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Abstract 

 

This study or research work considered a complex system whose components are grouped into two each with different 

failure type. The first group consists of components or devices that are repairable and replaceable at failure (type y) and 

the second group consist of components that are non-repairable but replaceable at failure (type z). We rectify the defect 

of first group using minimal repair with probability p and replacement with probability 1-p at some threshold number 

n+1, n˃1 of the minimal repair, whereas for components at second group we adopt only replacement in order to correct 

the failure of the components. Cost functions of the model are derived and both analytical and empirical realizations are 

made. 
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1. Introduction 

It is very important to avoid failure of a system during actual operation when such an event is costly and/or dangerous. 

In such situations, one important or relevant area of interest in reliability theory is to study various methods of 

maintenance policies in order to reduce the occurrence of such system failure. 

Due to system failure during operation nowadays, most of the industries in the modern world spend 50-60% of their 

budget in maintaining their machines or systems. Therefore it is significant to implement a policy in order to reduce 

pressure face by those industries. In academics, we study the maintenance in order to give our contribution to those 

types of industries to convert the maintenance activities from necessary evil to a profit contribution by minimizing the 

cost of the maintenance, which in turn reduce the cost of production thereby maximizing the profit and improve the 

reliability of the system. Therefore in this research work, we determine the optimum maintenance cost of the complex 

system with two types of failure modes 

The maintenance activities that include the idea of minimal repair and replacement are introduced by many 

mathematicians in their papers such as Sheu S.H. and Chien Y.H. [4] where they considered a generalized age 

replacement policy of a system subject to shocks. If the system suffers shocks and fails at age y (≤ t), it is either replace 

by new system (if the failure is catastrophic) or it undergoes minimal repair (minor failure), otherwise the system is 

replaced when the first shock after the time t arrives or the total operating time reaches age T (0≤t≤T) whichever comes 

first. These two possible actions during the period [0, t] depends on some random mechanism which depends on the 

number of shocks suffered since the last replacement. This model is generalized by Chien Y.H., et al [1]. Also Sheu 

S.H., Griffith W.S. and Nakagawa T. [2] proposed a generalized replacement policy where a system has two types of 

failure and is replaced at the n-th type І failure (minor failure) or at first type ІІ failure (catastrophic) or at age T, 

whichever occurs first. Aven T. and Castro I.T. [3] consider a minimal repair and replacement model with two types of 

failure and a safety constraint. If the system fails, and the failure is of type І, then the system is minimally repaired. If 

the failure is of type ІІ, the system is minimally repaired with probability p and replaced with probability 1-p. failure of 

type ІІ is safety critical and to control the risk, management has specified a requirement that the probability of at least 

one such failure occurring in the interval [0, A] should not exceed a certain probability limit ω.  Wang [7] also considers 

minimal repair, and many others such as Nakagawa [8], Wang [7], Yakasai [5]. 

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
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In this study, we consider a complex system or machine in which it consist of different components or devices ( multi 

component system) where we group the components/devices into two major categories or groups each with different 

failure mode. 

The groups are as follows 

1) Group A: this group consists of the system components that are repairable and replaceable at their failure. 

2) Group B: this group consists of the system components that are non-repairable but replaceable at their failure or 

even if they can be repaired, the probability of repairing them is very negligible as well as the reliability of the 

component after the repair will be very low or the cost of repair is too large. 

Two types of failure of the groups are define as type y failure to be the failure of group A components which is 

rectifiable by minimal repair or replacement and type z failure to be the failure of group B components that is 

correctable only by replacement. 

For group a components, we adopt minimal repair in order to rectify the defects of those components at failed condition. 

Minimal repair is considered to bring a component back to its condition just before the failure occur and ready for 

operation such that the system can sustain to its planned replacement period T. Replacement is considered for group A 

component at some threshold number n+1, n>1 of the minimal repair where the number of minimal repair has 

exhausted the reliability of the system, therefore it is better to replace the component than to conduct a minimal repair. 

For group B components, at failure we remove and replace the failed component by new since its components failure is 

somehow considered to be catastrophic. 

This kind of problem is commonly found in automobiles such as car, trucks, motorcycle, aero planes and others. For 

example, a car components can be group/classify into the above two groups, firstly, engine, gear box, carburetor  and 

some others as group A components in which we can minimally repair at their failure, but at some threshold number 

n+1,n>1 of minimal repair we just adopt replacement due to high rise of the cost of repair and low reliability of the 

components after undergoing several number of repairs and secondly, chassis, light bulb, tires and others as group B 

components which they are non-repairable but replaceable or even if they can be repaired but there will be high risk or 

the component will have very low reliability. 

In the second section we give the policy and derive the cost function, in the third section we give the optimization of the 

problem, numerical example is given in the fourth section and conclusion is given in the last section. 

