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Abstract 
 

In this paper, LRS Bianchi type-I space-time is considered in the presence of perfect fluid source in the frame work of ( , )f R T  gravity 

(Harko et al. in Phys.Rev. D 84:024020, 2011) where ( , )f R T is an arbitrary function of Ricci scalar R  and trace of the energy momen-

tum tensor T . The Einstein’s field equations have been solved by taking into account the special form of deceleration parameter (Singha 

A., Debnath U.: Int.J. Theor. Phys.48, 2009). We observe that in f (R, T) gravity, an extra acceleration is always present due to coupling 

between matter and geometry. The geometrical and physical aspect of the model is also studied. 
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1. Introduction 

The observational data of high redshift type SN Ia supernovae [1-

2] shows that our Universe for later stages of evolution indicates 

accelerated expansion and confirmed later by cross checks from 

the cosmic microwave background radiation and large scale struc-

ture [3-6] strongly suggest that the Universe is spatially flat and 

dominated by an exotic component with large negative pressure, 

referred to as dark energy [7-10]. 

In order to explain the nature of dark energy and the accelerated 

expansion, various theoretical models have been proposed such as 

quintessence, phantom energy, k-essence, tachyon, f-essence, 

chaplygin gas, etc. Among these different models of DE, the mod-

ified gravity theories are ( )f R gravity [11-15], Gauss-Bonnet 

gravity or ( )f G gravity [16-20] and ( )f T gravity [21-23], where 

T  is scalar torsion. These modified gravities have recently been 

verified to explain the late-time accelerated expansion of the Uni-

verse. 

Recently, Harko et al. [24] proposed ( , )f R T modified theories of 

gravity, where the gravitational Lagrangian is the function of the 

Ricci scalar R and the trace of the stress energy tensor T . The 

( , )f R T gravity model depends on a source term, representing the 

variation of the matter stress energy tensor with respect to the 

metric. A general expression for this source term is obtained as a 

function of the matter Lagrangian
m

L  so that each choice of 
m

L  

would generate a specific set of field equations. The ( , )f R T grav-

ity models can explain the late time cosmic accelerated expansion 

of the Universe. 

A Bianchi Type-I cosmological model, being the generalization of 

flat Friedmann-Robertson-Walker (FRW) model, is one of the 

simplest models of the anisotropic universe. Therefore, we confine 

ourselves to Bianchi type-I model in the context of ( , )f R T gravi-

ty. 

By choosing a particular form of the deceleration parameter, 

which gives an early deceleration and late time acceleration for 

dust dominated model, [30] shows that this sign flip which can be 

obtained by a simple trigonometric potential. The quintessence 

model [31] with a minimally coupled scalar field by taking a spe-

cial form of decelerating parameter q  in such a way that which 

provides an early deceleration and late time acceleration for boro-

tropic fluid and Chaplygin gas dominated models. Motivated from 

the studies outlined above we choose a form of q as a function of 

the scale factor ‘ a ’so that it has the desired property of a signa-

ture flip.  

In the present paper, LRS Bianchi type-I cosmological model in 

the context of ( , )f R T gravity theory have been studied. The solu-

tions of the Einstein’s field equations have been obtained by ap-

plying special form of deceleration parameter. Some features of 

the evolution of the metric and the dynamics of the anisotropic DE 

fluid have been examined. 

2. Gravitational field equations of 𝒇(𝑹, 𝑻) 
gravity 

The action for the modified ( , )f R T gravity is 

4 41
( , )

16
m

S f R T gd x L gd x     ,   (1) 

where ,R T and 
m

L are the Ricci scalar, the trace of stress-energy 

tensor of matter and the matter Lagrangian density respectively. 

We define the stress-energy tensor of matter as 

2
m

ij ij

g L
T

gg






 


.    (2) 

The gravitational field equation of ( , )f R T gravity is given by 
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( , ) ( , ) ( ) ( , )
2

8 ( , ) ( , )

i

R ij ij i i i R

ij T ij T ij

f R T R f R T g f R T

T f R T T f R T

     

   

,  (3) 

where 

( , ) ( , )
( , ) , , 2

R T ij ij ij

f R T f R T
f R T f T pg

R T

 
     

 
 

and 
i

 denote the covariant derivative. 

