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Abstract 
 

In this paper, we investigate the mathematical model for the diffusion of dust particles emitted from a fixed source. 

Mathematically, the time-dependent diffusion equation in the presence of a point source whose strength is dependent on 

time is solved. The solution in closed form for a source of general time dependence is obtained. A number of special 

cases, in which the source function of time is explicitly given and special values of the diffusion parameters are taken 

are examined in detail. The numerical calculations show the strong dependence of the concentration of dust on the 

speed of the wind, the source, and its position in the vertical direction. It is also found that the diffusion parameters play 

an important role in the spread of the dust particles in the atmosphere. When diffusion is present only in the vertical 

direction, it is found that for small times the dust spreads with a front that travels with the speed of the wind. 

 
Keywords: Air Pollution; Atmospheric Diffusion Equation; Dust Concentration; Dust Diffusion; Wind Speed. 
 

1. Introduction 

The study of the mathematical model for the diffusion of dust particles emitted from a fixed source is relevant to some 

industrial and environmental applications [1 – 3]. Most industrial establishments have factories with chimneys through 

which the fumes escape into the atmosphere outside the factory. These fumes diffuse into the surroundings causing 

pollution and forming a health hazard [4 – 7]. In arid lands, strong winds can cause the dust from the ground to travel 

with wind and can cause danger to tarmac roads and also dirt in houses [8 – 11].  

Small particles in the atmosphere are divided into 3 categories: (i) large ones (heavy) which are of diameter 0.5 mm or 

more, (ii) intermediate ones (medium) which are of diameter in the range 0.1-0.5 mm, and (iii) light ones (small) with 

the diameter less than 0.1 mm. The dynamics of these particles depend on their size, the prevailing wind speed and the 

resulting turbulent eddies that disperse and diffuse the particles. An erodible bed is a type of surface, which has loose 

particles that can be removed easily by the wind. When wind blows over an erodible bed of small particles, the particles 

begin to move. The motion of such particles depends on a certain speed that is called threshold (critical) wind speedUc . 

This speed depends on the size and surface roughness of the particles and logically it will be different for each particle. 

The particle will move from one place to another if the prevailing wind speed exceeded the critical speed for this 

particle.  

For heavy particles, the influence of the gravitational force is strong and the threshold speed is large. So, these particles 

stay on the surface of the ground and their motion takes shape of rolling and/or sliding along the surface. This type of 

motion is called creep. The influence of gravity in the case of intermediate particles is smaller than that for heavy 

particles. So, their motion takes the form of bouncing along the surface. Such motion is known as saltation [12]. For the 

light particles, the critical velocity is small and the influence of gravity forces is not much. So, these particles can easily 

fly in the atmosphere and stay as suspension for long times before they fall down to the ground. This last family of 

particles includes natural dust, industrial fumes, and interstellar particles [13].  

The diffusion of particles emitted from a certain source in the atmosphere is given by the atmospheric diffusion 

equation [14] 
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In which *(r , )C t  is the concentration of the dust particles after time 
*t  , r  is position vector ( * * *r i j kx y z   ), 

*u(r , )t  is the local velocity of the particles, *w(r, )t is the settling velocity, and D(r)  is the stress tensor and it is given 

in a Cartesian system of coordinates * * *( , , )O x y z  by 
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Where *Oz  vertically upwards and 
*Ox and 

*
Oy are horizontal.  

The settling velocity depends mainly on the size and on roughness of the particles. The stress tensor represents the local 

viscosity due to the friction between particles of the fluid. The left hand side of the equation (1) represents the rate of 

change of dust particles while the right hand side represents the flux. The second term on the left hand side represents 

the advection of the particles. 

The spread of the dust particles has been studied theoretically and experimentally by using equation (1). Gillette and 

Goodwin [15] studied the steady state transport of sand-sized particles using the 1-D atmospheric diffusion equation (

z coordinate) in the case of moderate wind speeds. They supposed the absence of the advection term and the 

presence of non-zero vertical component of diffusion only. In their model, they assumed that the diffusion component 

varies with the vertical coordinate z , and the settling velocity is dependent only on the particle radius. They obtained 

an analytic solution for the concentration in closed form as a function of z . When they tested the applicability of their 

model to actual soil transport, they concluded that there is close agreement between them.  