 

1.1. Assumptions 
 

We assume the following throughout this paper 

1) The groups/components of the system works dependently, 

2) Failure of one component disturbs the system but does not affect the other components,  

3) Components of the system have an increasing failure rate (IFR), 

4) Spare parts are unlimited and always available, 

5) Minimal repairs and replacement are always perfect, 

6) The system failure is self-announce, that is, even if no inspection is scheduled as soon as failure occurs it will be 

detected, and 

7) Time constraint does not affect the minimal repair or replacement. 

 

1.2. Notations 
 

Here are some notations used in this research work,  

 , Period before failure of the system occurs, 

         , CDF and PDF of the component respectively, 

    , Failure rate function of the components, 

     , survival function of a component at time t, 

λ1, λ2, finite mean for group A and B respectively, 

     , The reliability of a component i 

               Ordinary and Modified renewal functions respectively, 

    , Indicator probability function equals to 1 if the argument is true and 0 if otherwise, 

    , time of replacement of component of group A type, 

n, Threshold number of the minimal repair, 

T, the time of planned replacement of the system, 

, discounting factor of the cost of minimal repair andα 

N, the counting process of the failure 

Others are defined where appropriate. 
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1.3. Policy 
 

Before the system or machine start to operate, i.e. during and after burnt in period (where failures are not considered at 

the period), and letting the random variable   be the working period before failures occur, we assume                 
to be the failure probability density functions (p d f) for group A and B with finite mean         and λ2        
respectively. When the machine is switch to operation, the components of the machine are subject to failure, thus we 

can minimally repair for components of group A type with probability   where 0≤    and switch it back to operation 

with new failure probability density function as   
 
   .Thus, the process of brake/fail and minimally repair is continue 

up to a threshold number n>1 where for n+1 number of the minimal repair we adopt replacement with probability   , 

this process is simply a modified renewal process (MRP). For components of group B type, at their failure we just 

remove the failed component and replace it by new with the same failure probability density function, thus, this process 

is simply an ordinary renewal process (ORP). 

2. Cost functions derivation 

Minimal repair cost: we minimally repair the failed group A component up to threshold number n>1, therefore the 

expected cost function of the minimal repair is assumed to be  

                                                                                                                                                                    (1) 

Where       is the renewal function for a modified renewal process? 

Minimal repair cost includes the removal and installation costs of a component. 

Replacement cost: we replace the failed group a component in three ways, and then the associated costs are: 

   

                                                  

                                                     

                                          

   

Therefore the replacement costs functions for group a components are 

 

             
       

       

                                                                                                                                                              (2) 

Where       is the renewal function for ordinary renewal process? 

For group B, the failed component is replaced by new and the associated cost function is  

                                                                                                                                                                                    (3) 

Therefore, for group A, the expected costs are 

                                                                                                                                                 (4) 

                                                                                                                                                          (5) 

                                                                                                                                                          (6) 

The total expected costs of the system are 

                                                                                                                                      (7) 

                                                                                                                                               (8) 

                                                                                                                                               (9) 

The total expected costs per unit time of the system are: 

      
                                               

 
                                                                                                   (10) 

      
                                         

 
                                                                                                             (11) 

      
                                         

 
                                                                                                              (12) 

We next find the expected discounted cost of the minimal repair, 

The discounted cost associated with minimal repair caused by type y failure before n+1 failure of the system according 

to Aven and Castro [3] is given by 

         
    

           
   
 

   

Where           } is the counting process for the minimal repair? 

And since it is a non-homogeneous Poisson process with intensity function        then 

         
           

 
   

   
 

           
    

   
 

 
              

                          
 

 
 
     

The renewal or integral equations for modified and ordinary renewal processes according to renewal theory are 

respectively given as follows  

                        
 

 
                                                                                                                                (13) 

And  

                        
 

 
                                                                                                                                 (14) 
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Therefore the total average costs or cost functions from (10), (11), (12), (13) and (14) are given as:- 

       
            

 
 

 
                                             

 
                                                                               (15) 

      
            

 
 

 
                                       

 
                                                                                         (16) 

      
            

 
 

 
                                       

 
                                                                                          (17) 

 

2.1. Problem optimization 
 

We optimizes by differentiating the various cost functions to find the minimum cost. Classifying the problem into three 

and using exponential to make the analytical realization we have 

Case 1:-when the cost function is (15) 
 

  
      

                                                 
 
   

 
   

 
  

And 

     
  

   
   

  
   

   
                       
 
    

             
 

   
    

   

   

Where 

Case 2:- when the cost function is (16) 
 

  
      

                                           
 
   

 
   

 
  

Which shows that  
 

  
        is an increasing function so that minimum of C2 (t) occurs at T=∞ and since 

  

   
      

  then it is of advantage to plan for replacement, for the distribution is exponential. 