The stress-energy tensor is given by 
( ) ( )m de

ij ij ij
T T T  ,     (4) 

Where ( )m i

j
T and ( )de i

j
T are energy momentum tensor of perfect fluid 

and dark energy respectively. These are given by
( ) ( ) ( ) ( ) ( )[ , , , ]m i m m m m

j
T diag p p p  ,   (5) 

and 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

[ , , , ]

[ 1, , , ]

de i de de de de

j x y z

de de de de de de

T diag p p p

diag



     

 

 
,  (6) 

where ( )mp and ( )m are the pressure and energy density of perfect 

fluid components whereas ( )de  represent the energy density of 

dark energy components. 

In order to describe the early universe, here we assumed the string 

fluid as source of matter. 

The field equations in ( , )f R T gravity also depend on the physical 

nature of the matter field through the tensor
ij

 . Hence several 

theoretical models can be obtained for different choice of ( , )f R T . 

The cosmological consequences for the class ( , ) 2 ( )f R T R f T   

have been recently discussed in details by many authors [25-30].  

Adhav [25] has presented spatially homogeneous and anisotropic 

Bianchi type–I model in ( , )f R T gravity while Reddy et al, [26-

27] have studied Bianchi type-III and Kaluza-Klein cosmological 

models in this theory. Chaubey and Sukla [28], Samanta [29], 

have studied cosmological models in ( , )f R T gravity in different 

Bianchi type space-times. 

Recently, Shamir et al. [33] and Chaubey et al. [28] have dis-

cussed Bianchi type-I & V and a general class of Bianchi models 

respectively in ( , )f R T  gravity by considering

( , ) 2 ( )f R T R f T  . 

In this paper we assume a particular form of the functions 

1
( )f R R and 

2
( )f T T

,
where  is arbitrary parameters.  

Now using 1c G  , equation (3) reduces to 

1 8 1

2 2
ij ij ij ij

R Rg T p T g
 



   
      

   
.   (7) 

The physical interpretation of the additional term 
1

2
p T

 
 

 
so 

obtained in the above equation has been given by [34-35] and they 

proposed that 3 (1 3 )T p       , where p is the isotropic 

pressure and T is the trace of energy-momentum tensor and 

0 1   is the equation of state parameter. 

3. Metric and field equations 

The LRS Bianchi-Type-I line element can be written as 
2 2 2 2 2 2 2( ) ( ) ( )ds dt A t dx B t dy dz    ,   (8) 

where ( )A t and ( )B t  are the scale factors (metric potential) and 

functions of the cosmic time t only (non-static case). 

The Einstein’s field equations (7) for metric (8) can be written as 

   
2

( ) ( ) ( ) ( ) ( )8 1
2

2

m de de m mB B
p p

B B

 
  



   
        

  
, (9) 

 

   ( ) ( ) ( ) ( ) ( )8 1

2

m de de m mA B AB
p p

A B AB

 
  



 
       

 
, (10) 

 

   
2

( ) ( ) ( ) ( )8 1
2

2

m de m mB AB
p p

B AB

 
 



   
       

  
, (11) 

 

where dot ( )  indicates the derivative with respect to t . 

The mean Hubble parameter H  for LRS Bianchi type-I metric 

may given by 

1
2

3

a A B
H

a A B

 
   

 
.    (12) 

The directional Hubble parameters in the direction x , y and z  

respectively can be define as 

x

A
H

A
 and 

y z

B
H H

B
  .    (13) 

The anisotropy parameter of the expansion is define as 
2

3

1

1

3

i

i

H H

H

 
   

 
,     (14) 

where  1,2,3
i

H i   represent the directional Hubble parameters in 

the directions of ,x y  and z axis respectively. 