Hassan and Eltayeb [16] extended the Gillette and Goodwin model to find the concentration of the steady state 2-D 

diffusion equation. Considering Cartesian coordinates ( , , )O x y z  with Oz vertical and Ox  along the wind speed, 

they assumed that the wind move with the velocity ( ( ),0,0)U z , and the diffusion components are absent except the 

vertical one which was proportional to the vertical height z , the same as in the Gillette and Goodwin model. Their 

general result from this model was that the concentration is also dependent on the distance x along the wind direction.  

The study by Hassan and Eltayeb [17] examined the Gillette and Goodwin model in the presence of time variations as 

an initial –boundary-value-problem (IBVP) and found the solution in closed form for all time t . They used the 

atmospheric diffusion equation with homogeneity of concentration in the horizontal directions in the presence of the 

diffusion and gravitational forces. They assumed that the diffusion components are all zero except that in the vertical 

direction and it was linearly proportional to the height z. They concluded that the concentration is very dependent on 

time, height, and settling velocity. When they tested the initial value problem as t , they deduced the steady state 

of the Gillette and Goodwin model.  

Sharan et al. [3] examined a steady-state model for low wind speeds. They assumed that the particles are very light and 

hence they neglected the gravitational force. They supposed that the air stream moved with a uniform velocity U  in 

the x direction. Moreover, they assumed the presence of diffusion components in three coordinate directions and all 

of them are linearly proportional to the distance along the prevailing wind. They suggested a source of particles at 

ground level, as in the studies above. They compared their results with some observational data and they found 

reasonable agreement. 

In the current study, we intend to extend the model by Sharan et al. [3] to include the time variation. This model applies 

for low wind speeds and is chosen because it is relevant to wind speeds in Oman most of the year. This model poses an 

initial-boundary-value problem for a linear partial differential equation of the second order. Here gravity is ignored but 

diffusion is potent. In section 2, we define the model. In section 3, we obtain the general solution of the problem in 

closed form. The solutions of some special cases with regard to the values of the diffusion parameters and the time 

dependence of the source, is examined in detail. In section 4, we present the solutions of the special cases graphically 

and discuss them in more detail as to their dependence on the parameters of diffusion. We also examine the solutions as 

the time increases indefinitely and compare the limiting solution with that of the steady state. In section 5, we make 

some concluding remarks. 
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2. Formulation of the model 

Define a Cartesian system of coordinates 
* * *( , , )O x y z in which 

*Oz  is vertically upwards, 
*Ox and 

*Oy are 

horizontal and the 
* x  axis is oriented in the direction of the wind speed. The concentration 

* * * *( , , , )C x y z t  of 

the dust particles in the time *t  is governed by equation (1). We specify the velocity of dust particles and the settling 

velocity  

 

( ,0,0) , , Uu w 0                                                                                                                                       (3) 

 

Where ( ,0,0)U  is the wind speed. Here we assume that the dust particles are very light. 

We consider the diffusion tensor (2) has three non-zero components and are linear in the direction *x  , so that 
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In which , and    are positive constants. 

Using equations (3) and (4) to write equation (1) as 
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Equation (5) represents the linearized three-dimensional unsteady atmospheric diffusion equation in the absence of 

gravitational forces. It describes the un-steady state diffusion of dust particles. We assume that system is due to a fixed 

source at 
*(0,0, )h , where 

* 0h  .  

The relevant initial and boundary conditions are: 

* * * * * * *( , , , ) 0 as , , , C x y z t x y z                                                                                                 (6) 
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Where ( )s  is Dirac’s delta function and condition (8) indicates that the source at 
*(0,0, )h  has a strength Q  .  

The equation (5) subject to the conditions (6) - (9), poses an initial-boundary-value problem for a partial differential 

equation of second order. When , , 0     and * 0x  , the partial differential equation (5) is elliptic in nature. 