And 

      
 

   
   

  
   

   
                 
 
    

                      
   

   

Case 3:- when the cost function is (17) 
 

  
      

                                         
 
     

 
   

 
  

Which shows that 
 

  
        is an increasing function which shows that minimum of C3 (t) occurs at T=∞, and since 

  

   
        then it is of advantage to plan for replacement if the distribution is exponential. 

And  

      
 

   
   

 
   

   
                 
 
   

             
 

   
    

   

   

3.0 NUMERICAL EXAMPLE 

We assume that the problem follows an exponential distribution and its p d f is given by 

                           

We also take into account that the p d f of the system or machine components does not change even if it undergoes 

minimal repair. We give values to the following parameters 

                                              

                                              

Therefore the p d f has now becomes 

                
Now, 

                                            
    

 

 
                                                                               (18) 

      
 

  
                                                                                                                                                     (19) 

Since the p d f is not changing then, 

                                                                                                                                                            (20) 

Using the above equations, the following tables are obtain 

 
Case 1: Cost Function Table 

          =                                  t P n 

0.5543 19.57 0.1550 0.1640 0.1730 2 0.9 1 

0.5856 18.82 0.4569 0.2681 0.6155 4 0.7 2 

0.6787 25.90 0.6144 0.3033 0.9021 5 0.5 3 

1.1908 9.12 0.0437 0.0905 0.0468 1 0.3 4 

1.2232 12.59 0.0117 0.0476 0.0121 0.5 0.1 5 
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Case 2: Cost Function Table 

      T*=                                  t P n 

0.8829 23.40 0.1550 0.1640 0.1730 2 0.9 1 

0.7706 21.00 0.4569 0.2681 0.6155 4 0.7 2 

0.7719 27.07 0.6144 0.3033 0.9021 5 0.5 3 

1.2934 9.67 0.0437 0.0905 0.0468 1 0.3 4 

1.2220 12.60 0.0117 0.0476 0.0121 0.5 0.1 5 

 
Case 3: Cost Function Table 

      T*=                                  T P n 

1.1161 25.30 0.1550 0.1640 0.1730 2 0.9 1 

0.9428 22.70 0.4569 0.2681 0.6155 4 0.7 2 

0.9203 28.50 0.6144 0.3033 0.9021 5 0.5 3 

1.5750 11.06 0.0437 0.0905 0.0468 1 0.3 4 

1.5132 14.20 0.0117 0.0476 0.0121 0.5 0.1 5 

 

If the distribution is Weibull i.e. the extreme case of the exponential family, then the p d f is given by 

     βγ        
   

             

Where                       
 
  

       
            

   

   
       

 
   

 
 

                                        
 
   

 
  

By setting          we have 

T
*
=     

                              

        
          

   
                

   

   
 

Also 

        
       

 
        

   

   
                                          

 
   

 
  

By setting          we have  

T
*
=     

                             

        
          

   
                

   

   
 

Also, 

        
            

   

   
                                          

 
   

 
   

 
  

By setting          we have  

T
*
=     

                             

        
          

   
                

   

   
 

3. Numerical example 

Assume that the problem follows a Weibull distribution such that  

               
   

        

Assuming that                then we can write  

                 
We also assume the following values for the following parameters 

                                              

                                              

Calculating all the unknowns involved we have the following tables 

 
Table I: When the Cost Function Is Case I 

                  t p n 

2.242 94.9 26642 25545 2 949 1 

122241 9422 196642 21524. . 942 2 

2.9245 .429 166646 555242 2 942 5 

2942 .4.6 66462 15545 1 945 . 

2452 5495 16462 55455 942 941 2 
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Table II: When the Cost Function Is Case II 

                  t p n 

12942 94.2 26642 25545 2 949 1 

122245 9419 196642 21524. . 942 2 

2.9641 .469 166646 555242 2 942 5 

12419 .4.9 66462 15545 1 945 . 

2452 54.2 16462 55455 942 941 2 

 
Table III: When the Cost Function Is Case III 

                  t p n 

126499 19495 26642 25545 2 949 1 

1.924. 9422 196642 21524. . 942 2 

55264. 9429 166646 555242 2 942 5 

2542 .422 66462 15545 1 945 . 

2422 .419 16462 55455 942 941 2 

4. Conclusion 

In this research work, a system that has no directly predictable arrangement is considered (that is, the system 

arrangement is not parallel, seriesor parallel-series). The system is group into two where the first group consist of 

system components that at their failure they are repairable and replaceable and the second group consist of components 

that are non-repairable but replaceable at their failure. Two types of failures are considered, as type y failure is for 

group A and type z failure is for group B. Therefore the system is replace at nth type y failure or at first type zfailure or 

when the total operating time reaches age T. the possible cost of maintenance is derived and optimum replacement 

period is obtained using both the exponential and Weibull distribution, numerical example is given to make the 

empirical realization of the model. 
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