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Abstract

This paper describes the trajectory of the infinitesimal mass around L, of the triangular equilibrium points for the binary systems in
the elliptical restricted three body’s problem (ERTBP), where both oblate primaries are radiating. The solutions for the perturbed
motion in the vicinity of L, is given by u(f) and v(f) function .The stability of the infinitesimal mass around the triangular points is
also studied by plotting u(f) and v(f) curve. It is found that radiation pressure, oblateness and eccentricity show a significant effect on
the trajectory and stability of the infinitesimal mass around the triangular equilibrium points. Simulation technique has been used to

design the trajectory of the binary systems (Achird, Luyten, o Cen AB, Kruger-60 and Xi-Bootis).
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1. Introduction

In the three-body problems, three bodies move in space under
their mutual gravitational interactions, as described by Newton’s
theory of gravitation. In general the motions of the bodies take
place in three dimensions, and there are no restrictions on their
masses or on the initial conditions. Since, the motion of the three
bodies are in general unpredictable, it makes the three —body prob-
lems, as one of the most challenging problems in the history of
science. The problems adapted to the need of time are the restrict-
ed three bodies problem (RTBP), in which the third body has no
influence on the other two bodies. RTBP is classified into circular
RTBP and ERTBP depending upon the motion in, circular or el-
liptic orbits respectively. The ERTBP is a generalization of classi-
cal problem; where the primaries move in the elliptical orbits
about their common centre of mass, uninfluenced by the third
body having negligible mass. The RTBP assumes that the masses
of the primaries are spherically symmetrical in homogenous layer,
but it is found that the celestial bodies are sufficiently oblate
which produce deviations from the two-body problems; inspiring
several researchers to include oblateness of the primaries in their
studies of RTBP. It is well known that there exist five relative
equilibrium solutions; three of them are collinear, denoted by L1,
L2, L3 and the other two are triangular, denoted by L4 and L5.
The equilibrium points that appear in RTBP are very important for
astronautical applications as space station can be easily located at
these points since the consumption of fuel required for station
keeping is less.

SubbaRao & Sharma (1975) considered the primary as oblate
spheroid and proved that the range of the mass parameter leading
to stable solution decreases due to oblateness. Sharma (1982) in-
vestigated the linear stability of the triangular points where the
more massive primary is a source of radiation and oblate spheroid
as well. Kumar & Ishwar (2011) studied the motion of the infini-
tesimal in generalized photo gravitational ERTBP, considering
oblate spheroid. Singh and Umar (2012b) studied the stability of
the triangular points in ERTBP, where both bodies emit light en-
ergy simultaneously and found that the range of stability varies
with change in eccentricity, oblateness and radiation pressure.

The ERTBP has been described in considerable details by Am-
mar(2008), Danby (1964), Szebehely(1967), Markeev (1978),
Selaru-Cucu (1994), Halan and Rana (2001). The influence of the
eccentricity of the orbits of the primaries with or without radiation
pressure on the existence and stability of the equilibrium points
are studied by Erdi (2009), Gyorgrey (1985), Grebenikov (1964),
Kumar and Choudhary (1986), Markeellos (1992), Roberts (2002),
Floria (2004), Zimvoschikov and Thakai (2004), Ammar (2008),
Singh and Umar (2012a, 2012b), Narayan and Singh (2014 a, b,c).
Singh and Umar (2012b) studied the locations of the triangular
points considering oblate and radiating primaries for the binary
system and found that their position are significantly affected by
the eccentricity of the orbits, oblateness and radiation factors.
They studied the stability of the triangular points in general by
varying radiations pressure, semi-major axis and oblateness pa-
rameter and investigated that the size within the region of stability
decrease with increase in the values of the parameter involved.
This work is extension of the work of Singh and Umar (2012b) by
designing a trajectory of the infinitesimal mass around the triangu-
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lar equilibrium points for binary systems (Achird, Luyten, a Cen
AB, Kruger-60 and Xi-Bootis).

This paper describes the trajectory and analyzes the stability of the
infinitesimal mass around L, of the triangular equilibrium points
in ERTBP considering oblate and radiating primaries for the bina-
ry systems. The solutions are found by plotting u (f) and v (f)
curves for binary systems: (Achird, Luyten, a Cen AB, Kruger-60
and Xi-Bootis). The stability of the infinitesimal is studied by
exploiting simulation technique and by drawing different trajecto-
ry for the binary systems. For numerical calculations, we consider
our model of the (ERTBP) to be composed of the binary system
(Achird, Luyten, a Cen AB, Kruger-60 and Xi-Bootis) as prima-
ries and the infinitesimal mass as a space craft.