The shear scalar 2 , defined by 

2 23

2
H   .     (15) 

Here we consider that the universe is dominated by dark energy 

components and these dark energy components interact minimally 

with perfect fluid. Thus, the energy momentum tensor for perfect 

fluid and dark energy sources may conserve separately. The ener-

gy conservation equations for perfect fluid and dark energy com-

ponents are respectively given by 

 
( )

( ) ( ) ( ) ( )(1 )
3 0

2

m

m m m mp H


  


    .   (16) 

 ( ) ( ) ( )3 1 0de de de H     .    (17) 

The EoS parameter of perfect fluid is constant i.e. 
( )

( )

( )
tan

m

m

m

p
cons t


   although the current cosmological data from 

SNIa, CMB and large scale structures mildly favour the time de-

pendent EoS parameter for dark energy component. Hence equa-

tion (16) reduces to  

 
( )

( ) ( ) ( )3
3 1 0

2

m

m m m H


  
 

   
 

.   (18) 

In order to solve the system completely we impose a special form 

of deceleration parameter as 

2
1

1

aa
q

a a


    


,    (19) 

where a  is mean scale factor of the universe ,  ( > 0) is constant. 

This law has been recently proposed by Singha and Debnath [32] 

for FRW metric. From figure (1) we have seen that q decreases 

from 1  to 1  for evolution of the universe. 
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Fig. 1(a):The Variation of q vs. t for 2  . 
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Fig. 1(b): The Variation of q  vs. t  for 3 / 2  . 

 

From (19) after integrating, we obtain the Hubble parameter as 

 1
a

H m a
a

   ,     (20) 

where m is an arbitrary constant of integration. 

Here we assume the deceleration parameter as given in (19), 

which can be integrated twice to give 
a

H
a

  as in equation (20) 

and the average scale factor as 
1

( 1)m ta e
  ,     (21) 

The spatial volume is given by 
3 2V a AB  .     (22) 

i.e. 
3

( 1)tV e   , here we consider 1m  .  (23) 

From equation (9) and (10), we obtain 

 3

1
exp

A
d a dt

B
   .    (24) 

Here  and 
1

d are positive constants of integration. Considering 

1m  and using equation (21) and (23), the metric potential can be 

obtained as  
3

3

21

1

2
(1 ) ( 1)

9
( 1) exp

3 3 3
, ; ;

t t

t

t

e e

A d e

F e

   

 







  







 
    

   
  

    

,  (25) 

 
3

3

21

1

(1 ) ( 1)
9

( 1) exp
3 3 3

, ; ;

t t

t

t

e e

B k e

F e

   

 







  







 
   

   
  

    

,  (26) 

where 
2 1
F is hyper geometric function and 2 3 1 3

1 1
( ) , ( )d d k d    

satisfying 2. 1d k  . 

The mean Hubble parameter H  for LRS Bianchi type-I metric 

may given by 

 
1

1 t
H

e 



.     (27) 

The anisotropy parameter of the expansion ( )  is obtained as  
2

6 2(3 )2
(1 )

9

t te e          .    (28) 

The shear scalar 2  is found as  

 
2 6

2 6 1
3

t te e  





    .    (29) 

The expansion scalar   is found to be 

 
1

3 3 1 tH e 


   .    (30) 

The energy density ( )m and pressure ( )mp of perfect fluid are ob-

tained as 
( )

( )

6(1 )

( ) (3 )( 1)

m

mm te


   
 

  ,    (31) 

 
( )

( )

6(1 )

( ) ( ) (3 )( 1)

m

mm m tp e


   
 

  ,    (32) 

 

where  is positive constant of integration. 

From equation (11), the energy density of dark energy component 

is obtained as 

( )

( )

2

2 6

( )

6(1 )( ) ( )

(3 )

3(1 ) ( 1)
3

16 (38
( 1)

2

m

m

t t

de

m m

t

e e

e

  



  






   




  

 



 
   

  
   

          

. (33) 

The EoS parameter of dark energy is as fallows. 

