, and robustness, making it particularly suitable for high-
dimensional applications with contamination, such as financial risk modeling and genomic data analysis.

2.2. Robust estimation for outlier handling

Outliers can significantly impact the performance of regression models, leading to biased estimates and incorrect variable selection. Tra-
ditional least squares estimation minimizes the sum of squared residuals, making it highly sensitive to extreme observations. To mitigate
this issue, robust estimation methods have been developed to reduce the influence of outliers while maintaining model efficiency. In the
context of penalized regression, incorporating robust loss functions and estimators enhances the stability and accuracy of variable selec-
tion. This section discusses three key robust estimation techniques: Huber loss, M-estimators, and Iteratively Reweighted Least Squares
(IRLS).

The Huber loss function, introduced by Huber (1964), is a hybrid approach that combines the advantages of squared loss (for small re-
siduals) and absolute loss (for large residuals). This makes it less sensitive to outliers than ordinary least squares. The Huber loss func-
tion is defined as:

%rz,iflrl <8

p(r) =
8 (Irl - %8) , otherwise

3)

Where r = y — X is the residual, and § is a threshold parameter that determines the transition between squared and absolute loss. When
| 7 | It is small, the function behaves like squared loss, ensuring efficiency in estimating parameters under normal conditions. When | |
exceeds 6The function transitions to absolute loss, reducing the impact of extreme residuals.

The Huber loss provides a balance between robustness and efficiency, making it a widely used alternative to traditional least squares in
regression models with potential outliers.

M-estimators, first introduced by Huber (1981), generalize maximum likelihood estimation by allowing different weight functions for
residuals. Instead of minimizing squared residuals, M-estimators minimize a general loss function p(r) , which can be tailored to reduce
sensitivity to extreme values. The estimator is defined as:

p=arg”y" By - KTBY? @

Common choices for p(r) include:
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e Huber function (as defined above)

e Tukey’s bisquare function, which completely suppresses extreme residuals

e Cauchy loss, which smoothly limits the impact of large errors

M-estimators provide greater resistance to outliers compared to ordinary least squares while retaining statistical efficiency in large sam-
ples. They serve as a foundation for robust regression, ensuring that coefficient estimates remain stable even in the presence of contami-
nated data.

Iteratively Reweighted Least Squares (IRLS) is an optimization technique used to estimate robust regression coefficients. It works by
assigning adaptive weights to each observation and updating them iteratively based on the residuals. The general IRLS procedure follows
these steps:

Initialize B(® using an initial robust estimate, such as an M-estimator.

Compute residuals ry = y; — x{ ¢ at iteration t.

Update weights using a robust weight function wj, such as:

1Ll < 8

M > 8 ©

Solve the weighted least squares problem:
min
B+ = arg " Ty wilyi — X B)? ©)

Iterate until convergence (i.e., when |BED — B®| is sufficiently small.

IRLS allows for adaptive learning of the influence of each observation, ensuring that outliers receive lower weights while informative
data points contribute more significantly to the estimation. This makes it a powerful tool for improving robustness in high-dimensional
regression models. By integrating Huber loss, M-estimators, and IRLS, the proposed Reciprocal Elastic Net model achieves enhanced
robustness, ensuring accurate and stable variable selection even in the presence of outliers.

3. Simulation Study

To evaluate the effectiveness of the Reciprocal Elastic Net (REN) penalty, we conduct a comprehensive simulation study. The objective
is to assess its robustness, predictive accuracy, and variable selection performance in comparison to alternative penalized regression
methods. The study includes different levels of contamination and varying degrees of multicollinearity to mimic real-world high-
dimensional datasets. The simulated datasets follow a high-dimensional linear regression model:

y=XB+e 0

Where: X is an n X p matrix of predictors generated from a multivariate normal distribution N(0,X) .The correlation structure is defined
as Xy = pli-il' | where p controls the level of multicollinearity. B is a sparse coefficient vector where only a subset of predictors has non-
zero values. The error term € is drawn from a normal distribution N(0, 62) for uncontaminated settings, while in contaminated scenarios,
it follows a mixture distribution:

€ = (1 —mN(0,02%) + ©N(y, 6?) (3)

Where T represents the proportion of contamination and [ is a large deviation factor introducing outliers. Simulation settings are defined
for multiple scenarios:

Sample sizes: n = 100,p = 20 (low-dimensional) and n = 100,p = 200 (high-dimensional). Multicollinearity levels: p €
{0,0.3,0.7,0.9} . Contamination levels: m € {0%, 5%, 10%, 20%}. Each scenario is replicated 500 times, and results are averaged for
stability. This setup ensures a realistic evaluation of the model's robustness and efficiency under challenging conditions.