This paper is organized as: Section 1 gives introduction, Section 2
determines the equations of motion; Sections 3 establishes stabil-
ity of the triangular equilibrium points, Section 4 and Section 5 are
trajectories of the infinitesimal mass around the triangular equilib-
rium points and discussion & conclusion respectively.

2. Equations of motion

The equations of motion of the infinitesimal mass in dimension-
less units in a rotating pulsating coordinate system following
Singh and Umar (2012 a, 2012b) is given as:
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3 2.1)

Where, Q is the force function defined as:
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Here, my, m, are the masses of the bigger and smaller primary,
located at the points (&, 0, 0), i=1, 2; g, and g, are the mass reduc-
tion factors. A; and A, are the oblateness parameters; r;, (i=1, 2)
are the distances of the infinitesimal mass from the bigger and
smaller primaries and ‘a’ and ‘e’ are the semimajor axis and ec-
centricity of the orbits.

The triangular equilibrium points denoted by I'4,5 (¢.£n)

by Singh and Umar (2012b) is:

as given
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3. Stability of the triangular equilibrium
points

In order to study the stability of the triangular points, the locations
are denoted by (%.%) . Let there be a small displacement in
(¢:7%) which is given by (. 5) Considering only the linear terms

in o, B the variation equations of motions defined by equation
(2.1) take the form:
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"2B'=cQ o,
R P
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The second partial derivatives of € are denoted by subscripts
.The superscripts 0 denotes the partial derivatives at the equilib”'
um points (. 7%)

The corresponding characteristics equation of the system (3.1) can
be obtained as the biquadratic equation:

/14+(4—c§§ —cw)zh(cgfcm] —C?ﬂ):O. (3.2)
Where,
C. =)
C., =(,;"),
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(3.3)

Assuming the solution of the system of equation (3.1) to be of the
form:

u =Aexp(Af ),v =B exp(Af ),

(3.4)
Substituting into equation (3.1), we obtain:
(A -C_)A-(22+C_,)B =0,
(A -C,,)B +(24-C_)A =0, 35)
Assuming ,
a=1-a,0,=1- 7,0, =1-,,
(3.6)

We obtain the characteristics equation as:
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Where only linear terms in e2,A1,A2,a,;(l,;(2 are taken into con-
sideration

The chacteristics roots are obtained as:
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Considering the perturbed motion of L, around different binary
systems with the following initial conditions as:

-5
=v_=10 “,f =0
u0 v0 ,

a=01 A =001 A_=0.02.
1 2 (3.14)

Now, for the binary system, Achird, equation (3.3) gives:
C1,=1.8314, C,,=0.7972, C;, =0.3044.

The roots of the characteristics equations are:

A, =+(0.7699+0.9165i ),

/13’4 = +(0.7699 — 0.9165i ).

(3.15)

The solution of the perturbed motion around L, may be written as:

u(f)= A.e ,v(f)= B.e
® jz=1 ] ®) j2:1 i (3.16)

The constants A; and B; are not independent; they are related by
the equation (3.5). The relation can be written as:

2
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U
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i =1234.

Applying the initial conditions to the solution, the solution may be
expressed as:

u(f ) =0.4010co0s(0.9165f )
+0.27225in(0.9165f )

_ 0.3950e0'7699f

+0.006e ~0-7699F

v (f ) = 0.3776c0s(0.9165f )
— 0.41702sin(0.9165f )

0.7699f
+0.0078e (3.18)
+0.3776e 0-7699"
Similarly for the binary system Luyten; we have:
C1;=1.8631, C»,=0.5096, C, =-0.1148.
The roots of the characteristics equation is:
A, =+(0.8715+0.9050i ), (3.19)
4, =+(0.8715-0.9050i ). (3.20)
u(f ) =0.0714co0s(0.9050f )
+2.0144sin(0.9050f )
_ 0.089¢ 0-8715f (3.21)
_ 0.006e ~0-8715f ’
v (f ) =-0.213c0s(0.9050f )
—3.94665in(0.9050f )
0.8715f
-0.213e (3.22)
+0.0028e 087151
For the binary system a Cen AB, we have
C11:1.8610, C22:0.7404, C12 =0.1961
The roots of the characteristics equation is:
1 , =*(0.7937 +0.912251),
A, ==+(0.7937 — 0.91225i ).
34 (3.23)
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Similarly,

u(f ) = 0.2602¢0-7937f

—0.1586e —0.7937f
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For the binary system Kruger-60, we have

C11=1.8644, C,,=0.8986, C1, =0.2844.

