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Abstract

This paper introduces and investigates a new family of nonlinear contraction-type mappings, termed θ -rational contractions, defined on
complete metric spaces. This class is formulated through a function θ ∈ Θ satisfying appropriate monotonicity and asymptotic regularity
conditions, and incorporates both rational-type expressions and power-type nonlinearities. The proposed framework unifies and extends
several well-known contractive conditions, including the Jleli-Samet θ -contractions and the rational-type contractions of Dass-Gupta. A
general fixed point theorem is established, ensuring that a fixed point exist and is unique for θ -rational contractions, together with the
convergence of the associated Picard iteration. A corollary shows that, by choosing a = 0, the contractive condition reduces to a strict
θ -contraction, thereby generalizing and strengthening the θ -contraction introduced by Jleli and Samet. Illustrative examples on both finite
and continuous metric spaces are included to show the applicability of the established findings. Additionally, a common fixed point result is
established for commuting pairs of θ -rational contractions. These results highlight the flexibility of the θ -rational framework and offer a
unified approach to a broad class of nonlinear contractive conditions.
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1. Introduction

The investigation of fixed points for nonlinear mappings in metric spaces has long been central to analysis and its applications. Since the
appearance of Banach’s classical contraction principle in his 1922 doctoral thesis [1], where it was employed to show that the solutions to
integral equations exist, a vast body of generalizations has emerged. These extensions were developed to treat mappings that fail to satisfy
the simple Lipschitz-type condition required in Banach’s theorem. Among the most prominent are the contractions of Kannan [2], Chatterjea
[3], Hardy–Rogers [4], and, more recently, the θ -contractions formulated by Jleli and Samet [5]. Their approach relies on a nonlinear
transformation of the metric via a distortion function θ belonging to the class Θ, where Θ denotes the set of functions θ : (0,∞)→ (1,∞)
that satisfy the following properties:

• (Θ1) θ is non-decreasing;
• (Θ2) for every sequence {tn}, with limn→∞ tn = 0+, we have

lim
n→∞

θ(tn) = 1;

• (Θ3) There exist k ∈ (0,1), l ∈ (0,∞] such that

lim
t→0+

θ(t)−1
tk = l.

A mapping T : U → U on a generalized metric space (U,ρ) is called a θ -contraction if there exist u,v ∈ U with ρ(Tu,Tv) ̸= 0, and a
constant r ∈ (0,1) such that for all u,v ∈U,

θ(ρ(Tu,Tv))≤ [θ(ρ(u,v))]r.

Subsequent extensions were established by Jleli, Karapınar, and Samet [6], and numerous fixed point results for θ -contractions have appeared
in both generalized and classical metric settings (see [7, 8, 9, 10]).
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distribution, and reproduction in any medium, provided the original work is properly cited.
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In parallel with the development of θ -based nonlinear contractions, rational-type contractive conditions and power-type inequalities have
become powerful tools for addressing nonlinear problems in which contractive behavior is expressed through rational expressions or powers
of the metric. Such conditions arise naturally in nonlinear differential equations, integral equations, and iterative schemes with mixed
monotonicity.
Dass and Gupta [11] introduced the rational contractive type conditions to extend Banach’s result [1]. They employed the following
contractive framework

ρ(Tu,Tv)≤ a
ρ(v,Tv)(1+ρ(u,Tu))

1+ρ(u,v)
+bρ(u,v), ∀u,v ∈U

where a,b ∈ [0,1) such that a+b < 1 and T continuous, to prove their result. Jaggi [12] later proposed another rational-type condition,
namely

ρ(Tu,Tv)≤ a
ρ(u,Tu)ρ(v,Tv)

ρ(u,v)
+bρ(u,v), a+b < 1,

which further generalized Banach’s principle. Since then, numerous contributions have enriched the rational contraction theory (see
[13, 14, 15, 16, 17, 18]).
The aim of this paper is to unify the ideas of Jleli-Samet [5] and Dass-Gupta [11] by introducing a general θ -rational contraction, which will
incorporate simultaneously:

• a rational correction term,
• a powered nonlinear term,
• and the θ -transform, allowing nonlinear geometric distortion.