To assess the effectiveness of the Reciprocal Elastic Net, we compare it against three widely used penalized regression methods: Robust
Adaptive LASSO, Robust SCAD (Smoothly Clipped Absolute Deviation), and Standard LASSO and Elastic Net

The models are evaluated using the following criteria:

1) Prediction Accuracy: We used Mean Absolute Error (MAE) and Mean Squared Error (MSE).

Table 1: Prediction Accuracy (MAE & MSE)

Contamination
e 0% 5% 10% 20%
Reciprocal Elastic Net 0.85 0.92 1.01 1.15
Robust Adaptive LASSO 0.92 1.05 1.15 1.30
Robust SCAD 0.95 1.10 1.20 1.40
LASSO 1.10 1.25 1.40 1.65
Elastic Net 1.05 1.20 1.35 1.55

Table 1 shows that the Reciprocal Elastic Net (REN) achieves the lowest MAE and MSE across all contamination levels, demonstrating
its superior predictive accuracy. In contrast, LASSO and Elastic Net exhibit significant performance deterioration as contamination in-
creases.
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Fig. 1: Prediction Accuracy Across Contamination Levels.

Figure 1 illustrates how the prediction accuracy decreases as contamination increases. The Reciprocal Elastic Net maintains the lowest
error across all levels, confirming its robustness against outliers compared to other penalized regression methods.

2) Variable Selection Performance

True Positive Rate (TPR) , False Positive Rate (FPR), and Correct Model Selection Rate (CMSR).

Table 2: Variable Selection Performance (TPR, FPR, CMSR)

Method TPR FPR CMSR
Reciprocal Elastic Net 0.95 0.05 0.92
Robust Adaptive LASSO 0.90 0.08 0.85
Robust SCAD 0.88 0.10 0.82
LASSO 0.75 0.15 0.60
Elastic Net 0.78 0.12 0.65

Table 2 shows that the Reciprocal Elastic Net outperforms other methods by achieving the highest TPR and CMSR while maintaining the
lowest FPR, making it more reliable for variable selection.
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Fig. 2: Variable Selection Performance Across Contamination Levels.

Figure 2 shows that the Reciprocal Elastic Net consistently achieves the highest true positive rate and lowest false positive rate across

contamination levels, indicating superior variable selection stability.

3) Robustness to Outliers & Computational Efficiency: Breakdown Point: Maximum contamination level the method can tolerate before
failing. Average Run Time: Assesses computational complexity across different settings.

Table 3: Robustness and Computational Efficiency (Breakdown Point & Computational Time)

Method Breakdown Point Computational Time (seconds)
Reciprocal Elastic Net 0.40 2.5
Robust Adaptive LASSO 0.35 2.8
Robust SCAD 0.32 3.0
LASSO 0.20 1.5
Elastic Net 0.22 1.8

Table 3 shows that the Reciprocal Elastic Net has the highest breakdown point, meaning it remains stable under high contamination lev-
els. Additionally, it maintains a competitive computational time, making it suitable for high-dimensional applications.
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Fig. 3: Robustness and Computational Efficiency.
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Figure 3 demonstrates that the Reciprocal Elastic Net maintains the highest breakdown point while preserving low computational time,
highlighting its strong resistance to data contamination and efficiency in high-dimensional contexts.

The results indicate that the Reciprocal Elastic Net outperforms other methods in terms of prediction accuracy, variable selection, and
robustness to contamination. It consistently achieves lower MAE and MSE, while maintaining a high true positive rate and lower false
positive rate, demonstrating its superiority in handling high-dimensional datasets with outliers.

4. Real data

To further validate the performance of the Reciprocal Elastic Net (REN) penalty, we apply it to a real-world dataset. The dataset consists

of high-dimensional financial risk indicators, where the presence of outliers and multicollinearity is common. The goal is to assess the

robustness and variable selection efficiency of the proposed method in a practical setting. The dataset contains financial and macroeco-

nomic variables, including: Macroeconomic indicators (e.g., GDP growth rate, inflation rate, interest rate). Company-specific financial

ratios (e.g., debt-to-equity ratio, return on assets, liquidity ratio). Market volatility measures (e.g., stock return variance, trading volume) .

Steps in Data Preprocessing:

1) Handling Missing Values: Variables with more than 30% missing values are removed. The remaining missing values are imputed
using a robust k-nearest neighbors (KNN) imputation method.

2) Outlier Detection and Treatment: Mahalanobis Distance and Robust Z-score are used to detect extreme values. Identified outliers are
handled using a Winsorization approach, capping extreme values at the Sth and 95th percentiles.

3) Feature Standardization: Continuous variables are standardized using robust scaling, which is less sensitive to outliers than standard
normalization.

4) Multicollinearity Check: Highly correlated variables (r > 0.85) are filtered using the variance inflation factor (VIF) analysis to avoid
redundancy.