The roots of the characteristics equation is:

4, =+(0.7215+0.9236i ),
2y, =%(0.7215-0.92361),

u(f ) = 0.4168¢ 07215
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For the binary system Xi-Bootis, we have

C1;=1.8610, C,,=0.7404, C;, =0.1961.

The roots of the characteristics equation is:

A, =+(0.7850+091951),
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Fig. 1: The Graph of the Function f-u and f-v for f € [0, 37.75x] in case of

Achird.
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Fig. 2: The u-v Graph for Achird in range f € [0, 37.75x].
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Fig. 3: The Graph of the Function f-u and f-v for f € [0, 37.75x] in case of

Luyten.
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Fig. 4: The u-v Graph for Luyten in range f € [0, 37.75x].
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Fig. 5: The Graph of the Function f-u and f-v for f € [0, 37.75x]

in case of a Cen AB.
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Fig. 9: The Graph of the Function f-u and f-v for f € [0, 37.75x] in case of
-0.3

Xi- Bootis.

Fig. 10: The u-v Graph for Xi-Bootis in range f € [0, 37.75x].

Fig. 6: The u-v Graph for a Cen AB. in range f € [0, 37.75x].

systems are shown in Figs.1-10 for f € [0, 37.75x]. The solutions
of the perturbed motion around L4 is given by u (f) and v () func-
tion for the binary systems. The graph of the function u (f) and v
(f) is plotted in the vicinity of L4 in Figs. 1, 3,5, 7, and 9. It is
clear from the Figs.1, 3, 5, 7, 9 that the motion of the infinitesimal
mass at the triangular points is oscillatory. u (f)-v (f) curve is plot-
ted in Figs 2, 4, 6, 8, 10 in the range f € [0, 37.75x].

The simulations of the solutions u (f) , v (f) and u-v for binary

infinitesimal mass

of the
around the triangular equilibrium points

4. Trajectories

The trajectory of the infinitesimal mass around L, of the triangular
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equilibrium points for the binary systems in the ERTBP

considering both the primaries as radiating and oblate has been
discussed. In order to find the trajectory, the three equations of
(2.1) are multiplied by &,7.¢ in turns and added, which finally

gives:
g wnn +¢¢

4.1)

on

Q

d

Since Q does not contain time explicitly, therefore equation (4.1)

can be integrated and given as follows:

£2in%ig

(4.2)

+C.

2]

1—82

Which , on further simplification gives:

Fig. 7: The Graph of the Function f-u and f-v for f € [0, 37.75x] in Case of

Kruger- 60.

Fig. 8: The u-v Graph for Kruger-60 in range f € [0, 37.75x].
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Therefore in planar ({=0) ERTBP the trajectory of the
infinitesimal are obtained from the equation (4.3) as:

2,2, 2
(& +n") 2
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3 3 |77
rl FZ 2r1 2r2
Where
. 2
C*=Cy1l-e“. (4.9)

Geometrically, this means that at every time (or any value of true
anomaly, f ) different sets of trajectory can be constructed for
different values of radiation pressure and oblateness parameter.
The trajectory of the infinitesimal mass is traced with the help of
equation (4.4) using Matlab (7.1) around the triangular
equilibrium points, for the binary systems. (Achird, Luyten, Alpha
Cen AB, Kruger-60 and Xi-Bootis) by varying the oblateness
parameter.

6 m

4
Fig. 12: Trajectory for Achird when A;=0.01, A,=0.02.

r r r r r r

3
Fig. 13: Trajectory for Achird At A;=0.1, A,=0.2.

T

T T T T T T

r r r r r ‘

r r r r r r

4 2 0 2 4 6

3
Trajectory For Luyten When A;=0.1, A,=0.2.
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3
Trajectory for a Cen AB when A;=0.01, A,=0.02.
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Fig. 20: Trajectory for Kruger-60 when A;=0.001, A,=0.002.

