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Abstract

In this article, the Adomian decomposition method (ADM) is used to construct the solution of the initial value problem
of some kinds of partial differential equations of first order.
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1 Introduction

In the last years, the ADM has been applied to get the solutions of various kinds of problems of ODEs and PDEs [1]-
[11]. Here, we use the Adomian decomposition method, to investigate partial differential equations and system of
partial differential equations of first order. Using this last method, we get the exact solution.

2 The adomian decomposition method

2.1 About the adomian decomposition method [1], [2], [3], [4], [5]

Suppose that we need to solve the following equation:

Au =f
In a real Hilbert space H, where A:H —H a linear is or a nonlinear operator, f € H and u is the unknown. The
principle of the ADM is based on the decomposition of the nonlinear operator A in the following form:

A=L+R+N (2.1)
Where L +R is linear, N nonlinear, L invertible with L™ as inverse. Using that decomposition, equation (2.1) is
equivalent to

u=6+L"f —L'Ru—L"Nu (2.2)
Where @ verifies LO=0. (2.2) is called the Adomian’s fundamental equation or Adomian’s canonical form. We look

+00 +0
for the solution of (2.1) in a series expansion form u =Zun and we consider Nu :ZAn where A are special
n=0 n=0

polynomials of variablesu,,u,,...,u, called Adomian polynomials and defined by [1], [2], [3], [4]:

A, _Ltdhy A n=012,..
ntd A" = o

Where A is a parameter used by “convenience”. Thus (2.2) can be rewritten as follows:

Su, =0+ ~L7R (iunj—Ll[fAnJ (2.3)
n=0 n=0

n=0
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We suppose that the series Zun and ZAn are convergent, and obtain by identification the Adomian algorithm:
n=0 n=0

Uy =0+L7'f

u, =—L™"(Ruy)-L"A, 2.4)

Up,, =—L7(Ru,)-L7A,
In practice, it is often difficult to calculate all terms of an Adomian series, so we approach the series solution by the

n
truncated series: U = Zui , Where the choice of n depends on error requirements.
i=0

3 Applications

3.1 Examplel

Using the Adomian decomposition method, let’s construct the solution of the following partial differential equation:

(fﬂu(x,y)Jrau(x,y):xer
OX oy
u(x,0)=0 (3.1)
u(0,y)=0
Where
u(x,y)eC*(Q);Qc[0T ][0T ] (3.2)
Let’s take
() gy ]
L= Sk 0=[0ss
P y (3.3)
L 0= 2000
From (3.1), we have:
a_U:X+y_a_U
OX
ou au 34
_:)(+y__
oy OX
(3.4) give us:
X tou(s,y)
u(x,y)=u(0,y)+j(s+y)ds—j d
X 2 tou(s,x)
:7+xy—£ Y d o5
y tou(x,s) '
Y )= ,0 ds — d
u(x,y)=u(x )+I(x+s)s '([ o S
:y_22+xy—_y[au((;;’s)ds

2 2 X Y,
XY ij—a”(s’)')ds—lj—a”(x’s)ds (36)
PR 217y 2]
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Let us suppose that the solutionu (x Y ) of the initial value problem (3.1) has the following form:

u(y)=3u, (x.y)

n=0
From (3.6), we have the following Adomian algorithm:
x2+y?
U (x,y)= 2 +Xy
unﬂ(X,y):_lJ‘Mds_lj‘Mds n >0
29 0y 2y OX
which gives us;
_oxP+y?oxy
Uy (x.y ) = 4 2
u, (X y)zﬂ+ﬂ
2 8 2
o xP+y? xy
u3(x’y)_ 8 4
XZ+y? x
s
o x2+y? oxy
s (x,y ) = 16 8

and further terms can easily be calculated using a symbolic computation package.
Thus the solution of (3.1) is:

© X2+y2 X2+y2 Xy X2+y2
u(x,y)=>u,(x,y)=|x - A R R
(c09)= S 0y )=y + T o X
2 2 2 2 2 2
XAy XY XY XY XY XY
8 4 16 4 16 8
3.2 Example 2