In contrast to existing frameworks, Classical Banach contractions correspond to linear Lipschitz control, θ -contractions rely solely on
nonlinear distortion via θ , while rational contractions involve metric ratios without nonlinear transformation. The present framework unifies
these approaches within a single inequality, thereby covering cases not accessible by any of these theories individually.
Our first main theorem establishes the existence and uniqueness of fixed points for such mappings on complete metric spaces, together with
Picard convergence of the iterative sequence. As a corollary, we show that taking a = 0 extend the classical Jleli-Samet θ -contraction result.
We also provide illustrative examples on finite and continuous metric spaces, demonstrating the applicability of the theory. Lastly, we obtain
a common fixed point theorem for commuting pairs of θ -rational contractions, underscoring the robustness of the framework.
Overall, this work offers a flexible and unifying contraction principle that encompasses many known results as special cases and provides
new tools for treating nonlinear problems in fixed point theory.

2. Main Results

Theorem 2.1 (θ -Rational Contraction). Let (U,ρ) be a complete metric space and let θ ∈ Θ. Let constants a ≥ 0, b ≥ 0 satisfy a+b < 1
and fix an exponent r ∈ (0,1).
A mapping T : U →U is called a θ -rational contraction if for all u,v ∈U with u ̸= v,

θ
(
ρ(Tu,Tv)

)
≤

aθ(ρ(v,Tv))
[
1+θ(ρ(u,Tu))

]
1+θ(ρ(u,v))

+b
(
θ(ρ(u,v))

)r
. (1)

Then T admits a unique fixed point u∗ ∈U, and for each u0 ∈U the sequence {un} defined by un+1 = Tun converges to u∗.

Proof. Fix u0 ∈ U and define un+1 = Tun for n ≥ 0. If for some p ∈ N we have up = up+1, then up is a fixed point.Otherwise, assume
ρ(un,un+1)> 0 for all n.
Apply (1) with u = un−1 and v = un. Then Tun−1 = un and Tun = un+1. Hence

θ
(
ρ(un,un+1)

)
≤

aθ(ρ(un,un+1))
[
1+θ(ρ(un−1,un))

]
1+θ(ρ(un−1,un))

+b
(
θ(ρ(un−1,un))

)r

= aθ(ρ(un,un+1))+b
(
θ(ρ(un−1,un))

)r
. (2)

Rearranging,

(1−a)θ(ρ(un,un+1))≤ b
(
θ(ρ(un−1,un))

)r
.

Since a < 1, the coefficient 1−a is strictly positive, allowing us to divide both sides by 1−a without altering the inequality. Thus,

θ(ρ(un,un+1))≤
b

1−a

(
θ(ρ(un−1,un))

)r
. (3)

Now iterating the above equation (3), we have:

θ(ρ(un,un+1))≤
( b

1−a

)(
θ(ρ(un−1,un))

)r
.

≤ b
1−a

( b
1−a

(
θ(ρ(un−2,un−1))

)r
)r

≤ ·· · ≤
( b

1−a

)1+r+···+rn−1(
θ(ρ(u0,u1))

)rn

. (4)
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The inequality (4) follows by a straightforward induction on n, by repeatedly applying inequality (3) and then using the geometric sum
1+ r+ · · ·+ rn−1 = 1−rn

1−r .

Since a+b < 1, we have b
1−a ∈ (0,1). Hence

(
b

1−a

) 1−rn
1−r −→

(
b

1−a

)1/(1−r)
< 1, as n → ∞, and since rn → 0,

(
θ(ρ(u0,u1))

)rn

→ 1.
Thus, for large n equation (4) is bounded by a number strictly less than 1, so

limsup
n→∞

θ(ρ(un,un+1))≤
( b

1−a

)1/(1−r)
< 1.

But θ(ρ(un,un+1))≥ 1 for all n, hence the only possible limit is 1. Thus: θ(ρ(un,un+1))→ 1, n → ∞. By condition (Θ2), we have
limn→∞ ρ(un,un+1) = 0.
From (Θ3), we have k ∈ (0,1) such that

lim
n→∞

θ(ρ(un,un+1))−1
(ρ(un,un+1))k = l where l ∈ (0,∞].

Case 1: l < ∞. Let F = l/2 > 0. Using the definition of limit, there exists n0 such that for all n ≥ n0,∣∣∣∣θ(ρ(un,un+1))−1
(ρ(un,un+1))k − l

∣∣∣∣≤ F.