However if any two of the parameters , ,   vanish, the equation becomes parabolic.  

 

2.1. Solution of the general case 
 

If we define 

 
1/2 1/2
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Then equation (5) becomes 
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With the initial and boundary conditions 
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Now, we take the Fourier transform in y  , Fourier Cosine transform in z  , and Laplace transform in time of equation 

(11) and the conditions (12). Thus we obtain 

 
2

2 2

2
( ) 0 ,     

d W dW
x a x x m W

dx dx
                                                                                              (14) 

 

Where 

 
*

0

( , , , ) ( , , , ) ,tW x m C x m t e dt  




                                                                                                                                 (15) 

 

*

0

2
( , , , ) ( , , , ) cos( ) , 





 C x m t C x z t mz dz                                                                                        (16) 

 

i1
( , , , ) ( , , , ) ; i 1 ,

2








  
yC x z t C x y z t e dy                                                                          (17) 

 

, ( , , , )W x m   satisfies the conditions  
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And we have defined 
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The equation (14) can be reduced to Whittaker’s equation  
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By using the transformations 
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The equation (20) has the general solution [18] 
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In which A  and B  are constants and ( , , ) , ( , , )M a b x U a b x  are the Confluent hypergeometric functions of first and 

second kind, respectively [19]. 

Then using (22) - (22) to express ( , , , )W x m  in the general form 
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The application of the conditions (18) and using the properties of the Confluent hypergeometric functions [19] when 

0x   and x  lead to  
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Where   a is Gamma function. 

The solution of equation (24) then can be written in the form 
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The next step is taking the inverse Fourier transform with respect to y and inverse Fourier Cosine with respect to z  

and the inverse Laplace transform with respect to time for the expression (27). After some algebraic simplifications, we 

obtain  
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Where, all the poles i of ( ) ( , , , )F x y z    lie in Re( ) c  , and the function ( , , , ) x y z  is given by  
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In which 0( )J x  is Bessel function of the first kind of order 0 , and we have defined the following circular 

transformation 

 

cos( ) , sin( ),   r m r                                                                                                                             (30) 

 

Where the Jacobian of this transformation is given by 
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The expressions (28) and (29) give the solution for the concentration in the ( , , )x y z  plane at all times. The solution (28) 

has a complicated dependence on the variables of the system. However, we can get some understanding of the influence 

of diffusion parameters in all directions by studying some special cases of the parameters  , ,   . In this paper, we 

consider the case 0 ; 0     . 

 

2.2. Solution in the case of vertical diffusion ( 0, 0     ) 
 

This case happens when the vertical diffusion only is present, and both longitudinal (along x ) and latitudinal (along y ) 

diffusions are absent. Thus, the solution is given by the expression  
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Where , , , ,t x z h Q  are given in the equations (10) and (13) and ( )H x  is the Heaviside function. 

Expression (32) represents the general solution for a general source ( )f t  in closed form. This expression specifies the 

concentration at every point ( , , )x z t  of the domain. We note that the time dependence appears only in the amplitude of 

the concentration and is absent in the exponential dependence. We also note that the presence of the Heaviside unit 

function in the amplitude of the solution represents the discontinuity in the solution across the straight line x t  in the 

( , )x t  plane. In section 4 below, we will illustrate this solution by three examples of the source function ( )f t .  

3. Discussion  

Expression (32) gives the general solution of the concentration for a source with time-dependence ( )f t  when vertical 

diffusion ( )
zz

D is present, and both longitudinal and latitudinal diffusions, 
xx

D and 
yy

D , are absent. Here we specify the 

solution of the concentration of dust particles using three examples of function ( )f t , which are (i) Heaviside function 

( )H t , and two exponential functions (ii) 1 , 0te    and (iii) 
2

1 te  . The main difference between these examples of 

function is that the first one has a jump from 0 to 1 at 0t  , and the others start from 0 and then increase continuously 

until they reach 1. Our aim for choosing these specific examples is that we want to see the effect of the strength of the 

source as time varies. In the case of the first example, the strength of the source doesn’t depend on the time after 0t  . 