( )

( )

( )

( )

3

(3 ) 2

6(1 )2 ( ) ( )

(3 )

6

( )

2

2 6

6(1 )( ) ( )

(3 )

(2 )

3 (1 ) (1 ) (1 )

2 16 (1 )
( 1)

9( 1) 2

3(1 ) ( 1)
3

16 (3 )
( 1)

2

m

m

m

m

t

t t t

m m

t

t

de

t t

m m

t

e

e e e

e
e

e e

e

    



  

 

  



  

  

   







  






    

 



  

 




  

  

  
   

   


  

  
  
 

 
 
 
 
 
 
 

 
  
  
  
    

.(34) 

The deceleration parameter q is the measure of the cosmic accel-

erated expansion of the universe. The behavior of the universe 

models is determined by the sign of q . The positive value of de-

celeration parameter suggests a decelerating model while the 

negative value indicates inflation. The deceleration parameter is 

given by and found to be 

1
1 1

t

d
q

dt H e 

 
    

 
.    (35) 

4. Discussion 

The asymptotic behavior of the parameters of presented model is 

as fallows. 

 

Parameters 0t   t   

, ,A B a  0    
( )m    0  

( )de    
3

0
8



 

 
 

 
 

( )de  Indeterminate 
2

3
  

q  1   1  

    0  
2    0  

 

i) From the table, we have observed that the spatial volume V  

and the directional scale factors A and B vanishes as 

0t  . However, the volume scale factor increases with 

time showing the late time acceleration of the universe. The 

other parameters such as ( ) , , , ,m

x y z
H H H H    and 2 di-

verge as 0t  . Thus the model exhibits a singularity at 

0t  [36]. 

ii)  The evolution of deceleration parameter q  is as shown in 

figure (1). The figure (1) shows that the universe accelerates 

after an epoch of deceleration. For 3 / 2   the deceleration 

parameter q is in the range 1 0.5q    as shown by shaded 

region which is consistent with the observations made by 

Riess et al. [1] and Perlmutter et al. [2] and the present day 

universe is undergoing accelerated expansion. 

iii) The model has high anisotropy and shear in the beginning 

of the evolution of the universe. It is observed that the ani-

sotropy decreases to zero very quickly as shown in figure 

(2). Hence, the model reaches to isotropy after some finite 

time which matches with the recent observations as the uni-

verse is isotropic at large scale. The models which reduces 

to accelerating isotropic (Flat FRW model) is considered as 

standard cosmological models according to observations of 

Type Ia supernovae (SNeIa) given by Riess et al. [1, 37], 
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Perlmutter et al. [2], the SDSS data given by Eisenstein et 

al. [38] and the three year WMAP data given by Spergel [4]. 
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0.3
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t
 

Fig. 2: Evolution of Anisotropy Parameter of Expansion  for 1  . 

iv) Here we observed that the universe exhibits the expo-

nential expansion (also known as de-sitter expansion). 

Also, in this model at large time, ( )de  attains the value 

( ) 2

3

de   , that is it converges to Quintessence 

( 1 1 3)    region. 

v) The available data set in cosmology, especially the SNe-

Ia data [1, 2], the SDSS data [38] and the three years 

WMAP data [4] all indicate that the CDM model or 

the model that reduces near to CDM are serves as a 

standard cosmological model and is an excellent model 

to describe the cosmological evolution. 

5. Conclusion 

In this paper, LRS Bianchi type-I cosmological model in the con-

text of ( , )f R T gravity theory have been studied. Here we dis-

cussed the model in which the solutions of the field equations are 

obtained for special form of deceleration parameter. It is observed 

that the model exhibits a initial singularity (Big-Bang) at 0t   . 

The parameters such as ( ) ( ), , , ,m deH     and 2  diverge at the 

initial epoch. In this model the anisotropy of expansion dies out 

very quickly and attains isotropy after some finite time. It is also 

observed that the model asymptotically achieves a de Sitter phase 

and expands (accelerates) with the dominance of dark energy and 

the model matches the recent cosmological observations. 
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