This implies, for each n0 ≤ n,
θ(ρ(un,un+1))−1
(ρ(un,un+1))k ≥ l −F = F.

Then, for each n ≥ n0,

n(ρ(un,un+1))
k ≤ Dn[θ(ρ(un,un+1))−1], D = 1/F.

Case 2: l = ∞. Similarly, for any F > 0, there exists n0 such that for n0 ≤ n

θ(ρ(un,un+1))−1
(ρ(un,un+1))k ≥ l −F = F.

Then, for each n0 ≤ n,

n(ρ(un,un+1))
k ≤ Dn[θ(ρ(un,un+1))−1], D = 1/F.

In both cases, there exists D > 0 and n0 ∈ N such that,

n(ρ(un,un+1))
k ≤ Dn[θ(ρ(un,un+1))−1].

Using equation (4) we obtain

n(ρ(un,un+1))
k ≤ Dn

[( b
1−a

) 1−rn
1−r (

θ(ρ(u0,u1))
)rn

−1
]
.

Letting n → ∞ gives
lim
n→∞

(ρ(un,un+1))
k = 0.

Thus, for some N ∈ N,

ρ(un,un+1)≤
1

n1/k
, n ≥ N.

Since k ∈ (0,1), the series ∑
∞
n=1 n−1/k converges. Therefore by comparison ∑

∞
n=1 ρ(un,un+1)< ∞.

Now, for any m > n > N, using the triangular inequality, we have

ρ(um,un)≤
m−1

∑
i=n

ρ(ui,ui+1),

and the tail of a convergent series goes to zero. Thus:

ρ(um,un)→ 0 as n,m → ∞,

so (un) is Cauchy.
Since U is complete, there exists u∗ ∈U such that un → u∗. We show that u∗ is a fixed point.
Apply (1) with u = un and v = u∗:

θ(ρ(Tun,Tu∗))≤ aθ(ρ(u∗,Tu∗))[1+θ(ρ(un,Tun))]

1+θ(ρ(un,u∗))
+b

(
θ(ρ(un,u∗))

)r
.

Let n → ∞, since un → u∗ and ρ(un,u∗)→ 0, we have θ(ρ(un,u∗))→ θ(0+) = 1 and θ(ρ(un,Tun)) = θ(ρ(un,un+1))→ 1. Thus the RHS
tends to aθ(ρ(u∗,Tu∗))+b. Rearranging and passing to the limit gives

(1−a)θ(ρ(Tu∗,u∗))≤ b.
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If ρ(Tu∗,u∗)> 0, then we have θ(ρ(Tu∗,u∗))> 1, however

θ(ρ(Tu∗,u∗))≤ b
1−a

< 1,

A contradiction since θ ≥ 1. Thus: ρ(Tu∗,u∗) = 0, that is Tu∗ = u∗.
To show the uniqueness, suppose v∗ is another fixed point of T . Substitute u = u∗, y = v∗ into (1). Using θ(0) = 1 from (Θ2), we obtain:

θ(ρ(u∗,v∗))≤ aθ(ρ(v∗,Tv∗))[1+θ(ρ(u∗,Tu∗))]
1+θ(ρ(u∗,v∗))

+b
(
θ(ρ(u∗,v∗))

)r

Thus,

θ(ρ(u∗,v∗))≤ aθ(ρ(v∗,v∗))[1+θ(ρ(u∗,u∗))]
1+θ(ρ(u∗,v∗))

+b
(
θ(ρ(u∗,v∗))

)r

=
aθ(0)[1+θ(0)]
1+θ(ρ(u∗,v∗))

+bθ(ρ(u∗,v∗))r.

Hence,

θ(ρ(u∗,v∗))≤ 2a
1+θ(ρ(u∗,v∗))

+bθ(ρ(u∗,v∗))r.

Since r ∈ (0,1), θ(ρ(u∗,v∗))r < θ(ρ(u∗,v∗)). Therefore θ(ρ(u∗,v∗))≤ 2a
1+θ(ρ(u∗,v∗)) +bθ(ρ(u∗,v∗)). Rearranging yields:

(1−b)θ(ρ(u∗,v∗))≤ 2a
1+θ(ρ(u∗,v∗))

≤ a.