While in the second and third examples, the strength of the source depends on the time t .  

 

3.1. The source function with ( ) ( )f t H t  
 

The general expression of the solution (32) can be written in the form 
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The contours of the solution (33) in the ( , )x z  plane are illustrated in figures 1 and 2 for different values of time t . We 

observe that the solution has a discontinuity at x t  for small t . Noting the transformation (10) we see that the line 

constantx t  corresponds to 
* *

constant x Ut . So that on this characteristic 
* *

/dx dt U , i.e. the concentration 

of particles travels with a speed U away from the source. This is, illustrated for two sample values of ( 0.0 , 5.0)h  in 

figures 1 and 2, respectively. The case 0.0h   corresponds to pollution from a car exhaust while that at 5.0h   is 

representative of pollution due to an industrial chimney. In this case, the source of pollutant doesn’t depend on the time. 

For x t , the concentration decreases away from the source and spreads further from the source as t  increases. For 

x t , there is no pollutant. This situation applies for all values of the height of the source above ground level. For 

small values of the time t , the proximity of the front at x t  to the source causes the pollution to diffuse upwards, 

(figures 1,2(a), (b), (c)). For large values of time t , the discontinuity at x t  has no effect on the distribution of the 

pollutant. This is because the source is not strong enough to force the pollution far away from the origin. As a result the 
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pollution concentration is reduced near the source. We notice that the height of the source above ground level affects 

the distribution of dust on the ground. When the source is situated on the ground, the pollution on the ground is strong 

but as the height increases, the pollution spreads over a larger area both horizontally and vertically. When t  , the 

distribution of dust approaches the steady state solution, as can be seen from the figures 1(f) and 2(f).  

Figures 3 and 4 show the sketch of the solution (33) in the ( , , )x z C  space for two values of the source height h  and 

fixed time t . The surface of the concentration here is drawn in 3-dimensions. The characteristic line x t  appears in 

the figure. We deduce from figures 3 and 4 that the front moves with the speed of the wind.  

 

 

Fig. 1: The Isolines of the Concentration ( , , ) ( , , ) /C x z t C x z t Q  in the ( , )x z Plane when ( ) ( )f t H t  and 0.0h  , for Different Values 

of the Time: (A) 0.1t  , (B) 0.4t  , (C) 1.0t  , (D) 5.0t  , (E) 7.5t  , and (F) 10.0t  . Note the Precipitation of the Pollutant on the 

Ground as the Time Increases. Note the Position of the Characteristic x t  as t  Is Increased. the Scales are Different for the Sake of Clarity.  

 

 
Fig. 2: The Isolines of the Concentration ( , , ) ( , , ) /C x z t C x z t Q in the ( , )x z Plane when ( ) ( )f t H t  and 5.0h  , for Different Values of 

the Time: (A) 0.1t  , (B) 0.4t  , (C) 1.0t  , (D) 5.0t  , (E) 7.5t  , and (F) 10.0t  . Compare Figures 1 and 2 to Notice the Influence Of 

Increasing the Height of An Industrial Chimney. the Scales are Different for the Sake of Clarity.  
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Fig. 3: The Profiles of the Concentration ( , , ) ( , , ) /C x z t C x z t Q  in the ( , , )x z C  Space when ( ) ( )f t H t  and 0.0h  , for 0.4t  . Note the 

Characteristic Line 0.4x  . Compare with Figure 1(B). 

 

 

Fig. 4: The Profiles of the Concentration ( , , ) ( , , ) /C x z t C x z t Q  in the ( , , )x z C  Space When ( ) ( )f t H t  and 5.0h  , for 0.4t  . 

Compare with Figure 2(B). Note the Pollutant Concentrated Very Close to the Source. 