Let us consider the following initial value problem

8u(6>;,y)+8ug;,y)zxz+yz+4xy
u(x,0)=0
u(0,y)=0
Where
u(x.y)<CH(@): e[0T ][oT]
Let’s take
LX()_%:L:(% ()ds

From (3.10), we have:

(3.7)

(3.8)

2

(3.9)

(3.10)

(3.11)

(3.12)



International Journal of Advanced Mathematical Sciences

a—u=x2+y2+4xy _a
OX oy

a—u=x2+y2+4xy _
oy oX

(3.13) give us:

u(x,y)=u(0y)+

O e x

(52+4sy +y2)ds _].—au (s,y)d
0

3 xa
:>u(x,y)=%+2x2y+y2x—_! uf;y)ds
y y
u(x,y):u(x,0)+j(x +5) jau( S
0 0
y: ou(x.s
Su(x,y)=>—+2xy?+x’y -
: =

From (3.14), we obtain:

) , y ltou(s,y), 1%ou(x,s)
u(x,y)= (x +y°®)+ (y X +X y)—z.!Tyds—El'Tds

Let us suppose that the solution u (x Y ) of the initial value problem (3.10) has the following form:

=§UH(X,Y)-

From (3.15), we have the foIIowing Adomian algorithm

Ug(x,y)= (x +y ) (y2x+x2y)

n+l =-7 J.au I—au ( )dS , n=0
2y Oy
Which gives us:

ul(x,y):—%(x3+y3)—%(y2x +x7y)

4 X +y) ;(y2x+x2y)

Uz (6,y) =2 (

u3(x,y):—4l8(x3+y )—%(y X +x7y )

u,(x,y)= 1;(x +y )+g(y2x +x2y)

us(x,y)=—%(x3+y3)—§(yzx +x2y)

and the further terms can easily be calculated using a symbolic computation package.
We notice that:

u, (x,y)=v, (x,y)+w, (x,y)

Where
D" ..
(X y) 32n+lt XA(X’y)
=" |
W, (x.y)="srrl B (x.y)
A(x,y)=x>+y?
B(x,y)=y+x?y
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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(t,) And (1) are the series which satisfy the following relations:

tn+2 _tn+1 :tn
t, =1 (3.21)
t, =4
In+2 _In+l = In
l,=3 (3.22)
I, =4
The solutions of (3.21) and (3.22) are respectively:
t = (l_"/‘;’] +[1+‘/‘E’] (3.23)
2 2
and
1, :3_‘5[1_‘EJ +3+‘E(1+‘EJ (3.24)
2 2 2 2
thus
. 1_ 5 n+l 1 5 n+l
Vn(X,y)z(_l) An(x7y) ( :F) +< +f) (325)
3 2 n+2 22n+2
1-45)’ 1+5
W, (6,y)=(-1"B(x,y) (3—@)( zw) (3+f)( zw) (3.26)
The solution of (3.10) is:
U0 Y) = 0 (0 1) = D Uy (% Y) + Ui (%, 1))
e " (3.27)

:i[(v2n (X, )+ W, (X, YD) F((Vop g (X, Y) + Wy, (X, y))]
We notice that:

AGLY) *Z*(l—ﬁ)m leE)

S
A1 Zl[ ” 1+f2[[1+q

=A(x,y) 1-5 .

ZVZn(le):
n=0

LAY 1 1445 1
LR

4

:A(x,y)[5—3\/§+5+3\/§]: 2A(X,y) _2

3 5 5 3 3(X3+y3)

We obtain:
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ZVZ”(X’V)ZE(X3+Y3) (3.28)
ZWZn(x y)=B(x,y) {( )io( ‘\/_) (3+\/§)2(1+2\/§) ]