However, since θ(ρ(u∗,v∗)) ≥ 1, the left side satisfies (1− b)θ(ρ(u∗,v∗)) ≥ 1− b, and the right side satisfies 2a
1+θ(ρ(u∗,v∗)) ≤

2a
1+1 = a.

Thus,

1−b ≤ (1−b)θ(ρ(u∗,v∗))≤ a

Hence 1−b ≤ a,which implies a+b ≥ 1, contradicting the hypothesis a+b < 1.
Therefore the assumptions ρ(u∗,v∗)> 0 is impossible, thus ρ(u∗,v∗) = 0 and the fixed point is unique.

Corollary 2.2. Let (U,ρ) be a complete metric space and let θ satisfy conditions (Θ1)− (Θ3), and let the mapping T : U →U satisfy the
θ -rational contraction

θ(ρ(Tu,Tv))≤
aθ(ρ(v,Tv))

[
1+θ(ρ(u,Tu))

]
1+θ(ρ(u,v))

+b
(
θ(ρ(u,v))

)r
, for all u,v ∈U. (5)

Then, by choosing a = 0, we obtain a generalized version of Jleli–Samet type inequality

θ(ρ(Tu,Tv))≤ b
(
θ(ρ(u,v))

)r

and consequently T has a unique fixed point u∗ ∈U. Moreover, for every u0 ∈U the Picard iteration un+1 = Tun converges to u∗.

Proof. By taking a = 0 in (5), the first term vanishes and we obtain exactly

θ(ρ(Tu,Tv))≤ b
(
θ(ρ(u,v))

)r
.

Since b ∈ [0,1) and r ∈ (0,1), the above inequality is a strict θ -contraction in the sense that the right side is a contraction factor less than 1
applied to (θ(ρ(u,v)))r. The hypotheses of the θ -rational contractions are therefore satisfied.

Example 2.3 (Finite Space). Take θ(t) = 1+ t p with p ∈ (0,1). Then:

• θ is continuous and non-decreasing;
• θ(0+) = 1 and θ(t)→ 1 if and only if t → 0+;

•
θ(t)−1

t p =
t p

t p = 1.

Let U = {0,1} with the metric ρ(0,1) = 1. Choose θ(t) = 1+ t1/2 so that θ(1) = 2. Define the map T : U →U by

T(0) = T(1) = 0.

Now check the θ -rational contraction for u = 0, v = 1.

Left-hand side:

θ(ρ(Tu,Tv)) = θ(ρ(T0,T1)) = θ(0) = lim
t→0+

θ(t) = 1.
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Right-hand side: Using ρ(v,Tv) = ρ(1,0) = 1, ρ(u,Tu) = ρ(0,0) = 0, and ρ(u,v) = 1, we get

RHS =
aθ(ρ(v,Tv))[1+θ(ρ(u,Tu))]

1+θ(ρ(u,v))
+b

(
θ(ρ(u,v))

)r

=
aθ(1)

[
1+θ(0)

]
1+θ(1)

+b
(
θ(1)

)r
= a ·θ(1)+b

(
θ(1)

)r
.

Choose a = 0.4, b = 0.4, r = 1
2 . Then a+b = 0.8 < 1. Therefore,

RHS = 0.4 ·2+0.4 ·21/2 ≈ 0.8+0.5657 = 1.3657 > 1.

Thus,

1 ≤ RHS

holds.

Example 2.4 (Continuous Example on an Interval). Let U = [0,1] together with the metric ρ(u,v) = |u− v|. Choose

θ(t) = 1+ t p, p ∈ (0,1).

Consider the linear contraction T(u) = λu with 0 ≤ λ < 1. We want to choose parameters a,b,r so that for all u,v ∈ [0,1],

θ(|λu−λv|)≤
aθ(|v−λv|)

[
1+θ(|u−λu|)

]
1+θ(|u− v|)

+b
(
θ(|u− v|)

)r
.

Since ρ(u,v)≤ 1, set t := |u− v| ∈ [0,1]. Also,

|v−λv|= (1−λ )v ∈ [0,1−λ ], |u−λu| ∈ [0,1−λ ].

Thus the inequality reduces to checking, for all t ∈ [0,1],

1+(λ t)p ≤ aθmax(1+θmax)

1+θ(t)
+b

(
θ(t)

)r
,

where θmax := maxs∈[0,1−λ ] θ(s) = 1+(1−λ )p, since u,v ∈ [0,1].