 

3.2. The source function with ( ) 1 , 0   tf t e  
 

The solution (32) becomes 
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The contours of the solution (34) in the ( , )x z  plane are illustrated for different values of the time t  and decay factor 

  in figures 5-8. We note that the strength of the source in this case is an exponential function of the time, and hence 

the strength of the source depends on the coefficient of decay   as well as on the time. When this coefficient is small, 

then the strength of the source is weak for small times. Figures 5 and 6 illustrate the profiles of the solution for a fixed 

value of 10.0   and different values of the time t  with two different heights of the source. We observe that there is no 

discontinuity in the distribution of the pollutant in the ( , )x z  plane whatever the values of the time and height. This is 

due to the fact that the source is very weak for small times and hence the emission of pollution is weak and this gives 

the discontinuity at x t , which travels with the speed of the wind, time to travel further than the front of the pollution. 

Thus the line x t  is present but the pollution is behind the line and there is no actual discontinuity in the distribution 

of the pollutant.  

As we have seen in case (i), the height of the source above ground level affects the spread of pollutant in the space. This 

state happens here also. Figures 5 and 6 illustrate the relation between the height of the source and the area that is 

covered by the pollutants in the space. For large values of the time t , the distribution of the pollutant converges to the 

steady state solution (figures 5 and 6(f)). 
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Figures 7 and 8 show the profiles of the concentration of pollutants in the space for a fixed value of the time 1.0t   and 

different values of the decay factor   for two different values of the height of the source. For small values of  , the 

strength of the source is weak and its ability to push the pollutant far away from the origin is not strong. Hence, the 

pollutant cannot spread far away from the source and so the characteristic line at 1x   is far ahead of the pollutant 

(figure 7,8 (a, b)). When we choose a large value of the decay factor  , the strength of the source of the pollutant is 

increased. Then the particles diffuse in large areas in the atmosphere, and this resulted in the appearance of the 

characteristic line 1x  (figure 7,8 (c, d)). Furthermore, when   , the spread of the particles approaches the 

distribution of particles in case (i) (see figures 7(d), 8(d) and compare them with figures 1(c) and 2(c), respectively). 

These situations happened due to the relation of the Heaviside function in case (i) and exponential function in case (ii) 

for large values of  . 

The height of the source above ground level plays an important role in the distribution of the pollutant in the 

atmosphere. Whenever the source of pollutant is raised, the pollution spreads both upwards and downwards as well as 

horizontally and hence can cover a wider area than that at ground level. 

 

 

Fig. 5: The Isolines of the Concentration ( , , )C x z t in the ( , )x z Plane when ( ) 1
t

f t e


   for 0.0,and 10.0h    and the Time t  Takes 

the Values 0.1,0.4,1.0,5.0,7.5, and 10.0 in (A), (B), (C), (D), (E) and (F), Respectively. The Scales are Different for the Sake of Clarity. 
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Fig. 6: The Isolines of the Concentration ( , , )C x z t in the ( , )x z Plane when ( ) 1
t

f t e


   for 5.0,and 10.0h    and the Time t  Takes the 

Values 0.1,0.4,1.0,5.0,7.5, and 10.0 in (A), (B), (C), (D), (E) and (F), Respectively. Compare Figures 5 and 6 to Notice the Influence of 

Increasing the Height of an Industrial Chimney. 

 

Fig. 7: The Isolines of the Concentration ( , , )C x z t in the ( , )x z Plane when ( ) 1 tf t e    for 0.0, and 1.0h t   and the Factor   Takes 

the Values 0.5,1.0,10.0,and 100.0 in (A), (B), (C) and (D), Respectively. Note the Increasing of the Coefficient of Decay.  

 

 

Fig. 8: The Isolines of the Concentration ( , , )C x z t in the ( , )x z Plane when ( ) 1
t

f t e


   for 5.0,and 1.0h t   and the Factor   Takes 

the Values 1.0,10.0,100.0, and 1000.0 in (A), (B), (C) and (D), Respectively Compare with Figure 3(C).  

 

3.3. The source function with 
2

( ) 1   tf t e  
 

The solution (32) becomes 
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The contours of the solution (35) in the ( , )x z  plane are illustrated for different values of the time t  in figures 9 and 10. 