Fig. 23

3
: Trajectory for Xi-Bootis when A;=0.001, A,=0.002.
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Fig. 24: Trajectory for Xi-Bootis when A;=0.01, A,=0.02.
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3
Fig. 25: Trajectory for Xi-Bootis when A;=0.1, A,=0.2.

The trajectory for Achird is represented by Fig.11, Fig.12, Fig.13;
likewise Fig.14, Fig.15, Fig.16 represent the same for binary
system Luyten. The same is represented by Fig.17, Fig.18, Fig.19
for binary system o Cen AB.Similarly Fig.20, Fig. 21, Fig. 22
represent trajectory for the binary system Kruger-60 and Fig 23,
Fig 24, Fig 25 for binary system Xi-Bootis. It can be seen that due
to change in oblateness there is significant change in two
dimensional trajectories for the binary systems. The three
dimensional trajectory of the infinitesimal mass around the
triangular points for the binary systems is represented by Figs.26-
40 for different values of oblateness parameter. It is found that the
three dimensional figure exhibits almost the same nature and
behavior which is obvious from Figs.26-40.

Fig. 26:
A,=0.002.

Fig. 27: Three Dimensional'”"l"r'ajectory for Achird when A;=0.01,
A,=0.02.

Fig. 29: Three Dimensional Tréjectory for Luyten when A;=0.001,
A,=0.002.

Fig. 30: Three Dimensional Trajectory for Luyten when A;=0.01,
A,=0.02.

Fig. 31: Three Dimensional Trajectory for Luyten when A;=0.1, A,=0.2.
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Fig. 32: Three Dimensional Trajectory for a Cen AB when A;=0.001,

A2=0.002.

e
: i LR
(T AT
I ANV VA Bt
o0 A e
st

R
e
S
R

Fig. 33: Three Dimensional Trajectory for a Cen AB when A;=0.01,

A=0.02.
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Fig. 34: Three Dimensional Trajectory for a Cen AB when A;=0.1,
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Fig. 35: Three Dimensional Trajectory for Kruger-60 when A;=0.001,

A,=0.002.
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Fig. 36: Three Dimensional Trajectory for Kruger-60 when A;=0.01,

A=0.02.
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Fig. 37: Three Dimensional Trajectory for Kruger-60 when A;=0.1,

A=0.2.
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Fig. 39: Three Dimensional Tfajectory for Xi-Bootis when A;=0.01,

A,=0.02.
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Fig. 40: Three Dimensional Tréjectory for Xi-Bootis when A;=0.1,
A=0.2.

5. Discussion and Conclusion

The trajectory of the infinitesimal mass around L, of the triangular
equilibrium points are studied in the framework of ERTBP taking
both the primaries as radiating and oblate spheroid. The study is
done for the binary systems (Achird, Luyten, Alpha Cen AB, Kru-
ger-60 and Xi-Bootis).

The solutions are obtained by plotting u (f), v (f) graph for the
binary systems. Singh and Umar (2012b) studied the locations of
the triangular points for the binary systems in particular and found
that there is shift in both the coordinates due to change in ob-
latenes parameter. They also studied the region of stability by
varying radiation pressure, semi major axis, oblateness parameter,
eccentricity in general and found that there is decrease in region of
stability.

In this manuscript, the simulation technique is exploited to study
the linear stability of the triangular equilibrium points around L,
by plotting u (f) and v (f).The The u (f) and v (f) function defines
the solutions for the perturbed motion in the vicinity of L,. Figs.
1- 10 shows u (f) and v (f) curve for different binary systems in
the range f € [0, 37.75x]. It is clear from the Figs.1, 3, 5, 7, 9 that
the motion of the infinitesimal mass at the triangular points is
oscillatory. It can be seen from Figs 2 and 10 that u (f) versus v (f)
curve for Achird and Xi- Bootis shows almost the same behavior.
Similar nature can be seen for the binary systems Luyten, Alpha
Cen AB, Kruger-60 which is obivous from Figs.4, 6 and 8. Also,
Figs. 11-25 it is clear that oblateness which is considered apart
from gravitational and radiation pressure of the primaries affects
the trajectories of the infinitesimal mass. The change in oblateness
parameter shows a significant change in the two-dimensional tra-
jectory for the binary systems. The trajectory of the infinitesimal
mass around the triangular points are plotted for three different
values of oblateness parameters for the binary system.The three-
dimensional trajectories of the infinitesimal mass are shown in
Figs.25-40 for the binary systems for different values of oblate-
ness parameter which shows almost the same nature.
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