B I
4 4
:B(x,y)(2x5_2£+2x5+:£]:48(x,y):4(y2x+x2y>

We obtain:
20 (,Y) =4(y*x +x%y) (3.29)
ivzm(X, y)=- A();’ y) |:§ (1_f) . Zw: (1+ J_) }

ol 5] ] 8]
a0 (18] -5 (i (5]

lim| —

3 4 No>-+0 1_(1_£]Z 4 N>+ 1_(14"5}2

= A% _‘sz + +‘F2x
= A(3Y) (145] 1(114%] (145] 1(;4@}

_ A, y){5_3£+5+3£J=‘2A(X' D200, y)
3

X* +
3 5 5 3 y

Z\/m(xly)=—§(x3+y3) (3.30)
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SWo.(x,y)=-B (x.y){(sﬁ)f%%m%)f%]

n=0 n=0 n=0

4
LT
T

ey

n—+w 2
£

4

16 n=0

n=0

:B(X’y){ 16

=-B(x.y)

B(x.y)

() )

<s@(1@i[{lﬁﬂ"+<s+%)<1+£>§[(1+m]

- BE) o (B,

:—B(x,y)(ls_lg\/g+15}7)\/§j=—38 (x,y)=—3(y2x +x2y)

iWZnH(X,y):—?)(yZX +X2y)
n=0
Thus the solution of (3.10) is:
u(X,y)zg(X3+y3)+4(y2x +x2y)—§(x3+y3)—3(y2x +x2y):y2x +x%y .

3.3 Example 3

Let us consider the following initial value problem
ou  ou

ot ox
o v
—+—=2
ot ox
u(0,x) =cosx

v (0,x) =sinx

Where

u(t,x)eC*(Q); Q<[0T |x[0,T ]
Let’s take

LO=22: 00~ Jous

From (3.32), we have:

TR

(3.31)

(3.32)

(3.33)

(3.34)
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oo +o0 +o0 ta , t
Uty )=>u, (8,X) =D Uy, (X )+ D Uy, (tX) u(t,x)zu(O,x)—.[Mds—Zjv(s,x)ds
n=0 n=0 n=0 0 0
2 4 6 2n t t
= 1—t—+t——t—+...+(—1)”t— COSX — = COSX —J'au (S’X)ds—z.[v (s,x)ds
2! 41 6! (2n)! 5 OX o
3 45 .7 2n+1 Lov(s,X t
t_t_+t__t_+__+(_1)” t sinx v(t,x):v(O,x)—I ( )ds+2ju(s,x)ds
31 51 7! (2n +1)! o ]
. . t t
= cost cosx —sint sinx :sinx—jav(gi'x)ds+zju(s,x)ds
0 0

(3.35)

Let us suppose that the solution u (t,x )and v (t,x ) of the initial value problem (3.32) has the following form:

u(t,x)zgun(t,x)
v(t,x):govn(t,x)

From (3.35), we have the following Adomian algorithm:
Ug (x,y)=cosx

t t
unﬂ(x,y):—Ist—2J'vn(s,x)ds ;n>0
0 0

And
Vo(x,y)=sinx
oV, (s,x)

Vnﬂ(X,y):—J.

0
(3.37) and (3.38) give us:
u, (t,x) =—tsinx

U (£ X)

t
ds +Zjun(s,x)ds ;n>0
0

~ 1t cosx
2!
1., .
u3(t,x):—§t sinx

u, (t,x) =%t4 cos X

And

And further terms can easily be calculated using a symbolic computation package. Thus

u(t,x)=cos(t+x)

And
V(EY)=DV, (6x) =DV, (X )+ D v, (tX)
n=0 n=0 n=0
v, (t,x)=tcosx = 1_ﬁ o ( )”_tzn sinx +
217 41 6! (2n)!
v, (t,x)=-=t%sinx
! t3 t5 t7 " t2n+1
————— (-1) +... |cosx
vs(t,x):——lt3cosx 3t b 7! (2n +1)!

= cost sinx +sint cosx
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(3.36)

(3.37)

(3.38)

(3.39)
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v (t,x)=sin(t +x) (3.40)
The solution of (3.32) is:
(ut,x).v (t,x))=(cos(t +x),sin(t +y)).

4  Conclusion

In this paper, we showed once through some examples the useful of the Adomian decomposition method to investigate
differential and partial differential equations.
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