The above inequality is equivalent to
1+(λ t)p−aθmax

(1+θmax)
1+θ(t)(

θ(t)
)r ≤ b.

Now, define the function

F(t) :=
1+(λ t)p −aθmax

(1+θmax)
1+θ(t)(

θ(t)
)r .

we can find a,b,r with a+b < 1 such that supt∈[0,1] F(t)≤ b,
Let p = 1

2 ,λ = 0.3,a = 0.45,r = 1
2 and b = 0.545. Then,

supF(t)≈ 0.5418 ≤ 0.545.

Thus, the contraction inequality holds, and since the mapping T satisfies the θ -rational contraction inequality (1) for the chosen parameters
a,b,r and the metric ([0,1, | · |]) is complete, it follows from Theorem (2.1) that T possesses a unique fixed point in [0,1]

Remark 2.5. The θ -rational contraction introduced in Theorem 2.1 strictly generalizes several existing contraction conditions. In particular,
when the rational term is omitted (that is, by setting a = 0), as shown in Corollary 2.2, the contractive inequality reduces to a power-type
θ -contraction, which includes the θ -contraction of Jleli and Samet as a special case. Moreover, the illustrative examples presented on both
finite and continuous metric spaces further demonstrate the applicability and flexibility of the proposed framework.

Theorem 2.6. Let (U,ρ) be a complete metric space with θ ∈ Θ. Let T,S : U → U be two mappings each satisfying the θ -rational
contraction inequality

θ(ρ(Mu,Mv))≤
aθ(ρ(v,Mv))

[
1+θ(ρ(u,Mu))

]
1+θ(ρ(u,v))

+ b
(
θ(ρ(u,v))

)r
, M = T,S. (6)

Assume that T and S commute, i.e. TS = ST. Then T and S have a common fixed point u∗ ∈U which is unique. Moreover, for every u0 ∈U
the sequences Tnu0 and Snu0 both converge to u∗.

Proof. Since both T and S satisfy the θ -rational contraction hypothesis with the same admissible function θ and constants a,b,r with
a+b < 1, the θ -rational contraction theorem applied to T and to S separately yields that each map has a unique fixed point. Denote these by

uT ∈U with T(uT) = uT, uS ∈U with S(uS) = uS.

Now use the commuting property to show the fixed points coincide. Compute

S
(
T(uS)

)
= T

(
S(uS)

)
= T(uS),
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so T(uS) is a fixed point of S. But S has a unique fixed point, namely uS; hence

T(uS) = uS.

Thus uS is fixed by both T and S. By the uniqueness of uT, we must have uT = uS. Set

u∗ := uT = uS.

Thus u∗ is the unique point fixed by both maps.
Next we show that both iterative sequences converge to this common fixed point u∗. Let u0 ∈ U be arbitrary. Applying the θ -rational
contraction theorem to T gives

Tnu0 −→ uT = u∗.

Similarly, applying it to S yields

Snu0 −→ uS = u∗.

Since uT = uS = u∗, both iterative sequences converge to the same common fixed point u∗.
To prove uniqueness, suppose v ∈U is another common fixed point of T and S. Then v is a fixed point of T, but T has the unique fixed point
uT. Thus v = uT = u∗. Hence the common fixed point is unique.

3. Conclusion

We introduced the class of θ -rational contractions, unifying rational-type, power-type, and θ -contractive conditions in complete metric
spaces. A general fixed point theorem was established, ensuring existence, uniqueness, and convergence of the Picard iteration, with a
corollary showing that the framework generalizes and strengthens the Jleli-Samet θ -contraction. Illustrative examples and a common fixed
point theorem for commuting maps demonstrated the versatility and applicability of the approach. Overall, the θ -rational framework provides
a flexible, unified method for studying nonlinear contractive mappings and opens avenues for further generalizations and applications in
analysis and optimization. Future research directions include extensions of the θ -rational framework to generalized metric spaces such
as b-metric, rectangular metric, and partial metric spaces, as well as multivalued and cyclic mappings. Potential applications to nonlinear
integral equations, fractional differential equations, and iterative algorithms in optimization may also be explored.
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