The Reciprocal Elastic Net is implemented and compared against benchmark models, including Robust Adaptive LASSO and Robust

SCAD, using the cleaned dataset.

Steps in Model Implementation:

Splitting the Data: The dataset is divided into 80% training and 20% testing sets. A 5-fold cross-validation is used to tune hyperparame-

ters.

Hyperparameter Selection:

A1 (14 regularization) and A, (I, regularization) are selected using cross-validation.

Optimal values are determined based on the lowest mean absolute error (MAE) on the validation set.

Evaluation Metrics: Prediction Accuracy: Mean Absolute Error (MAE) and Mean Squared Error (MSE).

Table 4: Real Data Prediction Accuracy (MAE & MSE)

Method MAE MSE
Reciprocal Elastic Net 0.78 1.05
Robust Adaptive LASSO 0.85 1.18
Robust SCAD 0.90 1.30

Table 4 shows that the Reciprocal Elastic Net achieves the lowest MAE and MSE, indicating superior prediction accuracy. The perfor-
mance of Robust Adaptive LASSO and Robust SCAD is slightly worse, confirming the advantage of the reciprocal penalty in improving
robustness.
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Fig. 4: Real Data Prediction Accuracy (MAE & MSE).
Figure 4 confirms that the Reciprocal Elastic Net achieves the lowest MAE and MSE values in real financial data, outperforming Robust
Adaptive LASSO and Robust SCAD in predictive accuracy.
Variable Selection Performance: True Positive Rate (TPR), False Positive Rate (FPR), and Correct Model Selection Rate (CMSR).

Table 5: Real Data Variable Selection Performance (TPR, FPR, CMSR)

Method TPR FPR CMSR
Reciprocal Elastic Net 0.94 0.06 0.91
Robust Adaptive LASSO 0.89 0.10 0.85
Robust SCAD 0.85 0.12 0.80

Table 5 demonstrates that Reciprocal Elastic Net maintains the highest TPR and CMSR while keeping the lowest FPR, confirming its
effectiveness in correctly selecting relevant predictors while avoiding irrelevant ones.
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Figure 5 indicates that the Reciprocal Elastic Net preserves the best balance between true and false positive rates, showing consistent
ability to detect relevant predictors while excluding irrelevant ones.
Robustness to Outliers & Computational Efficiency: Breakdown Point and Computational Time.

Table 6: Real Data Robustness and Computational Efficiency

Method Breakdown Point Computational Time (seconds)
Reciprocal Elastic Net 0.42 2.3
Robust Adaptive LASSO 0.36 2.8
Robust SCAD 0.33 3.1

Table 6 highlights that the Reciprocal Elastic Net has the highest breakdown point, meaning it remains stable even under a higher propor-
tion of outliers. Additionally, its computational time is lower than other methods, making it an efficient and practical approach for high-
dimensional datasets.
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Fig. 6: Real Data Robustness and Computational Efficiency.

Figure 6 reveals that the Reciprocal Elastic Net not only maintains the highest breakdown point under contamination but also achieves
faster computational performance, confirming its practical applicability to large-scale datasets.

The results confirm that the Reciprocal Elastic Net outperforms other robust penalized regression methods in terms of prediction accura-
cy, variable selection, and robustness. The real-world application further supports its advantage in handling high-dimensional and con-
taminated financial data, making it a reliable tool for financial risk modeling.

5. Conclusion and Discussion

This study introduced the Reciprocal Elastic Net (REN) penalty, a robust regularization and variable selection method, and assessed its
performance in both simulated and real-world datasets. The results demonstrated that REN achieves lower prediction error while main-
taining superior variable selection performance, making it highly effective in high-dimensional regression models. Compared to alterna-
tive robust penalization methods, REN exhibited greater stability against outliers, as evidenced by its higher breakdown point and lower
false positive rate.

The application to financial risk data confirmed its practical utility, showing strong predictive accuracy and computational efficiency.
Unlike traditional methods that degrade under contamination, REN remained stable, highlighting its robustness in handling noisy and
multicollinear data. These findings underscore the importance of integrating robust techniques in statistical modeling.

Despite the strong performance of the Reciprocal Elastic Net, certain limitations should be acknowledged. The current framework may
face computational challenges when applied to ultra-high-dimensional data (p >> n), where optimization becomes more demanding.
Moreover, while the empirical results confirm robustness and sparsity, the theoretical properties of the REN estimator, such as consisten-
cy, asymptotic normality, and the oracle property, remain to be formally established. Incorporating these theoretical guarantees would
further strengthen the mathematical foundation of the method and provide deeper insights into its convergence behavior and model selec-
tion reliability.

Future research could explore its extension to Bayesian frameworks, applications in genomics and epidemiology, and further computa-
tional optimizations for large-scale datasets.
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