We note here that the source is very weak when t  is small. This has the effect that the concentration of the pollutant 

spreads with slow speed (i.e. much less thanU ) and hence the characteristic travels with a faster speed so that there is 

no discontinuity in the concentration of the pollutant. The pollution decreases away from the source.  
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For large values of the time t , the source is still weak and unable to push the pollutants away from it. Then the 

characteristic doesn’t appear in the figures. In general, the behaviour of the solution in this case is very similar to case 

(ii) except that the distribution decreases more rapidly as the distance from the source is increased.  

The influence of the height of the source on the distribution is the same as that discussed in cases (i) and (ii). The 

distribution of the pollutants in the atmosphere converges to the steady state solution when t  .  

Comparison between the three cases of the function ( )f t  shows that the dependence of the source on the time has an 

influence on the distribution of the pollutant in the space. This applies to all values of the height (figures 1 – 10).  

The solution of the case (i) in which the source function is 1 for all 0t  , is identical with the limiting case (ii) when the 

parameter    for all 0t  . The solution of case (iii) also approaches that of case (i) as t  . For small and 

moderate values of the time t , the concentration of pollution at a general point ( , )x z is different in the three cases. This 

is because the strength of the source at these times is different for the three cases. The uniform strength of the source for 

case (i) resulted in the appearance of the discontinuity after small t  while the disappearance of the discontinuity in 

cases (ii) and (iii) is due to the weak sources so that the pollution is unable to reach the discontinuity. 

 

 

Fig. 9: The Isolines of the Concentration ( , , )C x z t in the ( , )x z Plane when 
2

( ) 1
t

f t e


   and 0.0h   for Different Values of the Time: (A)

0.1t  , (B) 0.4t  , (C) 1.0t  , (D) 5.0t  , (E) 7.5t  , and (F) 10.0t  .  

 

 

Fig. 10: The Isolines of the Concentration ( , , )C x z t in the ( , )x z Plane when 
2

( ) 1
t

f t e


   and 5.0h   for Different Values of the Time: (A) 

0.1t  , (B) 0.4t  , (C) 1.0t  , (D) 5.0t  , (E) 7.5t  , and (F) 10.0t  . Note the Rise of Dust as t  Increases.  

 

For the limiting cases, we examine the solutions (34) and (35) for large values of the time. For large values of the time, 

they become 
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                                                                              (36) 

 

Which is the same as solution (33). This means that the solutions in the cases (ii) and (iii) are uniformly convergent to 

the solution in the case of the function ( ) ( )f t H t  when t  . Furthermore, for the limit   , the solution (34) 
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reduced to (33). We can say that the solution of this problem in the case of the function ( ) 1 tf t e    is uniformly 

convergent to the solution in the case of the function ( ) ( )f t H t  when    or t   or both. The solutions of 

the three specific examples above showed that the solution tends to the same value as t  .  

4. Conclusion 

A mathematical model for the diffusion of dust particles from a fixed source has been studied. The distribution of such 

particles in the air is given by an initial boundary value problem (IBVP) of the atmospheric diffusion equation. The 

diffusion of the particles at every point is dependent on the locality of that point. We have assumed that diffusion has 

three components, which depend on the distance along the wind direction. Such a model is relevant to small wind 

speeds. An analytical expression of the concentration at every point of space is obtained in closed form. However, the 

general solution is very complicated and depends on the right choice of contour for evaluation.  

We have therefore chosen to consider a special case where explicit solutions are obtained. In this case, diffusion in the 

both longitudinal and latitudinal directions was neglected. The solution is obtained explicitly for all values of time, 

distance and height. The dependence of the distribution of dust on the time variation of the source is investigated for 

three different functions. The extent of spread of dust depends on the strength of the source. When the source is strong 

for small times, the solution shows a discontinuity.  

A general point introduced by this model was that the dependence of the source on the time affects the way the pollutant 

emitted from a fixed source is distributed in the atmosphere. Another general result obtained is that in all the special 

cases considered here the asymptotic behaviour of the solutions for large times approaches the steady state solution 

obtained previously by Sharan et al. [3]. The case in which the diffusion in horizontal direction is present, will be 

studied in the next paper. 
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